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Bi  PMMon  k.£tG  d'tma  f£conditS  extmordinAire,  c'est  qa'il  6taxi  &a  ooorant 
de  -oa  qui  avait  £t£  fait  aTont  lul,  sn  conrant,  par  eiemple,  des  immenBeB 
tiBTanx  des  Enler  et  des  d'Alembert;  c'est  qa'il  ne  e'eat  jamais  iottement 
obatiuf  i,  peidia  eon  tmnpH  et  aes  .  foices  i  la  lecbercha  de  ea  qui  £tait 
dfjk  tronT^. 

Qne  reiemple  de  FoisRon  aerra  de  le^on  i.  ces  esprits  irr^flf  obis  <[iu,  boob  le 
pi£tezte  de  conservei  leur  originBlitS,  dCdaignent  de  prendre  OQDnalaBance  des 
dScoiiTBrteB  de  leara  deTanoisra,  et  restent  aar  lea  premiera  S.6gr^a  de  I'^ahelle, 
landis  que,  aveo  moinB  d'or^aeil,  ila  Be  seraient  SIst^b  an  aommeL 

Aiuoo,  (Euvrti  ComfUtei,  Tome  n.  page  666. 
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CHAPTER   XIX. 

LAPLACE'S  FIRST  THREE  MEMOIRa 


741.  The  investigations  of  Laplace  oo  Attractions  and  the 
Figure  of  the  Earth  fall  naturally  into  five  divisions.  The  first 
diviaion  consists  of  three  memoiis,  which  treat  the  Buhjects 
without  the  use  of  what  we  now  call  the  Potential  FwnoHon,  or  of 
that  branch  of  analysis  which  we  now  call  Laplac^s  Fimctions. 
The  second  division  consists  of  a  separate  volume  which  uses  the 
Potential  Function.  The  third  division  consists  of  various  me- 
moirs which  use  both  the  Potential  Function  and  Laplace's  Func- 
tions. The  fourth  division  is  formed  by  the  republication  of  the 
preceding  researches  in  the  first  and  second  volumes  of  the 
A^oanique  Celeste.  The  fifth  division  conedBts  of  researches  sub- 
sequent to  the  publication  of  the  second  volume  of  the  M^canique 
CiUste ;  they  are  reproduced  in  the  fifth  volume  of  the  M4ccmique 
Celeste. 

We  shall  consider  in  the  present  C3iapter  Laplace's  first  three 
memoirs. 

742.  We  begin  with  the  seventh  volume  of  the  M^miree  de 
Maih^Tnaiiique...par  divers  8avan8...1T73:  the  date  of  publi- 
cation ifi  1776.  This  volume  contuns  two  memoirs  by  Laplace, 
which  among  other  subjects  treat  la^^ely  of  Fiobabilify:  see 
pages  473... 475  of  my  History. ..of  Prohaiility.  The  part  of  the 
volume  with  which  we  are  now  concerned  is  entitled  Sv/r  la  figure 
de  la  Terre;  it  occupies  pages  624.. .654.  It  is  not  stated  when 
these  investigations  were  sent  to  the  Academy;  but  from  the 
titie  of  the  volume  in  which  they  appear  we  see  that  Laplace 
was  not  a  member  of  the  Academy  when  they  were  sent. 

T.  H.  A     VOL.  II.  1 
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743.    Laplace  begins  thus  on  page  524 : 

LoTBqne  Newton  vonlat  determiner  la  figure  de  la  Terre,  U  oon- 
aidSra  cette  Flandte  oomme  une  maaae  flnide  homog^e,  et  il  miiiposa 
que  la  figure  qii'elle  a  prise  en  reita  de  son  mouvement  de  rotation  est 
celle  d'nn  qih^ide  elliptiqne.  Cette  supposition  etoit  ibrt  procure; 
leB  G^mdtres  en  ont  ensoite  dSmontrfi  U  pcnmbilit£ ;  mais  a  la  figure 
nSceesaire  poar  I'^quilibre,  an  lien  d'etre  elliptiqne,  eflt  £t£  d'on  autre 
genre,  on  auroit  6t6  fort  embamas^  ponr  la  d^temuner,  parce  qu'U  est 
beanooup  plus  &cile  de  s'assnrer  m  une  fignre  doimSe  oonvimt  k  I'^qai- 
libre^  que  de  ohercher  immddiatement  cellee  qui  penvent  j  oonvenir. 
Ce  dernier  Frobldme  est  sans  contredit  nn  dea  points  lea  plus  int^ree- 
sans  dn  SfBtdme  dn  Hondo ;  voiol  quelqnee  redterchea  qui  y  eont  rela- 


744.  Thus  the  following  is  the  problem  to  be  discussed ;  a 
mass  of  homogeneous  fluid  in  the  form  of  a  figure  of  revolution 
nearly  spherical  rotates  with  uniform  angular  Telocity  round  its 
axis  of  figure  and  remains  in  relative  equilibrium ;  determine  the 
form.  I  call  this  problem  Legendre'8,  because  he  was  the  first 
to  solve  it  with  tolerable  success. 

745,  Let  there  be  a  circle  of  radius  unity ;  let  '^  be  the  angle 
which  the  radius  to  any  point  makes  with  a  fixed  radius :  so  that 
the  ordinate  of  this  point  is  sin  ■^.    Produce  this  ordinate  until 

it  becomes  sin^H — '-ft  frhere  a  is  vety  small,  and  y  is  some 

function  of  ip:  Put  x  for  cos-^.  Then  Laplace  arrives  at  a 
differential  equation  between  y  and  a;  of  an  infinite  order,  to 
determine  the  required  generating  curve ;   that  ia  a  differential 

equation  involving^,  -^, ...  and  so  on  ad*fyint(«m. 


746.  The  preceding  notation  does  not  look  very  promising ; 
in  fJEtct  Laplaoe  does  not  explicitly  start  with  it,  but  arrives  at  it 
as  he  proceeds.  ITnless  tf  is  veiy  email  when  ^  is  very  small  the 
process  is  not  aatisfiustoiy.  Moreover  Laplace  in  order  to  form  his 
differential  equation  expands  a  function  into  a  series  without  dis- 
caasiog  whether  the  seiies  is  convergent 
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74^.  The  main  result  at  which  be  arriTea  deserves  notice. 
He  wishes  to  know  whether  equilibriom  wonld  subsist  for  any 
other  form  besides  an  exact  sphere  when  there  is  no  rotation. 
He  cannot  completely  solve  this  problem ;  but  he  shews  that  y 
cannot  consist  of  a  series  of  the  form  <a^  +  haf  +  caf  + . . . ,  where 
X,  ^  v, ...  are  numbers  in  descending  order  of  maguitude.  That 
is  y  cannot  consist  of  a  finUe  number  of  terms  each  involving  a 
power  of  X ;  nor  can  y  be  an  infinite  series  of  descending  powers 
of  X ;  but  he  does  not  shew  that  y  cannot  be  an  infinite  series  of 
aacending  powers  of  x. 

When  the  fluid  is  supposed  to  rotate  Laplace's  demonstration 
amounts  to  shewing  that  among  all  series,  finite  or  infinite,  which 
can  be  arranged  in  descending  powers  of  x,  the  only  admissible 
form  ofyia  aa?  -\-hx-\-c;  where  a,  h,  and  c  are  constants. 

748.  Laplace's  demonstration  is  difficult,  but  satis&ctory; 
that  is  to  say  after  the  points  to  which  we  have  drawn  attention 
in  Art,  746,  no  very  serious  objection  will  occur  to  a  reader. 

After  finiahiTig  his  demonstration,  I^place  says  on  his  page  534: 
..  Je  dois  observer  ici  que  M.  d'Alembert  a  dCjA  fiut  une  remarque 
semblable  poor  le  cas  oil  les  exposons  de  x  aont  des  sombres  entierB  et 
poBitift  (ooyes  le  tome  V  dee  Optuculet  de  oe  grand  Oiomdtre). 

These  words  are  quite  consistent  with  the  supposition,  that 
Laplace  had  found  the  error  which  we  have  pointed  out  in 
D'Alembert's  process ;  because  to  make  a  remark  is  for  lees  than 
to  demonstrate.    See  Art  576. 

749.  Laplace  concludes  with  these  words :. 

n  sermt  utile  d'^tendre  ces  recberohea  au  cas  oft  1m  oonchee  de  la 
masse  flnide  aont  in^^emeat  densea ;  c'eat  ce  que  je  me  propose  de 
fiure  dans  nn  autre  Mfoaoire, 

The  intention  here  expressed  was  not  carried  into  effect  until 
the  pablicaticm  of  Laplace's  seventh  memoir  in  the  Paris  Mimoirea 
for  1789. . 

750.  All  that  Laplace's  first  memoir  contains  on  our  subject 
ia  reproduced  with  better  notation  in  his  second  memoir  to  which 

1—2 
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^e  shall  [voceed  in  our  next  Article :  it  is  therefcire  unnecessary 
to  treat  the  first  memoir  with  mucb  detail.  In  the  second  memoir 
ve  shall  find  that  the  radius  vector  of  the  generating  curve  is 
denoted  by  1  +  a/ (cos  ^),  where  a.  is  very  small ;  so  that  what  was 

called  einy+  -t  in  -AjI  7*o  is  equal  to  the  Bin^{l+o/(co3^)} 


sin  -^/(coa  ^)  of  the  second  memoir,  or  y  of  the  first  memoir 
is  sin' ■^Z  (cos  ^)  of  the  second  memoir.  In  the  second  memoir 
y  is  put  for/  (cob  ■<fr). 

751.  In  the  Parifl  Mimoirea  for  1772,  Seconde  Partie,  published 
in  1776,  we  hare  a  memoir  hy  Laplace  entitled  Secherches  stir  le 
CcUcid  Ivi^gral  et  8ur  le  SyaUme  du  Monde/  at  a  later  part  of 
the  volume  there  are  aome' Additums  to  this  memoir:  among 
these  Additions  we  have  a  section  entitled  Be  VEquUibre  dee 
Sph^videe  homoginea,  which  occupies  pages  636. ..Sol  of  the 
Tolum& 

732.  The  problem  proposed  to  be  discussed  is  the  SEune  as  that 
of  the  preceding  memoir :  see  Art.  744.  Laplace  was  not  able 
to  solve  the  problem  completely ;  but  he  reproduced  his  former 
demonstration,  somewhat  improved,  that  for  a  large  number  of 
figures  the  relative  equihbrium  was  impOBsible. 

753.  But  although  he  did  not  in  this  memoir  arrive  at  the  ne- 
cessary form  for  equilibrium,  yet  he  obtuned  a  very  remarkable 
result :  namely,  that  the  law  of  the  variation  of  gravity,  whatever  be 
the  form  of  equilibrium,  is  the  same  as  for  an  oblatum.  We  will 
give  in  substance  the  method  by  which  I^place  obtains  this  result. 

We  may  remark  that  Laplace  investigates  the  polar  expres- 
mon  for  an  element  of  mass,  namely  in  the  usual  modem  notation 
t*draxi&d0d^:  see  his  pi^e  539.  The  investigation  is  in  fact 
the  same  as  we  now  have  in  our  elementary  books :  see  Integral 
Caleuius,  third  edition,  Art.  207. 

In  his  first  memoir  Laplace  used  this  polar  expression  but  did 
not  investigate  it;  he  merely  says,  "on  trouveia  faoilement...": 
see  his  page  525.    See  also  Art.  710. 
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754.  Let  tbere  be  a  curve  differing  very  little  from  a  circle, 
and  symmetrical  with  respect  to  a  diameter.  Let  half  the  length 
of  this  diameter  be  unity,  and  let  the  length  of  a  radiiiB  vector 
inclined  at  an  angle  ^  to  the  diameter  be  1  +  a/(«>s  ^),  where/ 
denotes  any  function,  and  a  is  a  very  small  quantity  the  square 
of  which  we  shall  n^lect.  Suppose  a  solid  fonned  by  the  revolu- 
tion of  this  curve  round  the  diameter  which  divides  it  symmetri- 
cally ;  take  this  diameter  for  the  direction  of  the  axis  of  x :  then 
the  equation  to  the  surface  will  be 

■^^"^'^^-^-'Mww^} «• 

We  propose  to  find  the  attraction  of  the  solid  at  s  point 
situated  on  its  surface ;  this  point  without  loas  of  generality  we  may 
take  in  the  plane  of  (a;,  y) :  let  "^  be  the  angle  between  the  radius 
vector  of  this  point  and  the  axis  of  revoluUon. 

Put  «=sfc<M'^  +  )jsin'^,  y  =  fsin-^  —  tjcoB'^;  thus  (1)  be- 
comes 

v(r.,vo=i../f-V;,y} » 

We  can  now  pass  easily  to  pohtr  coordinates  which  have  their 
origin  at  the  attracted  point:  put 

f  =  A  —  rsinflcOs^,    ija-rsinSsin^,    csrcoB^, 
where  A  =  1  +  a/'(coe  y). 

p  use  6  fiw  Laplace's  p,  and  g  ~  ^  for  bis  q.} 

Thus  (2)  becomes 
V(i*-  2Ar  sin  5  COB  ^  +  r*) 

-        .(ftcos^  — rrin^coa^cos^  +  rmn^aini^Bin'^l     .  . 
"^        ■'1  V(A' -2Ar  Bine  cos  ^  +  r^  J-*^'- 

We  proceed  to  find  from  (3)  the  value  of  r  to  the  order  of 
approximation  which  we  require. 

If  a  s  0,  we  should  get  r  =  2  sin  9  cos  ^ ;  assume  then 
r  =  2  sin  9co6^  +  p, 
where  p  will  be  very  EmalL 


mzed  By  Google 
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Saletitute  in  (3)  and  we  obtain 

of  (cos  ^)  -  2a  sin*  0  cos'  ^/{cos  ■^j  +  p  sin  ^  cos  0  =  af(v,), 
where  u  stands  for  cos  ^  —  2  sin'  6  cos  ^  cob  (0  +  ^) ;  so  that 

We  may  also  airange  the  value  of  />  thus, 

p  -  2.  Bin  e  00,  ^/(oo.  f) + /'j;/y ; 

and  this  shews  that  />  remains  small  even  when  sin  0  cos  ^  is  very 
Bmal):  for  then  we  have/(«)  very  nearly  equal  to/(co8^). 

Now  the  attraction  at  the  point  resolved  along  the  radius 
vector 

= Jl  r  sin' fl  cos  <^  (W  <i0  =  IT  (2  sin  5  cos  ^  +  p)  sin' 5  cos  ^  i^  (i^ ; 

the  limits  for  5  are  0  and  w;  the  limits  for  0  are  — (^  +  j8)  and 


It  is  easy  to  see  that  for  our  approximation  we  may  proceed 
as  if  /3  were  zero.    Denote  this  resolved  attraction  by  A :  thus ' 

wl»2Jjam'flco8"^(Wd^  +  q/'(cos'«|'')Jjsinfl(2Bin'5coa'0-l)d^d^ 

+  ajjan8f(u)d0d4f,. 

The  first  and  second  integrations  may  he  easily  effected ;  with 
respect  to  these  it  is  exactly  true  that  we  may  proceed  as  if  /3 
were  zero :  and  we  obtain 

^  =  ^  -  ^/(cos  ^)  +  a  jjsin  ^(«)  d»d^ 

B  denote  the  attraction  resolved  ii 
gles  to  the  radius  vector ;  then 

.B  =  IT  (2  sin  5  COS  ^  +  p)  sin'  tf  sin  ^  tW  (i^ 


Let  B  denote  the  attraction  resolved  in  the  meridian  plane  at 
right  angles  to  the  radius  vector ;  then 
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It  is  easy  to  see  that  the  first  and  seoond  integrals  Taaish ; 
so  that 

this  integral  is  finite,  for  /(v.)  — /(coa  ^)  vanishes  when  cos  f 
vanishes. 

The  last  int^ral  may  he  traosfonaed.     By  int^tatl(at  hy 
parts  Tre  have 

/t/(») -/(«»+)}  «i^^'W 

=  -  cos  tf  {/{«) -/(cos  ■^)1  -  4  J  cos»fl  sin  ^  (u)  cos  ^  cos  (^+'^)  (W ; 

when  this  is  taken  between  the  limits  0  and  v  the  first  term 
vanishes ;  so  that  we  hare 

£>-4ajJcoe^dBin^'(u)sin^cos(^  +  -^)(20# 

»  -  2a  IT  co^  d  sin  ^  (»)  {on  (2^  +  V^)  -  sin  ^)  dd  d^ 

Now        u  M  cos  ^  —  UD*  6  {cos  (2^  +  -^)  4-  cos  '^} ; 

and  this  vanishes  when  taken  between  the  limits  —  s  Bud  =  . 
Thus  finally 

B~2tiaix^jjoo^eaii0f'{u)d6d4> (4). 

755.    We  shall  now  shew  that 

^— g-/(cos+)smf-5 (5). 
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We  have  ^  -  ?^/ (COS  ^)  sin  +  +  a  IJ  sin  5/' («)  ^  dfl  d^, 
id  u  =  cob'  ^  C08  ^  —  Bin'  6  cos  (20  +  ^), 


Hence 
^  =  -|^/'(«»+')fi'»+-«sm^jJcos'e8m^(tt)(Wd0 

=  -3-/ C«>BV')sin^-2-. 

This  is  the  first  appearance  in  Laplace's  writings  of  a  theorem 
which  he  seems  to  have  valued  highly :  see  Art  652.  We  shall 
meet  the  theorem  a^ain  several  times :  it  appears  in  a  different 
form  in  the  Micanique  Colette,  Livre  lii.  §  10. 

756.  Now  let  us  suppose  that  the  attracting  body  is  a  fluid, 
or  at  least  that  there  is  a  superficial  stratum  of  fluid.  Then 
for  relative  equilihrium  the  resolved  part  of  the  force  along  the 
tangent  to  the  meridian  must  vanish.  This  part  consists  of  the 
resolved  parts  of  A  and  B,  together  with  the  centrifugal  force. 

The  direction  of  .^  is  nearly  at  right  angles  to  the  tangent ; 
the  cosine  of  the  ai^le  between  the  directions  is  —  q^  (cos  ^fl')  sin  ^. 
The  direction  of  B  makes  only  an  indefinitely  small  angle  with 
the  tangent.  Hence,  denoting  the  angular  velocity  by  «,  we : 
have 

B  —  A<^  (cos  ^)  sin  '^  —  a>'  sin  -^  cos  -^  =  0 ; 
that  is,  neglecting  the  square  of  a, 

.B  =  -g-/'(co9V')8in'f'+»'8in'^co8'f' (6). 

Let  P  denote  the  gravity  at  the  point  considered ; 
then  approximately      P^A^w* sin' ^, 
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=  -^/'(coB'^)Bm'^  — ■j-Sm'siii'^cos'^  by  (6) 
=  —  5  «■  sin  ^  C08 -^  by  (6). 

Therefore  P=con8tant  — ^w"8m"^"P,— ji»*Bm*'<^,   vbere 

P,  denotes  tlie  force  of  gravity  at  the  pole    This  is  the  reBolt 
which,  as  we  stated  in  Art.  75S,  Laplace  established. 

757.  We  shall  now  form  the  difierential  equation  of  an 
infinite  order  at  which  Laplace  arrives. 

Put/(co8^)=y,  and  cos ^  =  35,  so  tiiat /"  (cos ^f)  =  ^ . 

Then    /(«)  =/'|co8^-28in'5co8^cos(^  +  -^)} 

=f  (cob  ^  —  «)  say ; 

hence  expanding  by  Tayloi's  Theorem  this  becomes 

dy     ,^,^^     '^  ^  , 
da> ~  *  da^  "^  12  (te*  ~  [3  ai*  "^  " • 

Then  equating  the  values  of  B  given  by  (4)  and  (6),  and 
dividing  by  sin  ^,  we  obtain 

The  term  -^  will  disappear  £rom  tiiis  equation,  because 
1 1  cob'  OsmSdBd^  between  the  proper  limits  =>  -^ .  Thus  we 
have 

LJ,y,l,z=^uy  Google 


10  upucS'8  axoasD  xemoir. 

758.  The  int^rations  with  reepect  to  $  and  ^  in  (7)  can  be 
easily  effected.  Consider  first  the  int^ration  with  respect  to  ^ 
We  have 

^■■{2«n"5cos^co8{^+^)]"-flin*"^(coa^  +  coaC2^+^))'. 

Thus  we  require   I     {coB^  +  cos(2.^  +  -^))'<i^ 

"i 
Now  {coe^  +  cos  (2^ +  i^)J"  =  coa"^  +  ncofl"'^ 008(20+4') 


'^Hieu  we  int^rate  between  the  limits  the  tenns  which  in- 
Tolve  odd  powers  of  coe  (2^  +  ^)  disappear,  and  those  which 
involve  even  powers  are  easily  obtained.    For  example,  take 

j'  cos'(20  +  f)d0; 

put  t  for  20  +  ^,  then  we  get 

1  f**       .    , 

%  I  C0fi*(<ft, 

and  this  obviously  =  ^  I    cos*  t  dt 

In  this  way  we  easily  see  that  |     (co8-^+cob(20  +  ^)j"<20 
"i 
.^j^^+'JSfD^^  <•  («  -  IXn- 2X.-3)  ^ 

.  (»  -  IH.  -  2)(n  -  3)(.  -«)(.-  5)  ..^  .       1 

+  jViTg, 1"+..j. 
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[This  is  sot  Laplaoe's  method;  but  aeems  to  me  rather 
simpler.] 

It  ia  obvious  that  the  integration  -with  respect  to  0  can  be 
easily  effected. 

759.  We  shall  now  shew  that  except  in  the  particular  case 
oi  y  =  as?  +  &a;  +  c,  the  equation  (7)  cannot  he  satisfied  by  a 
value  of  y  of  the  form  aa^  +  6a''.+  CiB'+  ...  where  X,  /*,  v,  ...  are 
in  de8ceadiT\g  order  of  mi^aitude. 

For  substitute  this  assumed  form  of  y  in  (7) ;  tiiien  the  term 
which  involves  the  highest  power  of  x  on  the  left-hand  side  will 
be  found  to  be 

iraXa!*-^rdg8ingco9'g|(\-l)sin'tf-^~-^.^^~^^sin*g 

If  \  =  2  the  coefficient  of  si-'"^,  that  is  of  a^  must  be  equated 
to  —  =-,  But  if  X  is  nots2,  the  coefficient  of  »*"*  must  be 
equated  to  zero, 

Thus       X  r  sin  5  cos*  ^  {1  -  (1  -  sin'  fl)*-  >)  cW  -  0, 

thatifl  xj'8in5co8'&{l-cos»-«tf}d5  =  0. 

If  we  suppose  (-!)***>=- 1,  this  reduces  to  X  U  -  oTZl)"^' 
aotbatX»0,orX»l. 

If  we  Bui^pose  (-  l)»+i  =  1,  it  reduces  to  -g-  =  0 ;  so  that 
X  =  0.  Laplace  strangely  multiphes  up  by  2X  +  1,  «(i  that  he 
introduces  the  solution  2X  + 1  =  0,  which  gives  ^  =  —  5  =  *^  ^^ 
rejects  because  it  would  make  y  imposBtble  when  x  is  n^ative. 
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and  iofinite  wbeo  «  — 0.    But  the  apparent  solution  2\  +  l  =  0, 
really   does  not  occur;   but   is  introduced  bj  Laplace  without 


Hence  it  follows  that  if  we  put  t/  =  aj^  +  hx+c4vi  then  tf 
cannot  take  the  form  of  a  eeries,  finite  or  infinite,  arranged  ac- 
coTdinf?  ^  deecending  powers  of  x, 

760.  It  will  be  observed  that  the  principle  of  Laplace's 
demonstration  resembles  that  which  D'Alembert  adopted  in  the 
fifth  volume  of  his  Opuscules  Math4matic[uea.  But,  as  we  have 
seeo,  D'Alembert  went  astray  in  the  details  of  his  process ;  see 
Art  576.  Laplace  repeats  the  remark  relative  to  D'Alembert 
which  we  quoted  in  Art  748- 

761.  LaplacA  then  extends  his  result,  and  shews  that  y  can- 
not be  a  fraction,  the  numerator  and  denominator  of  which  are 
aeries  arranged  in  descending  powers  of  a. 

762.  Laplace's  own  statements  of  his  theorems  are  liable  to 
objection.  He  does  not  say  explicitly  that  his  series  are  arranged 
in  descending  powers  of  x ;  but  this  limitation  is  obvious  in  his 
demonstration.  He  proves  that  y  cannot  be  a  eeries  which  has 
a  highest  power  of  « ;  bat  he  does  not  prove  that  y  cannot  be  an 
infinite  series  of  ascending  powers  of  a.    See  Art  747. 

763.  All  that  this  memoir  contains  is  comprised  in  the 
theorem  which  Legendre  first  demonstrated  that  the  generating 
curve  must  in  fioct  be  an  ellipse :  for  thus  the  form  of  Uie  surface 
and  the  law  of  gravity  are  definitely  settled. 

Laplace  refers  on  his  page  545  to  FeieceHent  Ouvrc^e  de 
M.  Clairaut  sur  lajigwre  de  la  Terre. 

764.  In  the  Paris  M^noires  for  1775,  published  in  1778,  we 
have  a  memoir  by  Laplace  entitled  Becherches  sur  plusieurs  points 
du  Systhne  du  Monde.  One  section  of  this  memoir  is  Swr  la  hi 
de  la  Pesanteur  d  la  surface  des  sptUnAdea  homogines  en  equilibre; 
this  occiipii;;  p.tges  75. -.89  of  the  volume. 
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765.  The  iavestigatioiLS  here  given  are  an  extenmon  of  thoee 
in  the  volume  for  1772.  There  Laplace  had  found  the  law  of 
the  variation  of  gravity  on  the  assumption  that  the  spheroid  is  a 
figure  of  revolution;  here  he  considers  the  case  in  irhich  the 
spheroid  is  not  assumed  to  be  a  figure  of  revolution. 

This  result  is  really  involved  in  the  former ;  for  Laplace  sub- 
Bequeotly  shewed  that  the  ^heroid  must  be  a  figure  of  revolution, 
in  fact  an  oblatum. 

766,  Let  0  be  the  centre  of  a  sphere  which  nearly  coincides 
with  the  spheroid,  if  any  point  at  the  smr&ce ;  we  propose  to 
obtain  expressions  for  the  attraction  at  M. 

Let  S  be  any  other  point  on  the  surface.  Let  0^  =  1  +  Oft, 
where  a  is  a  very  small  quantity,  and  ft  is  a  function  of  tbe 
elements  which  determine  the  position  of  S;  these  elements -may 
be  conveniently  the  colatitude  yfr,  and  the  longitude  X'.  Then 
0M=  1  +  c%  where  /i  is  what  fj,'  becomes,  when  ^'  and  X'  become 
^  and  X  respectively. 

Now  make  M  the  ori^  of  the  usual  polar  coordinates  r,  0, 
and  ^ ;  where  MS  «  r. 

Let  A  denote  the  resolved  attraction  along  MO ;  let  B  denote 
the  resolved  attraction  at  right  angles  to  MO,  and  in  the  meridian 
plane  of  M,  towards  the  pole ;  and  let  G  denote  the  resolved 
attraction  at  right  ao^es  to  the  directions  of  A  and  B.    Then 

A^jl  r mn* 0 COB ip d6 dip. 


B~ 

C  = 


r  sin*d  an  0  dS  d^. 


[I  use  tf  for  I^place's  j>,  and  ^-^  for  his  g.] 

767.    We  have  to  find  an  expression  for  r.    Laplace  uses  a 
diagram  for  this  purpose. 
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In  tke  diagram  OP  is  the  diameter  from  which  the  colatitudes 
aie  measured. 

RZ  ia  perpendicular  to  the  plane  MOP ;  RL  and  ZL  are  per- 
pendioulaiB  to  OM. 


MR  =  T,  ItZ=rcoB0,  ML  =  r  mi  ff COB  )P,  ZX=rBindsiQ^ 
Now  OIt^=  or  +  BL*  =  (OM -r  Bin  $  cos  <f>y  +  BL*; 

thatia  OB' =  OJP  -  2  OJfr  ain  ^  cos  ^  +  r* ; 

therefore 

(1  +  afLy  =  {l  +  an)'-2(l  +  a/i)  r  sin  ^  cos  ^  +  f». 
Solve  this  quadratic  ia  r,  and  neglect  powers  of  a  above  the 

first:  thus 

r.(l+«,)dn«co.*±|(l+.rtBiB9(X>s*+°>^fJ^}. 

The  upper  sign  must  be  taken ;  for  the  lower  sign  would  lead 
to  a  value  of  r  of  the  order  a :  therefore 

r  -  2  (X  +  a/*)  sin  decs  * +^^^1^. 

768.    The  limits  of  the  int^rations,  without  introducing  any 
error  of  the  order  we  are  retaining,  may  be  taken-  to  be  0  and  v 

for  &,  and  —  ^  and  ^  for  ^.    Hence  using  the  value  of  r  found  in 

the  preceding  Article  we  have 
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://0.'-rt5 

Here  B  is  estimated  tofoarda  the  pole ;  if  we  eetimate  Bfrom  the 
pole,  aa  Laplace  does,  we  must  chaoge  the  sign  of  the  exprescdoD. 

769.  Laplace  then  incauttoualy  says  that 

bnt  be  nerer  uses  these  erroneooB  forms,  and  probably  the  intro- 
duction of  them  is  only  a  misprint  These  erroneons  forms  would 
make  B  and  C  infinite. 

770.  In  Older  to  effect  the  integrations  in  the  values  of  A, 
B,  and  G,  supposing  /*'  a  known  function  of  •^'  and  V,  it  would 
he  necessary  to  connect  ^'  and  V  with  9  and  ^ :  to  this  we 
proceed. 

It  will  be  seen  that  /«'  enters  with  the  coefficient  a ;  and  thus 
we  may  use  approximations  in  our  equations. 

In  the  diagram  of  Art.  767,  by  projecting  on  OP  the  straight 
line  OB,  and  also  the  broken  line  made  up  of  OL  and  LZ,  we 
have  e^ustly 

0.2  cos  ^' =  OZ  cos  ^  +  X^sin -^ 

•- (  OJf  —  r  sin  d  cos  0)  cos '^  +  r  sin  0  sin  ^  sin -^ ; 
that  is        O.flcos^'=  OJfcos-^  — r8in5coB(^  +  ^), 
Hence  to  the  order  which  we  have  to  retain 

cos  ■^' =  cos  ■^- 2  sin' 5  008^  cos  (0  +  ^) (1), 

Hence  to  the  order  which  we  hare  to  retain 

.     ~,     .,     2dn5cos5co8A  ,„. 

sm  {\  -X.)= ^^.  (2). 


I  .y  Google       -J 


16  LAPLACE'S  THIRD  MEMOIR. 

Equations  (1)  and  (2)  theoretically  give  us  the  required  con- 
nectioa  of  ^'  and  X'  with  6  and  ^. 

771.  lAplace  proceeds  to  establish  the  following  result : 

dA__  27ra  dn     B 

This  oorrespondB  to  equation  (5)  of  Art.  765.  There  is  a  dif- 
fereooe  in  sign  however,  because  Laplace  here  estimates  S  Jrom 
the  pole,  whereas  in  his  second  memoir  he  estimated  it  toviards 
tbe  pole :  we  shall  for  convenience  keep  here  to  the  method  of  the 
third  memoir. 

Laplace  arrives  at  his  result  by  four  pages  of  integration  and 
differentiation:  we  shall  not  reproduce  this  investigation,  as 
Laplace  himself  afterwards  gave  a  simpler  process,  and  we  shall 
have  to  return  to  the  subject. 

This  is  the  second  appearance  in  Laplace's  writii^  of  the 
theorem  to  which  we  have  ref&rred  in  Art.  755 ;  it  is  here  ex- 
tended to  the  case  of  a  body  not  of  revolution. 

772.  Id  the  same  manner  as  tbe  theorem  in  Ark  771  is 
established,  we  may  shew  that 

dA  2-ira      dfi  O 

gm^rdK^^  3    am-^dX.     2' 

773.  If  we  now  consider  the  condition  of  relative  equilibrium 
of  a  fluid  mass,  or  of  a  mass  covered  vith  a  superficial  stratum  of 
fluid,  we  arrive  as  in  Art  756  at  the  following  results : 

„  ,     ,  .     ,         ,      *ira  da 
^        ^        3    ay- 

where  B  is  now  estimated  from  the  pola 
And  we  have  now  besides 

These  general  results  must  have  been  very  interesting  at  the 
time  they  were  given:  but  they  have  since  lost  much  of  their 
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value,  because  it  is  known  that  uader  the  supposed  conditions 
the  mase  can  only  take  the  fonn  of  an  oblatum :  this  was  esta- 
bliahed  by  Laplace  in  his  fourth  memoir,  and  the  demonstration 
is  reproduced  in  the  M^(xmiqu£  Citeste :  see  Livre  in.  §  26. 

774-  Laplace  extends  his  process;  for  be  supposes  that 
besides  the  attraction  of  the  mass  itself  there  may  be  external 
forces :  and  in  particular  he  considers  the  case  of  an  external  body 
which  is  in  relative  equilibrium  with  respect  to  the  attracted 
body.  In  this  case  we  have  as  usual  to  find,  not  the  absolute 
attraction  at  a  point,  but  the  excess  of  this  attraction  above  that 
at  the  centre  of  gravity  of  the  mass.  Laplace's  method  is  pecu- 
liar :  see  his  p^es  87  and  88.  The  result  is  correct,  but  a  reader 
will  probably  verify  it,  as  he  easily  may,  before  he  accepts  it. 

775.  On  pages  261. -.267  of  the  Paris  Mimoires  for  1776,  we 
hare  an  AddAtwn  to  the  memoir  we  are  now  coosideriug.  This 
Addition  gives  us  a  simple  proof  of  the  theorems  of  Arts.  771 
and  772  in  the  more  general  form  which  they  take  .when  the 
force  of  attraction  is  supposed  to  vary  as  the  nth  power  of  the 
diatance.  The  investigation  depends  on  the  same  principles  aa 
that  in  the  M4cap.ique  Celeste,  Livre  in.  §  10;  and  the  results  may 
be  said  to  be  summed  up  in  equation  (I)  of  that  section,  inasmuch 
as  they  will  follow  from  that  equation  by  differentiation.  But  tbe 
Potential  Function  is  not  used  in  the  pages  now  under  notice. 
These  pages  are  in  substance  reproduced  in  the  fourteenth  section 
of  Laplace's  Thdorie. .  .de  la  Figure  des  Planetea  of  which  we  shall 
hereafter  give  an  accounl 

776.  I  will  notice  some  remarks  on  page  262  by  which 
lAplace  tries  to  shew  that  if  there  is  one  figure  of  equilibrium 
for  a  rotating  spheroid  there  will  be  an  infinite  number. 

Let  l  +  ajfhe  the  radius  vector  to  any  point  of  the  surface, 
where  a  is  indefinitely  small  {infinitneTit  petit),  and  y  is  any  func- 
tion of  0  tbe  colatitude  and  w  the  longitude,  Let  oB  denote  the 
taogentoal  attraction ;  then  for  equilibrium  we  must  have  3  =  0. 
Let  y  be  such  a  function  of  6  and  w  as  to  satisfy  this :  then  he 
sayv  the  oondition  will  also  be  satisfied  when  we  put  d  +  a  for  0, 

T.  M.  A-      VOL.  IL  2 
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and  V  +  i  for  w ;  where  a  aod  b  are  conatanta.  Let  y'  be  vhat 
y  becomes  by  tbie  change.  Then  he  says  that  there  will  be  equi- 
librium if  the  radius  Tector  be  1  +  ay';  and  therefore  also  if  the 
radiue  vector  be  1  +  a^  +  nay  where  n  is  aay  constant. 

I  presume  that  Laplace  does  not  suppose  any  rotation  here, 
or  any  action  but  that  of  the  fluid  mass  itself.  Thus  in  fact  we 
have  a  case  something  like  that  of  the  coexistence  of  small  mo- 
tions in  Dynamics. 

If  we  suppose  the  mass  to  rotate  then  the  argument  will  have 
to  be  slightly  modified.  We  cannot  then  change  $  into  6  + a, 
but  we  can  change  v  into  wi-b;  and  thus  as  before  we  shall 
still  have  an  infinite  number  of  solutions.  Compare  the  M4cani<pa 
CSleste,  livre  IIL  §  26. 

777.  The  first  three  memoirs  by  Laplace  on  our  subjects  are 
superseded  by  his  investigations  of  the  third  division :  see  Art.  741. 
The  first  three  memoirs  may  be  considered  to  attach  themselves 
to  the  researches  of  D'Alembert,  and  to  continue  those  researches. 
In  his  writings  of  the  third  division  Laplace  may  be  said  to  derive 
great  assistance  from  Legendre.  It  will  be  necessaiy  as  we  pro- 
ceed to  be  particular  with  the  chronology  of  the  memoirs  by 
Laplace  and  Legendre ;  for  we  shall  fiud  in(Ucations  that  Legendre 
was  not  quite  satisfied  with  Laplace's  silence  as  to  the  matter  o! 
priority:  see  also  Font^coulant's  Systhme  du  Monde,  Vol.  III. 
pagex. 

778.  The  order  then  which  we  shall  have  to  adopt  after  thus 
considering  Laplace's  first  three  memoirs  is  the  following: 

Legendre's  first  memoir;  this  is  in  the  Mimoire8...par  divers 
Savima...  VoL  x. 

Laplace's  treatise  Ve  la  Figure  dea  Fianetea ;  this  is  contained 
in  a  work  published  in  1784. 

liegendre's  second  memoir;  this  is  in  the  Paris  Mimwrea 
for  1784. 

Laplace's  fourth  memoir ;  this  is  in  the  Paris  M4moina  for  1782. 

Laplace's  fifth  memoir ;  this  is  in  the  Paris  M^moirea  for  1783. 
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Laplace's  sixth  memoir ;  this  is  in  tho  PariB  M4mmres  for  1787. 
Le^ndre's  third  memoir;  this  is  in  the  Paris  Mimoires  for  1788. 
Legendre's  fourth  memoir;  this  is  in  the  Paris  Afi^tnotres  for  1789. 
Laplace's  seventh  memoir;  this  is  in  the  Paris  M^mmTeafox  1789. 

"When  a  volume  of  the  Paris  Mimoires  is  Baid  to  be  for  a 
specified  year,  it  by  no  means  follows  that  all  the  memoirs  which 
it  contains  were  written  during  or  before  the  specified  year.  The 
order  in  which  we  have  placed  these  writings  of  Laplace  and 
Legendre  is  the  order  of  their  production,  as  will  appear  by  our 
extracts  from  ^lem  as  we  proceed. 


2—3 
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LEOENDBETS  FIRST  MGHOIB. 

77().  A  TERT  important  memoir  hj  L^endre  ia  contained 
in  the  tenth  volume  of  the  M^moires...pr48eiaA  par  divers 
Savons...  The  date  of  publication  of  the  volume  is  1785.  The 
memoir,  however,  must  have  been  communicated  to  tha  Academy 
at  an  earlier  period ;  for  in  the  treatise  De  la  Figure  des  PUmetea, 
which  was  published  in  1784,  Laplace  refers  to  the  researches  of 
Legendre  vhich  constitute  the  present  memoir :  see  -psL^  96  of 
Laplace's  treatise. 

Legendre's  memoir  is  entitled  Ree^verdtea  eur  rattraotion  des 
tph&oHdes  homoginee;  it  occupies  pi^es  41]  ...434  of  the  volume. 

7S0.     Legendre  begins  thus : 

M.  Madauriii  est  le  premier  qai  ait  d^terminfi  rattraetion  d'un 
Spb^roide  elliptique  pour  lea  points  situ6i  dans  son  int^rienr  on  )l  m 
Eur&ce.  Les  propodtiona  qu'il  a  gtabliea  4  ce  aujet,  et  d'oil  rfonlte  nne 
■olution  si  siniple  du  probl^me  de  la  figure  de  la  Teire,  aervent  de  base 
1  Bon  excellent«  Fides  anr  le  flax  et  le  Reflux  de  la  Mer,  et  sent 
mnnues  de  tona  les  O^omdtres.  Le  m6me  Autenr  a  considlrg  anssi 
I'attractitai  des  Sph^roides  elliptiquee  snr  les  points  situ£s  an  dehors ; 
mois  il  s'est  honti  aux  pdnts  sitn^a  aur  I'&ze  on  but  r6]natear  ponr  les 
%di6rotdeB  de  revolution,  et  senlement  anx  pointa  placfa  dans  la  direc- 
tion d'nit  des  trois  axes,  lorsqne  le  Sph£roIde  a  tontes  see  coupes  ellip- 
tiqnes.  Oes '  denx  objets  ae  tronvent  compiis  dans  un  tb6orgme  re- 
marqnable,  dont  H.  Maclanrin  donne  Yiaoud,  art.  663  de  aon  Tisitfi 
dee  Fluxions;  th^oifime  dont  MM.  d'Alembert  et  de  la  Grange  ont 
donn£  depuia  la  d^onatration ;  le  premier,  dana  les  M^moires  de 
Berlin,  annSe  1774,  et  dans  le  tome  viL  de  ees  OpuBcnles;  le  seoond, 
dans  les  M^mrares  de  Berlin,  ann£e  1775. 
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H  ne  paroit  pas  que  lea  O^mdtrea  aient  ponse^  pins  loin  lenrs 
recberolies  snr  oette  mati^  int£reasant« ;  car,  quoique  M.  de  la  Orange 
aiC  conei<l£r6  le  problSme  dans  toule  sa  g£n^raJit6  (M£m.  de  Berlin, 
anii6e  1773),  riat%ration  n'a  rfusai  )l  ce  grand  G6om6i.re  que  dans  Im 
cas  d6}k  rSsolus  par  M.  Maclaurlo.  Cest  dans  la  vile  de  aoncourir 
ft  la  perfectioQ  de  cette  th6orie,  que  j'ai  entrepris  lea  Becberclies  dont 
je  Taia  rendre  compte. 

We  see  from  this  extract  that,  as  we  have  stated  in  Art,  260, 
liBf^adifi  underrates  what  Maclaurin  really  did  demonstrate. 

781.  We  will  now  give  in  substance  Legendre's  treatment 
of  Maclaorin's  theorem  in  attractions. 

^     «■     «" 
I«t  the  equation  to  an  ellipsoid  be  j  +  n  +  3='l-  required 

the  attraction  at  a  point  on  the  prolongation  of  the  axis  of  s  at  the 

distance  A  from  the  origin. 

Let  r  be  the  distauce  of  any  point  of  the  ellipsoid  from  the 

attracted  particle,  if>  the  angle  between  r  and  its  projection  on  the 

plane  of  (se,  t),  and  ^  the  angle  between  this  projection  and  the 

axis  of  z.     The  element  of  mass  is  t'  cob  ^d^-^r ;  and  thus  the 

atbaction  resolved  along  the  axis  on  which  the  attracted  particle 

is  situated  is 

^^—^ —  xcos^cos^, 

that  is  COB*  ^  cos  i^d^->^r. 

We  first  inte^jirate  for  r;  the  limits  are  r,  and  r^  where  r,  and  r, 
are  the  limiting  radii  vectores  drawn  from  the  attracted  particle 
to  the  ellipsoid  in  the  direction  assigned  by  the  angles  <f>  and  ifr. 
Thas  r^  and  r,  are  the  roots  of  the  quadratic  equation 

(A  — rcos^coB^)'     r*8in*^     f*co8'08in*-^     - 

lience  we  find  that 

2atcV[<^{g'-A')ainV+ycoa'^(a'8inV+.^cofl'^-A*BinV)l 
•'•'^' "  Vc'coB'^cotf^  +  oV8in'^  +  aWco8'^flin*+  ' 
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Now  (r,  —  r^  cob*  ^  cos  -^  can  be  ii^^rated  with  respect  to  4" ; 
for  we  may  put  the  ezpreasion  to  be  int^^ted  in  the  form 

Kd^  C08  -^  i/iA*  —  ■B'sin*'^] 
1  +  £  ain'  ^ 

where  A,  B,  K,  and  L  do  not  iuTolre  ■^. 

The  integral  with  respect  to  ^  ie  to  be  taken  between  such 
limits  as  make  r^  —  r^  Taoish,  that  is  between  the  limits  given  by 

A  • 

sin  ^  -  ±  = . 


Aasume  sin  ^  —  ~»^  ^>  ^"^  ^^  integral  becomes 
KA*       cos*  fdf 


The  limits  for  f  are  —  ■=  and  -= .    This  gives  for  the  value  of 
the  integral 

Substitute  for  A,  B,  K,  and  L;  and  then  the  required  attractioQ 


SirocAff    //<? sin* 0  +  6" cos' A\     v'(A*-a*+ c*)!        ,,. 
^::?Ji\/U*«m".^  +  6*co8»^j 1 Jcos0#. 

The  limits  of  ^  are  such  as  make  f,  —  f*,  vanish  when  ^»0; 
hence  they  are  obtained  by  putting  A^'O:  we  shall  find  that  this 
gives 

Assume  sin  ^  =  -7775 i — n;  J  then  the  limits  of  5  will  be— ^ 

ij\h  —a  +0^  2 

4o6c  , 
a  J.      ~ 

Bnally  the  attraction  is  equal  to 


mzed  By  Google 


LEQENDBE'S  FIBST  HKHOIE.  23 

SMK  rl  (    /fh'-a'  +  b'  +  (if-V)am'e\ 

(a'-c^VCt'-o'  +  i")  i,  IV  U'-s'  +  f  +  Co'-i')""'*/ 

Now  for  confocal  ellipsoids  o'  —  6*,  a'  —  c",  and  6'  —  c*  are  con- 
stant; hence  for  such  ellipsoids  the  attraction  at  the  assigned 
point  Tariee  as  the  mass  of  the  ellipsoid. 

782.  Legendre  expressea  his  belief  that  the  theorem  of 
Haclaurin  respecting  the  attraction  of  confocaj  ellipsoids  holds 
whatever  be  the  poeitioQ  of  the  attracted  particle ;  see  his  page  413. 
This  we  now  know  is  true,  for  it  was  demonstrated  by  Laplace. 
Bat  Legendre  was  at  this  time  unable  to  give  a  complete  demon- 
stration; and  80  confined  himself  to  the  case  of  ellipsoids  o£ 
rerolution. 

In  order  to  prepare  the  way  for  this  demonstration  he  first 
eetablbhes  a  very  remarkable  theorem,  namely :  if  the  attractioji 
of  a  solid  of  revoiution  is  known  for  every  external  point  which  is 
on  the  prolm^ation  of  the,axia  it  w  known  for  every  external  point. 

7R3.  Legendre'a  demonstration  of  the  important  result  just 
stated  is  conducted  by  the  aid  of  aeries.  We  here  for  the  first 
time  meet  those  famous  coefficients  which  it  is  usual  to  call 
Laplace's  coefficients;  and  we  see  that  to  Legendre  really  belongs 
the  honour  of  introducing  them. 

These  functions  might  with  propriety  be  called  L^^ndre's 
functions  when  they  involve  only  one  variable,  and  Laplace's  func- 
tions when  they  involve  two:  Legendre  himself  seems  to  acquiesce 
in  this  in  a  passage  at  the  banning  of  his  fourth  memoir.  But 
in  consideration  of  the  great  use  which  Laplace  has  made  of  these 
coefficients,  and  of  the  important  extension  which  he  has  given  to 
the  theory  of  them,  I  shall  continue  to  use  the  common  English 
title  of  Laplace's  coefficients  for  them,  after  having  formally  recog- 
nised the  rights  of  Legendre. 

We  may  observe  that  Legendre's  researches  with  respect  to 
Xaplace's  coefficients  are  reproduced  with  extended  generality  in 
his  Sxereices  de  Cahul  Intend,  ToL  u.  1817,  pages  247-. .273. 
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784.  An  important  work  on  the  branch  of  aaaly»s  of  which 
Laplace's  coefficients  is  the  origin  is  Heine's  Handbuch  der  Kvgd~ 
functioTien,  published  at  Berlin  in  1861:  to  this  I  shall  occasionally 
refer.  The  preface  to  Heine's  work  gives  the  evidence  for  the 
priority  of  Legendre  to  Laplace  in  the  introduction  of  these  coef- 
ficients; and  also  for  the  recognition  of  this  fact  by  Jacobi  and 
Dirichlet. 

785.  The  following  is  the  definition  of  Laplace's  coefficients : 
Let  (1  —  22  cos  y  +  q')"*  be  expanded  in  ascending  -powers  of  a ; 
and  let  P^t.'  denote  the  general  term :  then  P.  is  a  function  of 
cos  ^,  and  is  called  Laplace's  coefficient  of  the  nth  order. 

786.  In  the  present  memoir  Legendre  has  occasion  to  use 
only  the  coefficients  of  an  even  order,  because  he  supposes  that 
his  attracting  body  is  symmetrical  with  respect  to  the  equator. 
He  writes  down  the  values  of  P,,  P^,  jP,,  and  P, ;  and  &om  these 
the  general  form  of  the  coefficient  for  an  even  order  may  be  easily 
perceived.     We  have,  as  shewn  by  Heine  in  his  page  6: 

'        ^1.3.5...(2«-l)f        «(n-l)^ 
l».  1    ■  2(2n-l)^ 

«(«-l)(n-2)(«-3)  1 

■^2.4.{2n-l)(2n-3)  *         •")• 

where  a;  =  cos '^.     Legendre's  values  are  particular  cases  of  this 
general  expression. 

This  general  expression  may  be  easily  obtained  by  first  ex- 
panding (1  —  2swc  +  a*)"*  in  the  form 

l+l.(2;.-.)  +  |^«-(2i.-a)'  +  ^a-(a.-.)-+.... 
and  then  selecting  the  term  in  a"  from  each  of  these. 

787.  L^endre  arrives  at  an  important  property  of  Laplace's 
coefficients.     Suppose  that  for  a  or  cos  ^  we  write 

cos  0  cos  ^  -t-  sin  ^  sin  d*  cos  o>, 

then  P,  becomes  a  function  of  6,  8,  and  to ;  integrate  with  respect 
to  «  from  0  to  2r ;  tiien  the  result  is  a  function  of  B  and  0.     This 
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result  will  be  of  the  form  271/(008  ^/(oob  ff) ;  that  ia  it  will  be 
the  product  of  a  certain  function  of  cos  0  into  the  sam^  function 
of  coa^;  and  /(costf)  is  in  fi»ct  P.,  when  x  is  put  for  costf. 
L^endre  demonstrates  this  for  the  case  which  he  requires,  that  is 
for  the  case  of  a  coefficieot  of  ao  even  order ;  acd  he  obtains  the 
correct  form  for  the  function  which  we  denote  by/.  Legendre's 
demonstration  shews  his  energy  aod  peneverance,  but  to  a  modem 
student  it  will  appear  laborious  and  uninviting. 

The  property  here  considered  follows  immediately  from  the 


general   expresttions  which  have  been  ( 


coefficients  when  treated  as  functions  of  0,  ff,  and  w,  in  the  manner 


above  indicated.     See  the  M4canique  C4leste,  Li 


ven  for  Laplace's 


ivre  III.  §  15. 


788.  Another  important  theorem  respecting  the  coeflBdents 
is  briefly  indicated  by  Legendre  on  bis  page  426 :  it  is  demon- 
strated in  Legendre's  second  memoir,  being  the  last  of  the  seven 
tiieorems  which  are  there  investigated  :  see  Art.  830. 

7S9.  Li  this  memoir  we  meet  for  the  first  time  the  function 
F*  which  we  now  call  the  PotenUtd,  and  which  denotes  the  sum 
of  the  elements  of  a  body  divided  by  their  distances  from  a  fixed 
point.  The  introduction  of  this  function  L^endre  expressly 
assigns  to  Laplaca     The  following  are  the  circumstances. 

A  point  is  situated  outside  a  solid  of  revolution.  L^endre 
has  to  determine  the  attractions  of  the  solid  at  the  point,  along 
the  radius  vector  which  joins  the  point  to  the  centre  of  the  solid, 
and  at  i^bt  angles  to  this  direction.  He  has  found  a  series  for 
the  former ;  and  he  says  the  latter  might  be  determined  by  similar 
investigations;  then  he  adds: 

...mufl  on  J  purient  bi«n  plus  &cilement  k  I'aide  d'nn  Th^orime 
que  M.  de  la  Place  a  bien  voaln  me  oooimaniqaer :  voioi  en  quo!  il 
conaistfl. 

Then  follows  the  theorem  which  is  enunciated  and  imme- 
diately demonstrated.     The  theorem  is  that  the  attraction  along 

the  radius  vector  is  —  -3- ,  and  the  attraction  at  right  angles  to 
the  radius  vector  is  —  — ^  ;  where  r  is  the  radius  vector,  and  $ 
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the  angle  which  it  lOftkes  with  the  axis  of  the  solid :  these  attrac- 
tions being  estimated  towards  the  centre,  and  the  pole  respectivel;. 
These   statements  relative  to  the  function    V  are  now  weU 
known  and  given  in  elementary  books. 

790.  We  may  observe  that  the  name  IbtenHai  was  first  used 
by  the  late  George  Qreen,  in  his  Essay  <m  the  Application  of 
Maihematical  Anaiyais  to  the  Theories  of  UlectricUy  and  Moff- 
neHam,  published  in  1828:  see  bis  page  9,  or  page  22  of  the 
volume  in  which  Green's  works  were  collected  and  reprinted 
in  1871.  Gauss  used  the  word  in  his  memoir  entitled  AUgeTneine 
LekrsaUe  m  Beziehung  auf  die.,.Atm«huttgs^nd~Ab8tossung8- 
Kr&fle,  published  in  1840.  As  Gauss  does  not  refer  to  any 
previous  authority  we  are,  I  presume,  to  infer  that  be  had  inde- 
pendently selected  the  name. 

791.  Let  us  briefly  indicate  the  demonstration  of  Legendre's 
remarkable  theorem  enunciated  in  Art.  782.  We  shall  use  the 
poteniial  throughout,  whereas  Legendre  himself  only  used  it 
partially.  But  substantially  the  demonstration  we  shall  give 
is  Legendre's. 

Let  r  and  ff,  as  in  Art.  789,  be  the  polar  coordinates  of  the 
attracted  particle ;  let  r"  and  ff  be  the  corresponding  two  polar 
coordinates  of  an  element  of  the  attracting  body ;  let  u  be  the 
difference  of  longitude,  as  we  may  call  it,  of  the  attracted  point 
and  the  attracting  element.  Then,  taking  tbe  density  as  unity, 
the  element  of  the  attracting  mass  is  r'  sin  ff  dff  da  dr.    Thus 

y     rrr    r"*  am  ff  dff  da  dr' 
■*  }})  VCr"*  -  2fT'  cos  ^  +  /) ' 
where  cos  -^  =»  cos  ff  cos  tf*  ^-  sin  ^  sin  ^  sin  «. 

Expanding  the  denominator  in  asceoding  powers  of  -  we  have 

V=jjj'^il+P,^  +  P,*^+P,p  +  ...\aiiffdffdo,dr'. 

We  integrate  first  with  respect  to  r;  and,  since  the  attracting 
body  is  assumed  to  be  symmethcal  with  respect  to  its  equator, 
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the  limits  will  be  — »  and  j,  vhere  »  is  the  radius  Toctor  of  the 
solid  correBpondiDg  to  a  colatitude  &.    Thns 

Now  we  integrate  with  respect  to  a  between  the  limits  0  and 
Sir.     Then  by  the  theorem  of  Art.  787,  we  obt^n  for  V  a  series 

of  which  the  first  term  is  — ;  and  for  the  following  terms 

the  general  form  is 

The  limits  for  ff  are  0  and  ?-■     The  integration  could  not  he 

effected  until  the  form  of  the  attracting  body  is  assigned  so  as  to 
make  «  a  known  function  of  ff.  We  shall  denote  the  int^ral 
by  L^ ;  it  will  be  some  numerical  quantity.    Thus  the  general 

e  IT  ■  ^f^  (cos  0)  Lt, 

termofF-  -^-^M' 

Here  /^  (cos  ^  is  a  certain  known  function  of  cos  l9  which  is 
independent  of -the  form  of  the  body;  moreover  this  function  does 
not  vanish  when  0=0.  Now  if  the  attraction  is  known  at  all 
points  which  are  on  the  prolongation  of  the  axis,  it  follows  that 
V  must  also  be  known  for  all  such  points.  Hence  all  the  quan- 
tities of  which  L^  is  the  type  must  be  known.  Therefore  Fis 
known  for  all  external  points ;  and  therefore  the  attraction  is  also 
known  for  all  external  points. 

The  demonstration  is  in  substance  reproduced  by  Laplace  in 
the  Mkaniqae  Celeste,  Livre  III.  §  17. 

792.  It  must  be  observed  that  the  preceding  demonstration 
is  satisfactoi;  only  so  long  as  r  is  greater  than  the  greatest  radius 
vector  of  the  body,  so  that  we  may  be  sure  of  having  convergent 
aeries  throughout.  The  subject  is  discussed  by  Foisaou  in  the 
Connaiasaause  det  Terns  for  1829 ;  he  shews  that  the  formuke 
used  by  Legendre  and  Laplace  are  correct,  to  the  third  order  of 
the  standard  small  quantity  inclusive.  I  have  exteiided  Poisson's 
investigation  in  a  paper  published  in  the  Proceedings  of  tite  Soyal 
Society,  Vol.  XX. 
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793.  We  can  now  demonstrate  Legendre's  extension  of 
Maclaurin's  theorem  reapecting  the  attraction  of  an  ellipsoid  of 
revolution. 

Put  &  —  c  in  the  result  of  Art.  7S1 ;  then  it  becomes 

5^i-/{vlll--a'+4'-(6'-o^Bm-«r'}"''''"' 
and  [k'  —  (^+b*—{b'  —  a')8in*$}~^  can  he  expanded  hy  the  Bi- 
nomial Theorem  in  a  convergent  series  of  powers  of 
(&'-a^Bin'g 
A'-o'  +  fi*    ' 
BO  that  the  attraction  can  be  expressed  in  a  conrei^nt  series 
which  is  a  function  of  a*  —  &',  and  thus  remains  the  same  for  con- 
focal  ellipsoids  of  revolutiou. 

Thus  for  points  on  the  prolongation  of  the  axis  of  revolution 
the  attractions  of  confocal  ellipsoids  at  the  same  point  are  as  the 
masses  of  the  ellipsoids.  Then  hy  the  aid  of  Art.  791  it  follows 
that  this  will  hold  for  any  external  point 

Legendre  himself  integrates  before  expansion ;  this  does  not 
affect  the  essence  of  his  method.  The  integral  takes  different 
forms  according  as  a  is  greater  or  less  than  b. 

794.  In  conclusion  we  may  affirm  that  no  single  memoir  in 
the  history  of  our  subject  can  rival  this  in  interest  and  importance. 
During  forty  years  the  resources  of  anslysis,  even  in  the  hands 
of  iD'Alembert,  Lagrange,  and  Laplace,  bad  not  carried  the  theory 
of  the  attraction  of  ellipsoids  beyond  the  poiot  which  the  geo- 
rneby  of  Maclaurin  had  reached.  Legendre  now  extended  the 
chief  result  of  that  geometry,  by  shewing  that  it  was  true  in  the 
case  of  an  ellipsoid  of  revolution  for  any  external  point.  The 
introduction  of  the  coefficients  now  called  Laplace's,  and  their 
api^ication  to  the  remarkable  theorem  of  Art.  782,  commence  a 
new  era  in  mathematical  physics.  Moreover  the  existence  and 
the  value  of  the  potential  function  were  now  first  manifested. 

It  is  not  too  much  to  say  that  this  memoir  is  the  foundation 
for  all  that  IjB,-phee  added  in  the  theories  of  Attracdon  and  the 
Hgure  of  the  Earth  to  the  works  of  Maclaurin  and  Qairaot. 
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LAPLACE'S  TKEATISE. 


796.  We  are  now  about  to  notice  a  work  by  laplace  entitled 
Thiorie  du  Mouvemeta  et  de  la  Figure  EUiplique  des  Manetea  ;  this 
is  a  quarto  volume  which  was  published  in  1784.  The  title-page 
and  preface  occupy  xiiv  pages ;  then  the  first  part,  which  is  on 
^e  theoiy  of  the  elliptic  motion  of  the  planets,  occupies  pages  1. .  .66 ; 
UiQ  second  part,  which  is  on  the  figure  of  the  planets,  extends  Irom 
page  67  to  page  160:  an  addition  to  the  first  part  is  given  on 
pages  150. ..152,  and  a  list  of  errata  on  p^e  153. 

796.  The  volume  is  scarce,  and  seems  hut  little  known.  The 
late  FrofesBor  De  Moi^n  in  a  not«  to  his  article  Table  in  the 
Engliah  Cydopadia  remarked : 

When  a  person  is  distingoished  hj  one  particular  work,  his  other,  and 
parttcnUrly  hig  previotui,  writings,  even  on  the  same  subject,  go  out  of 
notice.  How  many  persons,  for  instance,  know  that  Laplace  published 
(separately  &om  the  Memoirs  of  the  Academy)  a  small  work  on  the 
elliptic  motion  and  on  the  figures  of  the  planets,  in  1784f  (SeeLalande, 
'  BibL  Astron.  ann.  1761.)  And  how  many  biographical  accounts  of 
I^>laoe  mention  it  T 

Hy  copy  of  this  work  formerly  belonged  to  Mechain,  and 
ralwequently  to  Aiago.  There  are  some  irregularities  in  the 
paging:  no  pages  occur  numbered  105,  106,  145,  146;  on  the 
other  hand,  pages  numbered  129, 130  occur  twice. 

According  to  a  bookseller's  catalogue,  a  German  translation  of 
the  work  by  J.  J.  A.  Ide  was  published  at  Berlin  in  1800 ;  but  I 
have  not  seen  it. 


mzed  By  Google 


30  Laplace's  treatise. 

797-  The  circumstances  wbich  led  to  the  publication  of  the 
work  are  thus  stated  by  Laplace  in  the  preface,  pages  xviii  xaA  xix : 

ITne  dea  [n«pri£t£8  lea  ploa  remarquablea  de  U  loi  de  peaantenr  qui  a 
Ilea  dans  la  Nature,  eat  de  tennmer  lea  orbites  des  corps  celestes  par  des 
ligues  da  Becond  ordre,  et  leuiB  figares  par  des  Bor&ces  du  uecond  ordre, 
da  tnoins  lorsqu'  on  £ait  abetiwition  des  petites  in^galit^  qui  troublent 
leuTB  mouvemens  et  lenra  figures.  Cette  propri^t^  m'  a  fait  naltre  depuis 
long-temB  I'  idte  d'ezposer  dans  un  ouvrage  porticulier,  Ins  principaux 
rtsnltata  du  mouvement  et  de  la  figura  elliptiques  dee  Flangtes;  mais 
entralD6  par  d'antree  occupations,  j'aurois  enti6rement  renonc€  it  ce 
travail,  aans  le  d&dr  qn'on  Magistiat  6galemeut  dislingu6  par  son  rang, 
par  BB  oaisaance,  et  par  eea  lumieres,  m'a  t£moign6  ptnsiears  fbis,  de  voir 
lea  propri^t^B  dee  mouvemena  elliptiques  et  paraboliquea,  d£duites  de  la 
aeule  considSiation  des  Equations  diffiSrentielles  du  second  ordre  qui 
d6terminent  i  chaqae  instant,  le  mouTement  des  oorps  c61estefl  autour 
du  Soleil. 

In  a  note  at  the  foot  of  the  page  the  name  of  the  distinguiBhed 
magistrate  is  given :  M.  de  Saron,  Prudent  du  Farlement,  Houo- 
raire  de  I'Acad^mie  Royale  des  Sciences. 

The  passage  is  very  interesting  as  recording  thus  early  a 
deugn  which  was  afterwards  carried  out  on  a  larger  scale  by  the 
publication  of  the  M^nique  Celeste. 

798.  In  a  majiuscript  note  in  my  copy  it  is  stated  that 
M.  Bochart  printed  the  work  at  his  own  expense ;  I  presume  that 
this  is  another  name  for  M.  de  Saron. 

FoisBon  has  recorded  the  fact  that  an  eUipeoid  of  revolution, 
used  by  Coolomb  in  his  experiments  on.  electricity,  was  turned  by 
M.  de  Saron.    M^noiret  de  FlTistitta,  Yol.  xiu.  1836,  page  501. 

799-  The  work  which  we  are  now  about  to  examine  may  be 
sud  to  form  the  transition  between  Laplace's  first  three  memoirs 
which  do  not  reappear  in  the  M^nique  Celeste,  and  the  subse- 
quent memoirs  which  do.  In  the  present  work  I^place  introduces 
what  we  call  the  potential,  but  not  what  we  call  Laplao^a  Jvnc- 
iioaa;  although  these  functiona  had  already  been  used  Is^Legendre: 
see  Art  783. 
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800.  The  treatise  De  la  Figure  dea  PlaaeUs  is  arranged  in 
seventeen  sections ;  the  first  seven  sections  relate  to  attractions, 
the  next  sis  to  the  relative  equilihrium  of  a  mass  of  rotating  fluid, 
and  the  rest  principally  to  the  value  of  gravity  at  the  surface  of 
such  a  hody. 

801.  The  first  section,  on  pages  67  tuid  68,  is  preliminuy. 
The  equation  to  an  ellipsoid  is  given  under  the  form 

This  notation  appears  repulsive  to  modem  readers,  trained  to 
study  symmetry ;  but  it  has  been  adopted  by  very  eminent  mathe- 
maticians. Lagrange  in  his  memoir  of  1773,  and  Poisson  is  his 
memoir  of  1835,  also  employ  m,  n,  A:  in  the  sense  here  adopted. 

802.  The  second  section,  on  pages  69. ..73,  defines  the  po- 
tential function  V,  and  expresses  by  means  of  it  the  attraction 
of  a  body  on  a  particle  resolved  parallel  to  three  coordinate  axes. 
As  we  have  already  seen  in  Art  789,  the  function  was  introduced 
by  Laplace  into  mathematical  science. 

803.  Id  the  third  section,  on  pages  73.. .78,  polar  coordinate* 
are  employed.  It  is  shewn  that  V  may  be  expanded  into  an 
infinite  series;  and  in  particular  some  of  the  properties  of  this 
series,  in  the  case  of  an  ellipsoid,  are  noticed. 

804.  The  fourth  section,  on  pages  78. -.86,  is  very  important. 
Laplace  forms  three  equations  involving  V,  and  the  differential 
coefficients  of  V  taken  with  respect  to  m,  n,  k,  and  the  coordinates 
a,  b,  c  of  the  attracted  particle.  Then  from  these  Laplace  obtains 
a  demonstration  of  the  theorem  which  I  call  by  Ms  name,  being 
the  extension  of  Maclaurin'e :  see  Art  254.  This  is  the  first  ap- 
pearance of  the  demonstration  in  print ;  but  we  learn  from 
page  97  of  the  treatise  we  are  considering  that  the  demonstration 
was  communicated  to  the  Academy  in  May,  1783 :  see  Art  806. 

The  demonstration  is  given  in  an  improved  form  in  Laplace's 
fourth  memoir;  and  in  this  improved  form  it  is  reproduced  in 
the  MAxmiqvs  CiUde,  Livre  IIL  §  5  and  §  6 :  we  shall  defer  our 
remarks  on  it  until  we  tneat  of  the  M6samque  O^esta. 
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The  operations  of  tbe  fourth  eection  of  Laplace's  treatise  are 
somewhat  developed  in  a  memoir  by  Plana  in  the  Memorie... 
Societa  ItaUaaia,  Vol.  xv.  Modena,  1811. 

805.  The  fifth  section,  on  pages  86... 90,  treats  of  the  attrac- 
tion of  an  etlipoid  on  an  internal  particle.  The  attraction  par- 
allel to  an  axis  of  the  ellipsoid  is  reduced  to  a  single  de6nite  inte- 
gral; thos  Laplace  values  and  appropriates  the  treasure  which 
D'Alemhert  deliberately  threw  away :  see  Art.  651.  This  section 
is  embodied  in  the  M4canique  Celeste,  Livre  ilL  §  3. 

We  know  that  the  integral  can  be  expressed  by  means  of 
elliptic  Junctions ;  Laplace  had  convinced  himself  that  it  could 
not  be  expressed  by  the  ordinary  functions,  but  he  did  not  publish 
his  argument.  After  shewing  that  the  integral,  although  definite, 
involved  all  tbe  difficulty  of  tbe  indefinite  integral,  he  says  on 
his  page  90 : 

L'int^grale    indSfioie    des   fbnctjona    diflfirentiellefl    de   la    forme 

—  ,  est  impOBBible,  except^  dans  lea  deux  cos  soivanta, 

v^Toir  lorsque  Tone  on  Taatre  des  qoantit^s  a,  et  ^,  est  nolle,  ou 
lorsqn'elles  sont  £gales;  je  me  suia  asrar^  que  dans  totu  lea  autrei  cas, 
rinttigrale  ne  pent  poa  6tre  exprimSe  par  une  foDctioo  finie  de  quantit^s 
algSbriques,  d'arcs  de  cercle  et  de  log&ritlunM ;  ainai  t'expreesion  int^gr&Ie 
que  nous  venons  de  tronver...,  est  la  plus  nmple  que  Ton  pnisse  donner 
Acette  valeur,  et  il  Beroit  inutile  de  chercher  ik  la  r6dnire  en  termes  finis. 

In  his  fifth  section  Laplace  demonstrates  what  he  calls  a  re- 
markable result,  namely :  that  a  particle  placed  within  an  eUiptic 
shell  of  any  thickness,  and  of  which  the  outer  and  inner  surfaces 
are  perfectly  similar,  will  be  in  equilibrium.  This  is  apparently 
the  first  formal  statement  of  the  result ;  but,  as  we  have  seen  in 
Art  662,  Frisi  may  be  considered  to  have  obtained  it 

806.  The  sixth  section,  on  pages  90.. .97,  continues  tbe  sub- 
ject of  the  attraction  of  an  ellipsoid  on  an  internal  particle ;  and 
it  effects  the  integrations  in  the  particular  case  of  an  oblatum. 
Thia  is  embodied  in  the  MAxmique  CHette,  Livre  m.  §  7. 

Tbe  section  concludes  with  a  sketch  of  tbe  history  of  tbe 
problem  of  the  attraction  of  an  ellipsoid.    The  mistake  is  made 
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with  respect  to  MaclauriD  which  I  have  pointed  out  in  Art  260. 
L^lace  next  speaks  of  the  very  ingenious  method  by  which 
Legendre  had  shewn  that  the  theorem  given  by  Maclaurin  for  the 
case  of  a  point  on  the  prolongation  of  the  axis  was  true  for  any 
position  of  the  point  with  respect  to  ellipsoids  of  revolution : 
see  Art.  793.     Then  Laplace  concludes  thus :  , 

...muB  1&  mfithode  de  M.  le  Qendre,  fond£e  sar  la  coosidSration  des 
BaiteB,  n'eet  pas  applicable  aux  ellipsoidea  qui  aesontpointde  revolution; 
U  Stoit  cependaat  trds-vraisemblable  que  rekttvemeut  i  ces  Bphgi-oidsB, 
le  tli6or^e  de  M.  Maclauriu  s'Stendoit  encore  iL  ua  |ioiut  situe  d'uiie 
maniere  quelcouque  au-dehors;  mais  rimpoBsibilit^  d'iut^gi'er  les  attrac- 
tions difiereotielles,  du  moins  sous  la  furme  que  leur  donnent  lea  mf- 
thodee  oonnuee,  readoit  assez  difficile  la  d6monatration  de  ce  tb£or6me: 
aprte  quelquea  teutatives  inutilee,  j'y  suis  enfin  parrenn  par  la  mSthode 
pr£c£dente  dont  j'ai  fait  part  )i  I'Acadgmie  au  mois  de  Mai  1783.  En 
chercbaot  k  transformer  Iw  attractiona  difiErentielles,  on  parviendroit, 
seloD  tuute  appareace,  i  lea  roudre  int^grables,  par  un  choix  coareuable 
dee  coordonn€es ;  mais  la  mflhode  que  j'ai  soivie,  m'ayant  condait 
asses  simplement  au  r&ultat  que  je  cbercbois,  je  u'ai  point  tent^  d'autrea 
moyens,  et  j'ai  peDs6  que  le  nouvel  usage  qu'elle  pr6sente,  du  calcal  aux 
difiSreuces  ptutielles,  pourroit  Stre  utile  dans  d'autree  circonstances,  et 
par  cette  laison  int^resser  les  QfomStres. 

I  do  not  underetand  what  is  meant  by  the  confident  expecta- 
tion that  the  expression  for  the  attraction  could  be  integrated  by 
a  suitable  transformation :  this  seems  to  contradict  the  statement 
made  by  Laplace  in  his  fifth  section  :  see  Art  805. 

807.  We  now  pass  to  the  relative  equilibrium  of  a  rotating 
fluid  mass.  The  seventh  section,  on  pages  97-. •103,  contains  the 
general  equations  of  fluid  equilibrium.  This  section  is  embodied 
in  the  M^niqve  Celeste,  Livre  I.  §  1?  and  §  34. 

The  section  is  followed  by  a  Remarque  which  criticises  some  of 
Newton's  investigations.  I  do  not  understand  this  criticism ; 
Laplace  seems  to  assert  that  there  is  some  fatal  error  of  princi* 
pie  which  attaches  to  Newton's  investigations  on  the  Figure  of 
the  Earth,  the  Tides,  and  Precession  and  Nutation:  but  in  the 
fifth  volume  of  the  M4caniqiie  Celeste  it  is  btated  on  the  other  band 
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that  Newton  laid  the  true  foundations  of  the  theories  of  all  these 
subjects. 

Laplace's  words  in  the  present  Treatise  are: 

Ifetrton,  dans  m  th£orie  de  la  figure  de  la  terra^  snppoee  oette  planete 
homc^l^e  et  fluide  Jl  sa  8urfiM»;  il  determine  dans  oette  hypotb^, 
rapplatusement  qu'elle  doit  avoir  pour  fitre  en  £qidlibre  en  vertu  de  son 
mouvement  de  rotation,  et  de  I'attnob'on  de  toutes  sea  parties. 

Dans  sa  th£orie  da  £az  et  dn  r^ux  de  la  mer,  il  oherche  la  figure 
que  oette  masse  doit  prendre  pour  4tre  en  Squilibre  en  vertn  de  son 
mouTement  de  rotation,  des  attractions  d«  toates  see  partiea,  et  de  celles 
da  Soleil  et  de  la  Lune. 

Co  grand  0&)indtre  ne  ^tA  pas  apper^n  que  si  les  eliosea  se  paasoiest 
MDsi  dans  la  nature^  U  ne  ponrroit  j  aToir,  en  vertu  des  attractions  du 
Boleil  et  de  la  Luo^  auoune  tendance  au  mouvement  dans  I'axe  de  rota- 
tion de  la  terre,  et  qn'ainsi  il  n'y  auroit  ni  pr^ceeuon  des  Equinoxes,  ni 
nntation  dans  I'axs  terreette. 

808.  The  eighth  secti<Hi,  on  pages  103.. .113,  treats  of  the 
relative  equilibrium  of  a  homogeneous  mass  of  rotating  fluid,  acted 
on  by  distant  bodies  as  well  as  bj  its  own  attraction.  The  pro- 
blem is  that  which  we  have  noticed  in  Art.  629.  In  the  Micamque 
Celeste,  Livre  UL  §  23,  the  action  of  the  distant  bodies  is  treated 
in  a  simpler  mode  than  in  the  present  section.  At  the  end  of 
Art.  629, 1  have  drawn  attention  to  two  circumstances  which  it 
seems  to  me  that  D'Alembert  ought  to  have  noticed ;  Laplace 
says  nothing  about  the  first,  but  he  alludes  to  the  second,  though 
in  scarcely  an  adequate  manner.  The  present  section  contuns  an 
important  remark,  to  which  I  have  already  referred  in.  Art.  153. 

809.  The  ninth  section,  on  pages  113. ..116,  applies  the  pre- 
ceding section  to  the  case  of  the  Moon  supposed  6uid  and  homo- 
geneous. Ijaplace  arrives  at  the  conclu^on  that  the  elongation  of 
the  Moon's  diameter  directed  towards  the  Earth  is  four  times  as 
great  as  the  elongaticot  of  the  diameter  which  is  at  right  angles  to 
this  and  in  the  plane  of  the  Moon's  orbit  We  will  briefly  indicate 
the  process  by  which  this  is  obtuned.  We  have  shewn  in  Art.  62S, 
what  Laplace  assumes  at  the  outset,  namely  that  the  axis  of  rotar 
tion  will  coincide  with  one  of  the  principal  axes  of  the  Moon,  and 
the  radius  vector  to  the  Earth  with  another. 
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Take  tben  cos  \  =  0,  cos /i  =  0,  n  =  0,  m  =  0;  thus  the  axis  of* 
is  that  of  rotation,  and  the  axis  of  x  passes  through  the  Earth,  the 
centre  of  the  Moon  being  the  origin. 

Then  the  last  two  equations  of  Art  617  reduce  to 

«.(^-f-.-)..(i>.f-„.)=.(.4). 

In  Art.  616,  we  have  spoken  of  a  part  of  the  action  of  M  which 
is  not  what  we  call  a  disturbing  force ;  in  the  present  prohlem  this 
part  is  duly  regarded,  and  is  in  fact  balanced  hy  what  in  common 
language  is  called  the  centrifugal  force  arising  from  the  revolution 
of  the  Moon  round  the  Earth.  Moreover  this  revolution  gives  rise 
to  the  following  relation  connecting  the  quantities  involved : 

Thus  the  above  equations  become 


^(A-f)..B..{c\^). 


We  now  require  the  values  of  A,  B,  and  G. 
Put  ^  for  — -T —  and  ^*  for  — { — ;  then  ^  and  e^  being  sup- 
posed small  we  have  approximately  by  Art  620, 

In  like  manner  we  can  express  B  and  C;  supposing  that  e*  and 
/*  will  not  be  sensibly  chained  if  we  take  6*  or  c*  for  denominator 
instead  of  a*,  we  have 


•=.q> 


*=F{i+ro(«* 

-^, 

C.5{l+i(^ 

-2.^} 

btain  finally 

^."1^.    .'= 

Ww, 
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wbere  v  standB  for  p. .  n^ ,  it  being  asauiaed  that  w  remains  aensi- 


Thus  «'• 

to  Laplace's  statement  that  one  elongation  is  four  times  the  other. 

Laplace  supposes  that  ■f>  =  ■J7^l  ^ud  that  ^  =  sin  15'  45" ;  and 

29712  ,  ^     118845 

=  29ni'''*°***"il8844''- 

810.  The  tenth  section,  on  pages  116.. .122,  is  devoted  to  the 
case  of  a  homogeneous  fluid  mass  rotating  with  uniform  angular 
Telocity,  and  acted  on  hj  its  own  attraction.  Laplace  says  :  "  U  est 
visible  qu'alors,  le  spb^rolde  sera  un  ellipeo!de  de  revolution..." 
This  is  however  more  than  he  demonstrates,  for  he  confines  him- 
self to  demonstrating  tl^at  the  oblatum  is  a  possible  form  of  rela- 
tive equilibrium:  see  Art  168.  Laplace  obtains  the  equation 
which  connects  the  angular  velocity  with  the  ellipticity  of  the 
generating  ellipse :  see  Art.  262.  Laplace's  investigations  are 
embodied  in  the  iUcanique  Celeste,  livre  III.,  Chapitre  iii.  On  his 
page  121  Laplace  says  that  we  may  presume  the  Earth  to  be 
hom<^neou8  from  the  centre  up  to  a  few  leagues  from  the  sur- 
face; at  a  subsequent  period  he  leaned  to  the  opinion  that  the 
density  increases  as  we  approach  the  centre ;  see  the  MScanique 
Celeste,  Livre  iii.,  page  101,  and  Livre  XL,  p&ge  12. 

811.  The  eleventh  section,  on  pages  122.. .125,  resumes  the 
equation  of  the  preceding  section  which  connects  the  angular  velo* 
city  with  the  ellipticity.  Laplace  demonstrates  certain  results 
which  he  states  thus : 

II  Buit  deli  que  pour  an  monvement  de  rotation  donn£,  il  y  a  ton- 
jonn  deux  figures  eliiptiqaBa  applatim  vers  lee  p61ee,  qui  satisfont  i 
r^quilibre.  Cette  remarqne  int^ressajite  sur  la  poaaibilitfi  de  plnsieois 
figures  d'^qoilibre  relatives  k  un  mSme  mourement  de  rotation,  est  dde 
i  M.  d'Alembert ;  mais  il  n'en  avoit  pas  d6termin£  le  nombre  que  j'ai 
trouv4  «e  rSdnIre  )t  deux,  par  I'analyse  pr^c^ente  dont  je  68  pert  i  cet 
iUoatra  Q&imetre  dans  le  mois  de  Juillet  de  1778. 
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The  researches  of  D'Alembert  on  this  subject  are  contaioed  in- 
the  sixth  and  eighth  volumes  of  his  Opuscules  Math^matiques:  see 
Arte.  581,  585,  and  657. 

With  respect  to  the  first  sentence  of  the  preceding  extract  we 
may  observe  that  the  words  it  y  a  toujours  require  to  be  limited, 
for  Laplace  shews  in  his  next  section  that  if  the  angular  velocity 
he  too  great,  an  oblatum  is  not  a  possible  form  of  relative  equi- 
librium. 

Laplace  demonstrates  that  corresponding  to  a  given  angular 
velocity  there  cannot  be  more  than  two  oblata;  but  he  does  not 
explicitly  shew  that  there  will  always  be  two  oblata,  provided  the 
angular  velocity  be  less  than  a  certain  limit  It  would  be  very 
easy  to  supply  this;  but  perhaps  Laplace  thought  that  it  was 
unnecessary  to  repeat  what  had  really  been  given  by  D'Alembert 

Laplace's  demonstration  is  sound,  but  is  less  simple  than  that 
which  he  afterwards  gave  in  the  MAsanijue  C/leate,  although 
depending  on  the  same  principles. 

Laplace  gives  approximate  investigations  for  determining  the 
obUta  in  the  extreme  cases  of  a  veiy  small  ellipticity  and  a  very 
great  ellipticity. 

The  section  is  reproduced  iu  an  improved  form  in  the  M&a- 
nique  Celeste,  Livre  iii.,  Ohapitre  ni. 

812.  The  twelfth  section,  on  pages  125. ..128,  discusses  the 
limiting  value  of  the  angular  velocity  for  which  an  oblatum  is 
possible,  and  gives  numerical  results  for  the  case  of  the  Earth. 
Also  it  is  shewn  that  an  oblongum  is  not  a  possible  form  of  rela- 
tive equilibrium.  The  section  is  substantially  reproduced  iu  the 
M&xmique  Celeste,  Livre  m.,  Chapitre  m. 

813.  The  thirteenth  section,  on  pages  128.. .131,  applies  the 
principle  of  conservation  of  areas,  as  we  now  call  it,  to  the  subj  ect ; 
the  section  is  substantially  reproduced  iu  the  M^niqtie  (Mleste, 
Livre  in.,  §  21. 

The  section  is  followed  by  a  Semar^pte  which  deserves  to  be 
noticed.  Laplace  alludes  to  what  had  been  shewn  by  Clairaut 
with  respect  to  the  Figure  of  the  Earth  considered  as  heteroge- 
neooB,    Taking  the  excentricity  of  the  strata  as  a  small  quantity 
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of  the  first  order,  and  oeglectiug  small  quantities  of  the  aecond 
order,  it  was  shewn  that  equilibrium  might  subsist  with  elliptical 
strata.     Then  Laplace  proceeds  thus : 

Nous  renvoyous  but  cet  objet  i  son  excellent  Ouvrage  Bar  la  figure 
de  la  Terra,  et  nous  nouH  conteuterona  d'obBerrer  id,  que  I'^qiiilibre 
rigonreiiz  est  impossible  dans Thypotii^  de  I'ellipticit^  dea  oouohes;  car 
il  rSsuIte  des  formulea  pr^o&leiites,  que  dans  ce  cas,  I'attraction  dea 
conches  int^rienres  du  sphfrolde  snr  un  point  plac£  i  la  attrface,  a  pour 
expression,  une  fbnction  ttanscendaute  dee  coordonn^  de  ce  point; 
ainsi  I'^uation  donate  par  la  condition  de  I'^uilibre  &  la  surface,  seroit 
transcendaiite,  et  par  coiis6quent  ne  ponrroit  coincider  avec  la  supposi- 
tion de  I'eUipticitfi  des  couches;... 

I  am  unable  to  understand  the  argument  by  which  it  is 
inferred  that  the  equilibrium  is  strictly  impossible  in  the  case  of 
elliptical  strata :  it  seems  to  me  that  in  the  same  way  it  might  be 
asserted  that  the  relative  equilibrium  of  an  ellipsoid  of  rotating 
fluid  would  be  impossible,  and  this  is  contrary  to  Jacobi's 
theoremu 

814.  Tho  fourteenth  section,  on  pages  132.. .137,  presents  to 
uB  a  matter  to  which  Laplace  seems  to  have  attached  great 
importance,  and  which  has  given  rise  to  some  controversy.  It 
may  be  considered  as  consisting  of  a  theorem  which  has  already 
appeared  three  times  in  Laplace's  writings :  see  Arts.  755, 771,  and 
775. 

The  section  is  in  substance  taken  from  the  Addition  to  the 
third  memoir,  which  we  noticed  in  Art  755;  and  it  is  embodied  in 
the  M^canique  Celeste,  Livre  lii.  §  10.  The  main  result  is  an 
equation  which  is  numbered  (1)  and  is  thus  expressed  in  the 
M&anique  C^leOe: 
dV 


dr 


'^•-^^^^^ CD. 


This  is  obtained  on  the  supposition  that  attraction  varies  as 
the  nth  power  of  the  distance,  and  that  F^ia  the  sum  of  the  pro- 
duct of  eveiy  element  of  mass  into  the  (n-f-  l)th  power  of  the 
distance  of  the  element  from  the  attracted  particle.  The  notation 
is  different,  but  the  mode  of  investigation  in  the  present  treatise  is 
like  that  in  the  M^nique  Celeste. 
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If  ds  Tdpresenta  an  infinitesimal  leogth  measured  'm  any  di- 
rection, then — ,  -j~  is  the  Talue  of  the  attraction  estimated 

n  +  1  as 

in  the  direction  of  the  element  eU ;  Laplace  makes  this  remark 
on  his  page  134,  and  it  is  novr  familiar  to  us  from  our  elementary 
books. 

In  jiagQ  264  of  the  Addition  to  the  third  memoir,  and  in 
page  136  of  the  present  treatise  Laplace  makes  a  remark  with 
respect  to  the  case  in  which  n  =  - 1,  that  does  not  seem  quite  safe. 
He  says  that  in  this  case  the  vertical  attraction  is  constant  over 
the  sur&ce  of  the  spheroid.  But  we  cannot  strictly  apply  our 
formiiliB  to  this  case ;  for  instance,  the  expression  for  the  attraction 

,-,  J-  cannot  he  used  when  n  +  1  vanishes, 

n  +  1  aa 

Let  da  now  represent  &n  element  of  arc  on  the  suriace  of  the 

1    dV 
attracting  hody ;  then —-  -j-  represents  the  attraction  resolved 

along  da.    And —^  -r-  rep-esents  the  attraction  resolved  along 

the  radius  r  towards  the  origin,  or  resolved  along  the  normal  very 
approximately  if  the  body  is  very  nearly  spherical ;  denote  this 
by  ^.     Thus  from  (1)  we  have 

and  OS  A  and  A  are  constants  on  the  sur&ce  we  have 
64,      \  AV 


.(2). 


da     3a  da  ' 

Hence  from  (2)  we  see  that  the  attraction  resolved  along  da 

is -T-zr  ^ .    Thufl  we  have  a  result  which  Laplace  expresses  in 

the  following  words : 

A  la  nu&ce  de  tout  epb^rolde  hom<^no  infiniment  pen  difiCrent 
d'ime  sph£ra  dont  le  rayon  est  j^is  poor  L'anit^,  ^attraction  horuontole 
dirigte  soivant  on  petit  o6t6  da  sph&roide,  et  mnltipli^e  par  oe  oAt^  est 
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^gtile  &a  {tfodnit  de j ,  par  U  difierence  dm  attnctiotu  veitioales 

auz  deux  extr^it^  de  ca  c6t€. 

This  result  sabstantially  includeB  as  p&rticular  cases  the  for- 
mylse  of  Arts.  T71  and  772. 

815.  The  fifteenth  section,  on  pages  I37...140,  o£fer8  some 
remarks  on  the  general  problem  of  determining  all  possible  forms 
of  equilibrium  of  a  fluid  mass  which  correspond  to  given  forces : 
this  is  obviously  much  more  difficult  than  the  mere  verification 
that  a  certain  assigned  form  is  admissible.  LapUce  Ba.ya  that  the 
general  solution  is  impossible,  at  least  in  the  present  state  of 
analysis ;  and  we  may  add  that  after  the  lapse  of  nearly  a  century 
the  statement  seems  still  applicable. 

It  will  be  convenient  to  give  a  general  equation  which  Laplace 
forms. 

Suppose  that  A,  S,  C  are  the  attractions  of  the  body  itself 
parallel  to  the  coordinate  axes,  on  a  particle  whose  coordinates  are 
X,  y,  e.  Let  P,  Q,  It  be  the  corresponding  other  forces  which  act. 
Then  for  equilibrium  the  following  must  be  the  differential  equa- 
tion to  the  free  surface  of  the  fluid : 

(A+P)dx+{B+  Q)dy+{C+R)de  =  0. 

But      A'* 5-T-.   -o  =  —     ,-j-,   G= r-^. 

n+lfte  n+ldy'  n  +  ld« 

Hence  the  equation  becomes 

0~~-^^dV-^Pdx-vQdy-vRdz; 

therefore         F=  (n  +  l)j(P(fe+ ^3/ +  5(£B)+a  constant. 

816.  The  sixteenth  section,  on  pages  140.. .144,  investigates 
the  law  of  gravity  at  the  surface  of  a  nearly  spherical  mass  of 
fluid  in  relative  equilibrium. 

Denote  the  gravity  by  p ;  then  with  the  notation  of  the  pro-  • 
ceding  Article 
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If  P,  Q,  and  JS  are  small  compared  with  A,  B,  and  G  we  have 
spprozimately 

Here  VM'  +  £^+  C^  expreBsea  the  attraction  exerted  by  the 
nearlv  spherical  body  itself;  it  will  be  approximately  along  the 
normal  or  the  radius  vector :  we  will  denote  it  by  ^ 

Then  in  the  second  term  of  p  it  will  be  sufficient  to  pat  for 
A,  B,  and  C  approximate  values  which  must  hold  inasmuch  as  the 
mass  is  nearly  spherical.  '  Taking  a  for  the  nidius  of  the  sphere 
which  nearly  coincides  with  the  mass  we  have  approximately 

a  a  a 

Therefore  p  =  ^ —  {Px+Qy+Bg). 

By  the  aid  of  the  value  of  ^  which  is  given  in  equation  (1)  of 
Art.  814,  and  the  value  of  Ffound  in  Art.  81S,  we  obtain 

p  =  ^^j(Fdx+Qdy  +  Bdz)-'^{Px+Qy  +  Bz)+ff. 

where  S  is  some  constant,  which  will  be  known  by  a  single 
observation  of  the  value  of  gravity  at  the  surface  of  the  mass. 

This  result  was  obviously  much  valued  by  Laplace  at  the  time; 
he  says: 

Nous  voilk  done  parventu  )l  determiner  direotement  la  loi  do  la 
pewDt«ar,  ee  qui  eat  d'antast  pins  ramarqoable,  que  ]a  figure  du  Bph6- 
loide  dont  oette  loi  parott  d£pendn^  nouk  eat  enti&flmeDt  inconnoe. 

This  is  a  generalisation  of  what  he  had  before  obtained  for  the 
ordinary  law  of  attraction,  that  is  for  the  case  in  which  n  ■*■  —  2. 

Laplace  proceeds  to  consider  the  case  in  which  P,  Q,  and  B 
involve  the  action  of  other  bodies  as  well  as  the  so-called  centri- 
fugal force.  If  we  confine  ourselves  to  the  latter,  and  take  m  for 
the  angular  velocity,  we  have 

P=0,        0  =  »*y.        B  =  fo% 
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Hence  p  =  H+^—e»*(^  +  ^. 

If  n  <=  3  we  see  that  p  is  constant.  If  n  ■■  —  2  we  have  the 
case  of  nature. 

The  main  regults  of  the  section  are  reproduced  in  another  form 
in  the  Micanique  Cileate,  Livre  ill.  §  36. 

817.  The  seventeenth  section,  on  pa^es  144.. .150,  investi- 
gates what  the  law  of  attraction  must  he  in  order  that  a  spherical 
shell  may  attract  an  external  particle  in  the  same  manner  as  if 
the  shell  were  condensed  at  its  centre.  The  investigation,  here 
given  for  the  first  time,  was  suhstantially  reproduced  in  the 
M&iomqua  Celeste,  Livre  n.  §  12.  In  the  reproduction  Laplace 
added  an  investigation  of  the  law  which  makes  the  resultant 
attraction  of  the  shell  on  an  internal  particle  zero.  Both  have 
since  passed  into  the  elementary  hooks. 

818.  On  the  whole  we  may  say  that  the  present  treatise  forms 
a  valuable  contribution  to  our  subjects.  In  the  theory  of  the 
attraction  of  ellipsoids  we  have  for  the  first  time  the  single  defi- 
nite tnt^(Tal  by  which  the  resolved  attraction  at  any  internal 
point  is  expressed;  and  also  the  important  theorem  of  Laplace 
with  respect  to  the  attraction  at  an  external  point.  The  theory 
of  the  Figure  of  the  £arth,  considered  as  homogeneous,  appeani 
in  the  form  which  it  has  since  retained;  laplace  demonstrated 
the  point  left  unsettled  by  D'Alembert  as  to  the  number  of  pes- 
sihle  oblata  corresponding  to  a  given  angular  velocity,  and  shewed 
that  an  oblongum  was  not  an  admissible  figure.  To  these  results 
we  must  add  the  general  expression  for  the  force  of  gravity  at  tbe 
surface  of  a  fiuid  spheroid,  and  the  investigation  as  to  the  attrac- 
tion of  a  spherical  shell  on  an  external  particle.  The  treatise 
may  be  said  still  to  survive  in  the  pages  of  the  MAanique  Cilette, 
where  so  much  of  it  is  reproduced;  and  it  well  deserves  this 
abiding  honour. 


id  By  Google 


CHAPTER  XXII. 

LEOENDRE-S  SECOND  MEMOIR. 


819.  In  the  Paris  M^moires  for  1784,  published  in  17f^7,  there 
is  a  memoir  by  L^eodre  entitled  Recherchee  stir  la  Figure  dea 
Hanites:  it  occupies  pages  370...389  of  the  volume.  The  memoir 
was  read  to  the  Academy,  on  the  7th  July,  1784. 

820.  The  object  of  the  memoir  is  to  shew  that  under  certain 
conditions  the  oblatum  is  the  only  form  of  relative  eqidlibrium  for 
a  mass  of  rotating  fluid:  the  conditions  will  appear  in  an  extract 
given  in  the  next  Article,  We  will  first  reproduce  a  note  bearing 
on  the  history  of  the  subject  which  occors  at  the  beginning  of  the 
memoir.  After  referring  to  D'Alembert's  OpuaciUes  Math^matiqws, 
Yols.  V.  and  VII.,  and  Laplace's  memoir  of  1772,  Legendre  says : 

La  proporitioD  qui  &it  I'objet  de  oe  M^moire,  (tant  d£inontr6e 
d'une  manidre  beaaoonp  pins  savante  et  pluu  g£n£rale  dans  an  M^moire 
que  M.  de  la  Place  a  d€ji  pabli^  dans  la  Yolume  da  1782,  je  doia  bin 
obeerrer  que  la  date  de  mon  M^moire  eat  aot^rienre,  et  que  la  propoei- 
tion  qui  parott  ici,  telle  qu'elle  a  €t€  Ifte  en  join  et  juillet  1764,  a  donn^ 
lien  jl  M.  de  la  Place,  d'approfondir  cette  mati^re,  et  d'en  pr^eenter  aox 
Ofomitrea,  nne  thtorie  oomplite. 

821.  Legendre  states  the  conditions  of  his  demonstiation 
thus: 

Je  suppose,  oomme  on  parott  I'avoir  &it  josqu'i  pr&ent^  que  la 
figure  cherch^e  est  celle  d'on  aolide  de  r4Totution  peu  difiSrent  d'une 
sphere,  et  partag^  en  deux  parties  ^^«8  at  aemblablee  par  son  ^uateor. 
L'attoLction  de  ce  sph^rolde  s'^value  fecilement  i  I'aide  des  foTmulee  que 
j'ai  donntee  pour  cet  objet,  {MimoiTet  det  Saoant  itranfftrt,  tome  x.)  j  et 
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j'«n  tin  I'^nation  dn  m&idien  ezprim^e  pu  une  suite  iafinie,  ^uation 
d'nne  forme  trds-diflSi'eiite  de  celle  qu'a  trouv^  M.  de  la  Place,  pour  le 
CSB  oil  ta  spb£roIde  ne  difi%re  qu'Lofiniment  pea  de  la  sphere.  Je  taia 
Toir  eosuite  que  la  s£rie  reufermee  dans  cette  ^uation,  eat  toujours  cou- 
rergente ;  que  I'ellipse  j  est  compriae  suivant  le  tbSorSme  de  Maclaurio, 
et  qu'aucime  autre  courbe  n'y  peut  satisfaire. 

The  equation  obtained  by  Laplace  to  which  Legendre  here 
refers  is  I  presume  that  w©  have  given  in  Equation  (7)  of  Art.  757. 

822.  Legendre  begins  ivith  demonstrating  seven  theorems 
respectii^  the  coefficients  which  he  had  introduced  in  his  first 
memoir,  and  which  we  now  call  Laplace's  coefficients. 

L^endre  says: 

Fonr  dfmontrer  cee  divenea  propomtions,  j'ai  recours  aox  propri^t^s 
d'one  eap^  particuligre  de  fbnctiona  rationneUes,  qui  ne  se  sent  point 
encore  pr&eutfeB  aox  Analystee,  et  qui  paraissent  m€riter  lenr  at- 
tention j... 


823.  L^endre,  as  in  his  first  memoir,  uses  only  coefficients  of 
an  even  order.  We  will  state  the  seven  theorems  he  demonstrates, 
and  give  references  for  the  demonstrations.  See  Art  784.  We 
assume  that  P,  has  the  meaning  ass^ed  in  Art.  786,  so  that  P^ 
is  a  known  function  of  x. 

824.  When  a-l  then  P„  =  l.  This  is  obvious  from  the 
definition  of  P^ ;  for  when  x=l  then  P^  ^  ^^^  coefficient  of  a" 

in  the  expansion  of  r——  . 


825.  If  m  be  any  positive  int^er  less  than  n,  then 

ra^P^dx  =  0. 
Heine,  page  37. 

826,  If  n»  be  any  positive  integer 

f'p    ,       m(m-  2)  (m  -  4)...(m-  2n  +  2) 
J.        ""  (m+l)tm+3)...(w  +  2n  +  lj  * 

Heine,  page  38. 

Digitized  By  Google 


LEQEHDBES  SECOND  MEHOIR. 
827.     If  m  and  n  a,re  different  positive  integers 


Heine,  page  34. 


And  I    iJT^i  '"=  jj^^y- 


828.  The  function  P^  can  be  decomposed  into  n  factors  of  the 
form  if —  of,  a^  — /3*,  «*  — 7*,  ■..  where  c,  A  7,  ...  are  real  unequal 
proper  fractions. 

Heine,  page  23. 

829.  While  x  lies  between  0  and  1  the  function  P^  is  always 
less  than  unity. 

Heine,  page  8.  The  demonstration  conBiste  in  developing  P^ 
in  a  series  of  cosines  of  the  multiples  of  6,  where  cos  0  —  x;  it  is 
found  that  every  term  is  positive,  and  so  the  greatest  value  is 
when  d  —  0:  then,  as  we  have  seen  in  Art.  824,  the  greatest  value 
isanity.  L^endre  gives  the  demonstration.  I  do  not  understand 
what  Heine  means  on  bis  page  8  by  ascribing  priority  to  Laplace 
in  giving  this  form  to  P^.  Heine  says:  "Aus  dieser  Reihe,  welche 
Laplace  entwickelt,  schlieBst  Legendre  dass  P*  seinen  groestea 
Werth  fax  6=0  erhalt"  Heine  refers  in  notes  to  lAplace's  memoir 
of  1782,  and  to  Legendre's  of  1784 ;  but  the  latter  memoir  was  really 
the  earlier  in  composition,  as  Heine  shews  in  his  Preface.  Heine's 
i*  is  what  we  call  P, ;  but  it  must  be  remembered  that  at  present 
with  L^^ndre  only  coefficients  of  an  even  order  explicitly  occur. 

The  passage  of  Laplace's  memoir  to  which  Heine  refers  is 
reproduced  on  page  41  of  the  Micanxque  Cileste,  Vol.  IL  laplace 
does  really  no  more  than  Legendre  had  done.  Laplace  formally 
writes  down  a  general  term,  while  Legendre  writes  down  sufficient 
particular  terms  to  render  the  general  term  obvious. 

830.  If  il  be  any  constant 

r    p^^    „       (-t)- 

J»  (l+JaO*^     (2ii  +  l)(l+i)'"** 
Heine,  page  43. 
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831.  Having  thus  finished  hia  prelinucaiy  analysis,  Legendre 
proceeds  to  form  the  equation  which  determines  the  nature  of  the 
meridian  curve,  in  order  that  relative  equilibrium  may  eubslBt. 

Let  V  be  the  potential  of  the  mass  for  a  point  on  itj9  sur&ce 
whose  radius  vector  is  r,  and  colatitude  0.  Then  by  Art.  789,  and 
Huygena's  plumb-line  principle,  we  have  for  the  condition  of  rela- 
tive equilibrium 

F+"'^^*  ^-constant (1), 

where  ea  is  the  angular  velocity. 

Legendre  arrives  at  an  equation  predsely  equivalent  to  this ; 
and  then  he  says  on  his  page  379 : 

...Oetto  ^nation  est  la  mdme  qn'a  donn^  M.  de  la  Place,  dans  Is 
volnme  de  TAcad^mie  de  1772,  et  dans  sa  Th€orie  du  moavement  et  de 
la  figure  dea  plaudtes,  page  137. 

This  is  substantially  true ;  but  to  prevent  mistake,  we  must 
observe  that  in  the  volume  for  1772,  Laplace  does  not  introduce 
the  function  V:  the  result  he  gives  there  coincides  with  our  eqiuk- 
tion  (6)  of  Art  756,  and  is  in  &ct  what  we  should  obtain  by 
differentiating  (1)  with  respect  to  0. 

Now  put  for  V  its  value  from  Art.  791.  Thus  if  M  denote 
the  mass, and  a^  stand  for  ■  .„  *]_ q.    mn' >  "^^  have 


(2n  +  ; 
«V  sin'  ^  ^  f  Jf  ^       ,       ,       , 


...{-  =  constant (2). 


832.  Kezt  L^endre  shews  that  equation  (2)  is  satisfied  when 
the  meridian  curve  is  an  ellipse,  at  least  if  the  angular  velocity 
does  not  exceed  a  certain  value;  this  occupies  pages  382.. .387  of 
the  original  memoir.  We  will  not  reproduce  this,  for,  as  Legendre 
himself  remarks,  there  can  be  no  doubt  of  the  truth  of  the  proposi- 
tion after  Maclaurin'^researches :  and  we  shall  be  able  to  give  the 
essence  of  Legendre's  process  without  this  subsidiary  part 

833.  We  know  then  by  Art  262  that  there  is  relative 
equilibrium  for  an  oblatum  if 
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and  vith  the  values  of  X  and  Y  given  there  this  reduces  to 

Hence  substituting  in  (2)  we  know  that  if  we  take 

the  following  equation  will  be  satisfied : 

^^^^~'^K3-280aia-g-3gVa-e^]y'aD'g 

+  —  +«,+ w^  +  «,+  ...  =  constant (3). 

Put  sin  '^  for  0 ;  then 
,„     ^(a-geQain-'a-Sas^a-e^     (S-Zein'^j^-Ssin^rcos^ 
VtA-*rj  ^  Bin'^tan^ 

^(3  +  tan*'f)'f-3tan-^ 
tan*'^ 
Now  we  have  a  known  foitnula 

■^ -=  tan -^  —  s  tan' ^  +  ^tan''^  —  ... ; 
and  thus  the  preceding  expression  becomes 

4JjLto-  +  -jlt.n'i|r  +  ^jtan>-...}. 
Put  k  for  tan*^,  and  x  for  cob  B.    Then  equation  (3)  beoomee 

H h  «,  +  «,  +  «,+  ...  — constant (4), 

Thifl  we  know  is  satisfied  by  -j  =  1  +  hf. 

It  must  be  observed  that  a  is  a  function  oS  M  and  k,  being 
determined  by  the  equation 

^"8V(1+A) ^^' 
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but  for  the  sake  of  brevity  ve  will  retain  a  and  not  substitute  for 
it  in  terms  of  M  and  k. 

834.  Thus  equatioD  (4)  haa  been  obtained  subject  only  to 
two  limitations :  the  series  wbich  we  have  used  must  be  convergent : 
aad  the  an^lar  velocity  of  rotation  must  lie  within  tbeae  known 
limits  for  which  an  oblatum  is  a  possible  form  of  relative  equi- 
librium. 

Legendre  obtains  an  equation  which  is  substantially  the  same 
as  (4).  He  has  however  divided  the  equation  by  M,  and  he  has 
taken  a  =  1 ;  these  two  steps  however  do  not  appear  to  me 
advantageous.  Le^ndre  himself  gives  so  little  explanation  of  hie 
process  that  after  this  stage  I  am  compelled  to  add  much  to  his 
brief  outline  in  order  to  render  the  whole  matter  intelligible. 

835.  L^endre  himself  does  not  distinctly  state  what  he  really 
demonstrates  with  more  or  less  success ;  so  that  we  must  supply 
this  omission.  Suppose  there  to  be  a  given  mass  of  fluid ;  let  this 
rotate  with  any  angular  velocity  comprised  between  certain  specified 
limits,  then  there  is  a  corresponding  oblatum,  or  rather  two 
oblata ;  so  that  we  have  a  aeries  of  oblata  corresponding  to  a  seriea 
of  angular  velocities.  Kow  Legendre  shews  that  there  ie  no  other 
teries  of  figures  possible  except  oblata.  He  does  not  shew  that  for 
isolated  values  of  the  angular  velocity  no  solution  exists  except  an 
oblatum.  But  it  may  seem  very  natural  that  if  any  solution 
besides  an  oblatum  is  possible,  such  solution  will  be  possible 
throughout  some  range  of  angiilar  velocity,  and  not  merely  for 
certun  values  of  the  angular  velocity  finite  in  number. 

Moreover  as  to  angular  velocities  beyond  the  specified  limits, 
Legendre's  process  gives  no  information ;  so  that  at  the  utmost  all 
that  it  proves  is,  if  an  oblatum  is  possible  no  other  figure  is 
possible ;  and  as  to  the  cases  in  which  an  oblatum  is  not  possible 
it  says  notbing. 

836.  Equation  (4)  was  obtained  by  considering  one  figure; 
but  it  will  hold  for  all  figures,  provided  we  give  to  the  word 
constant  a  proper  interpretation.  This  word  constani  must  be 
understood  to  mean  constant  with  respect  to  ir ;  so  that  it  may 
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involve  it.  The  essence  of  L^eadre's  proceea  aov  ia  to  consider 
that  (4)  must  hold  for  all  values  of  Je  within  a  certain  range ;  so 
that  if  the  left-hand  side  be  supposed  developed  in  powers  of  le, 
the  coe£Scient  of  each  power  of  k  must  be  equal  to  a  constant. 

Moreover  not  only  must  (4)  hold  for  all  values  of  k  within  a 
certain  range ;  but  so  also  must  the  following 


-^/: 


r-ir (6). 


837.    We  know  then  that  (4)  and  (5)  aie  eatisfied  by 

Suppose  if  possible  that  they  are  tdao  satisfied  by 

vrherep,,p,,^,,...  are  any  functions  of  aw    Substitute  in  (.4),  and 
pick  out  the  term  which  involves  k;  we. need  not  attend  to  such 

terms  as  depend  only  on  the  ka^  which  occurs  in  -^ ,  because  we 

know  that  all  such  terms  must  have  a  constant  value.' 
In  u^  we  have  a  term 

andin^wehaveatenn^ip. 
And  from  (5)  we  have 

Hence  finally  eqoatii^  the  coefiScient  of  ft  to  a  omstant}  ve 
have 

+  ...  +  P^I  P^^,<ic  +  ...t  =  a  constant; 
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therefore  ^  -  ip,r  Pjj,dx  +  P,j'  I'j>,dx+  ... 

+.p-/,'i'.pA+-}-> m. 

where  7  is  some  conatant. 

We  may  express  this  result  thus : 

^=-)+%P,+t,P.+  ■■■+y^P^  + (8), 

where  7^  stands  for  1    P^p^dx. 

Now  multiplying  (8)  by  P^  and  integiaiing   between  the 
limits  0  and  1,  we  obtain  by  Art.  827, 


ll>-P'^'dti' 


therefore  1^^/*^ 

3      4n  +  l' 


e  7^  =  0. 
Hence  we  see  that  p^  redacee  to  a  constant  which  we  denote 

by*/. 

8S8.     Now  we  shall  shew  that  7  =  0. 
For  from  (6)  we  have 

that  is  by  (6) 

{l  +  k)~i~p{l+ka?  +  ip^  +  i?p^  +  ...]-idx. 

In  this  pat  for  p,  a  constant  87 ;  then  equate  the  coefficieota 
of  i  in  the  ezpanidons  of  the  two  sides,  and  we  have 
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that  is  0  =  —  5  7, 

so  that  Y  is  zero, 

839.  Having  thua  shewn  that  ^,  ie  zero,  we  may  in  precisely 
the  same  way  shew  that  p,  is  zero ;  then  that  p^  is  zero ; 
and  so  OD.  ' 

Thus  it  is  iropossihle  that  (4)  can  he  satisfied  hy  such  a  value 
of  r  aa  is  determined  by 

^  =  1  +  Aa^  +  ip,  +  i*;),  +  A^p,  +  . .  . 

840.  Such  is  Legeudre's  demonstration.  I  may  remark  that 
I  do  not  see  why  he  did  not  introduce  in  the  assumed  value 

of  -^,  a  term  independent  of  k,  aay  p,;  for  his  process  would 

apply  to  p^  and  lead  to  the  conclusion  that  p^  must  he  zero. 

841.  In  Art  837  the  method  of  shewing  that-^j,  is  zero, 
deserves  notice.  This  is  the  first  appearance  of  a  particular  case 
of  the  general  proposition  now  well  known,  that  a  given  function 
can  be  expanded  in  only  one  series  of  Laplace's  functions. 

842.  In  estimating  the  force  of  the  demonstration  the  m^n 
point  to  be  considered  is  the  convergence  of  the  series  employed. 

The  expansion  of  ^  in  terms  of  tan^  is  convergent  only 
BO  long  as  tan^  does  not  exceed  unity;  so  that  e*  must  be  less 

than  ^ .     This  range  is  much  narrower  than  the  range  for  which 

an  oblatum  is  known  to  be  a  possible  form  of  equihbrium ;  for  in 
the  extreme  case  in  which  an  oblatum  is  possible  the  ratio  of  the 
axes  is  almost  that  of  272  to  unity.  See  page  126  of  I^place's 
Figwv  des  Planetes,  and  page  386  of  this  memoir  by  Legendre. 

L^ndre  himself  does  not  notice  this  instance  of  the  subject 
of  convergence. 

Then  there  is  the  question  whether  the  series  which  is  used 
for  Fin  Art.  831  is  convergent;  it  is  on  this  series  that  our  funda- 
mental equation  (4)  depends.     L^^ndre  does  advert  to  this  point 

4—2 
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and  coDfiiders  that  he  establishes  the  convei^eDce  of  the  series  for 
Y.    We  will  now  consider  hia  arguments. 

84>3.     Since  P^  changes  sign  n  times  between  x  ^  0  and  a:  =  1, 

he  Buggeiiti)  that  the  positive  and  negative  parte  of/  P^f{x)dai 

neutralise  each  other,  especially  when  n  is  very  laige.  This  is 
uneatisfactoty.     For  though  we  may  thus  be  led  to  believe  that 

I  -Pi./C^)  ^  '"^  ^  i°  general  very  small  when  n  is  very  large, 
yet  this  does  not  shew  that  the  series  of  which  this  is  the  nth  term 
is  convergent. 

Legendre  takes  aa  a  special  case  that  in  which /(a:)  =  -jT.  The 
value  of  I    P^  i^dx  is  known  from  Art.  826.    In  this  case  we  shall 

have,  as  Legendre  remarks,  fur  the  v^ue  of  I  P^oTdat,  when  n  is 

very  great,  approximately  — -j,   where  A   \b  &  constant.     This 

,  n"** 

result  can  be  obtained  by  the  theorem  called  Stirling's  Theorem. 
The  series  which  has  for  its  «th  term  the  expression  just  given 
is  certainly  convergent  Thus  in  this  special  case  Jjegendre 
establishes  his  statement. 

Legendre  says  nothing  as  to  the  convergence  of  the  expansions 
which  are  employed  in  the  processes  of  Arts.  837  and  838. 

Foieson  in  the  Connaiasaiice  dea  Tenia  for  1829,  page  366,  alludes 
to  Iiegendre's  remark  on  the  convergence  of  his  series.  Foisson 
holds  justly  that  it  is  not  sufficient  to  prove  that  the  series  which  we 
finally  obtain  are  convergent ;  it  is  necessary  for  the  soundness  of 
oar  demonstration  that  the  series  should  be  convergent  throughout ; 
hence  the  expression  nsed  by  Legendre  for  T  cannot  be  considered 
to  be  obtained  with  rigour :  see  Art.  792. 

&ii.  It  remains  to  estimate  the  value  of  this  investigation. 
Legendre  himself  seems  to  have  fluctuated  in  his  opinion. 

In  the  extract  we  have  given  in  Art.  821  L^endre  apparently 
distinguishes  between  the  liypotheBis  that  a  body  is  little  different 
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from  a  sphere  ^n  diffi^nt),  and  tiie  hypothesis  that  a  body 
differs  infiniteEimally  from  a  sphere  (iafiniment  peu).  He  con- 
sidered that  hie  own  demonstration  applied  to  the  case  of  a  body 
not  restricted,  like  the  body  to  which  Laplace  confined  himself,  to 
be  indefinitely  close  to  a  sphere  in  form. 

In  the  extract  we  have  given  in  Art.  820  Legendre  seems  to 
allow  that  Laplace's  den^onstration  in  the  volume  for  1782  was 
more  clever  and  more  gereral  than  his  own.  I  presume  the  greater 
generaUty  means  that  Laplace  did  not  restrict  himself  to  the 
case  of  a  solid  of  revolution,  Laplace  still  retained  the  hypo- 
thesis of  a  body  deviating  extremely  little  from  a  sphere.  In  his 
memoir  in  the  volume  for  1789  Legendre  seems  to  maintain  the 
superiority  of  bis  own  demonstration.  The  passage  will  be  quoted 
hereafter.  Legendre  in  fact  claims  as  the  merit  of  his  own  solu- 
tion that  he  did  not  assume  the  body  to  be  almost  spherical 

ITiis  is  the  great  merit  of  Le^endre's  process.  He  does  not 
restrict  himself  to  the  case  of  a  body  very  nearly  spherical ;  and 
although  the  demonstration  cannot  be  regarded  as  perfect,  yet 
there  is  a  good  attempt  at  the  problem  in  its  most  general  form, 
80  far  as  a  surface  of  revolution  is  concerned, 

845.  Iiaplace  says  in  the  Micamique  Celeste,  Vol  v.  page  10: 
M.  Legendre  a  £iit  voir  eusaite  que  si  la  figure  eat  de  revolution,  elle 

dmi,  poar  r6]uilibre  Stre  elliptique  ;  et  j'ai  reconnu  que  oela  est  exact, 
sans  sopposer  une  figure  de  rSvolutioa. 

This  passage  seems  to  me  unsatisfactory ;  it  leaves  out  of  sight 
the  important  fact  that  Ijaplace  expressly  limited  himself  to  the 
case  of  a  nearly  spherical  body,  and  that  i^geodre  did  not. 

846.  Ivory  in  the  Philosophical  Tranaactiojia  for  1834,  page 
526,  refers  to  Legendre's  memoir.  Ivory  says :  "  To  the  mathema- 
tical processes  employed  by  that  eminent  geometer,  no  objection 
can  be  made."  Ivory  however  proceeds  to  object  to  the  memoir  for 
other  reasons  which  depend  on  his  own  abnormal  notions  as  to 
the  conditions  of  fluid  equilibrium.  I  hold  on  the  contrary  that 
Legendre  is  sound  as  to  hydrostatical  principles,  but  weak  in  the 
mathematical  investigations,  because  his  series  are  not  necessarilj 
convergent. 
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847.  Jacobi  in  a  paper  in  which  be  enunciated  the  theorem 
that  a  rotatiog  ellipsoid  of  fluid  might  he  in  relative  equilibrium 
spoke  in  the  highest  terms  of  Legendre's  investigation  ;  see 
Poggendorff's^nnafon,  Vol  XXIIII.  1834,  pages  229...2S3.  After 
observing  that  correaponding  to  a  given  angular  velocity  there 
might  be  two  ohlata  as  figures  o{  relative  equilibrium,  one  having 
a  small  ellipticit;  and  the  other  a  large  ellipticity,  Jacobi  proceeds 
thus: 

Die  erate  dieaer  Loaongen,  die  das  wenig  abgeplattete  Umdreboiigs- 
ellipsoid  giubt,  hat  durch  Legendre's  bewundemswiirdige  Arbeiten  Uber 
die  Figur  der  Erde  eina  grJissere  Bedentung  erlangt.  Dieser  Mann, 
desaeu  Butini  mit  den  FortGchritten  der  Mathematik  zuniram^  hatte 
dnroh  Eiufdlirung  jener  merkwUrdigen  Auadriiobe,  duroh  welche  wir 
heut  in  den  Anwcsndungen  die  Functionen  zweter  Variabeln  daratellen, 
die  allgRmeinsten  UnteiBucbiingen  iiber  dietiea  Glegenatand  miiglich 
gemacht.  Er  zsigte,  daaa  nnter  alien  Figuren,  die  nicht  za  aehr  von 
der  sphSrischen  Qeatalt  abweichen,  bo  dusa  ea  mbglich  ist,  die  Anziehung, 
velohe  anf  einen  Punkt  der  Oberflache  ausgeiibt  wird,  naoh  den  Po- 
tenzen  dieser  Abweiohung  zu  entwickdn,  daa  weuig  al^pUttete  TTm- 
drehnngsellipEoid,  wie  es  Clutsut  nnd  Uaclanrin  bestimmt  batten,  die 
einmg  mdglicbe  Figur  des  Gleichgewiohte  aey,  und  zwar  nicht  in  ii^nd 
einer  Annithemng,  soDdem  in  abfloluter,  geometrischer  Strenge.  Wena 
man  bedenlct,  dass  man  bier  ans  Selationen  zwischen  drei&cben  Inte- 
gralen,  deren  Oriinzen  unbekannt  sind  und  welcbe  Conatanten  enthalten, 
zwischen  deneu  eine  unbekannte  Relation  statt  findet^  die  Gleicbung 
zwiacben  den  drei  Yariabeln  za  auohen  hat,  vrelche  die  Granzen  giebt 
und  zugleich  die  unbekannte  Belation  Kwiaoben  den  Conatanten  be- 
stimmt, so  staunt  man  iiber  die  Elihnheit  und  daa  GlUck  dieses  Untra- 
nebmena.  Ea  iat  eu  bedauem,  daaa  der  Autor  der  Afeeemxque  cHeiU  es 
niabt  fiir  zweckmassig  land,  das  merktriirdige  Theorem  in  sein  welt- 
sohicbtigea  Werk  auizunehmen. 

Perhaps  Jacobi  was  rendered  partial  towards  Legendre  by  their 
common  interest  in  the  theory  of  elliptic  functions,  and  by  the 
kindness  with  which  the  veteran  mathematician  had  received  and 
appreciated  the  efforts  of  the  rising  genius:  see  the  Anmdea 
Scientifiques  de  I'EcoU  Normale  Sup^rieure,  VoL  vi.  1869.  I 
have  been  swayed  by  Jacobi's  opinion  in  endeavouring  to  render 
the  essence  of  Iiegendre's  investigation  accessible  to  students. 
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LAPLAOirS  FOURTH,  FIFTH;  AND  SIXTH  MEMOIBS. 


848.  Lafla.cJ!^8  fourth  memoir  on  our  subject  is  contained  in 
the  Paris  M^moirea  for  1782,  publiehed  in  1785 ;  it  is  entitled 
ThSorie  dea  attraotioTia  des  sphirofides  etdela  Figure  dea  Planitea, 
The  memoir  occupies  pages  113.  ..196  of  the  volume. 

849.  The  memoir  is  divided  into  five  Hections ;  the  last  of 
these  relates  to  the  oscillations  of  a  fluid  of  small  depth  surround- 
ing a  sphere ;  this  belongs  to  the  theory  of  the  tides  Trhich  ire  do 
not  discuss  in  the  present  work.  Thus  we  are  concerned  only  with 
the  other  four  sections. 

Speaking  generally,  we  may  say  that  this  memoir  is  reproduced 
in  the  M^ccmiqus  Celeste ;  most  of  it  is  verbally  reprinted.  We 
shall  therefore  confine  ourselves  to  a  brief  account  of  it,  reserving 
more  detail  for  the  analysis  we  shall  give  of  the  M&xmique  Celeste. 

850.  The  first  section  treats  of  the  attraction  of  ellipsoids. 
"With  respect  to  this  section  Laplace  says  in  his  page  113 : 

..je  donne  one  throne  complete  dea  attractions  des  ■phferoidw 
terminfa  par  dea  snr&ces  da  second  ordre;  cette  th6orie  a  d&j^  pam 
dans  rOavrage  que  j'ai  pablifi  siir  la  mouvement  et  snr  la  figure 
fllliptique  dea  Plandtes  j  mais  die  est  ici  prteentto  d'nne  maniSre  plua 
direote  et  plus  simple. 

Xaplace  here  has  in  view  principally  the  demonstration  of  the 
theorem  which  I  have  called  by  his  name ;  this  demonstration  was 
first  published  in  the  fourth  section  of  his  Treatise,  but  is  given  in 
the  present  memoir  in  a  simpler  form:  see  Art  804. 
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lAplace  rests  his  demonstration  now  on  one  partial  differential 
equation  instead  of  ikree,  which  he  used  in  the  Treatise. 

The  present  section  forms  Chapter  I.  of  the  third  Book  of  the 
M^oamiqtte  Celeste.    I  observe  only  two  changes. 

In  the  memoir  Laplace  merely  states  that  his  element  of 
volume  is  a  rectangular  parallelepiped,  of  which  the  three  dimen- 
sions are  ifr,  rdp,  and  ra.npdq:TJi  the  Micanique  Celeste  he 
unnecessarily  goes  through  the  process  of  transfonning  the  rec- 
tangular expres^on  dxdydz  into  the  above  polar  form. 

The  partial  differential  equation  which  occurs  in  the  Micanique 
Celeste,  Livre  IIL  §  5,  towMds  the  b^inning  of  the  section,  is  ratber 
simpler  than  the  corresponding  form  in  the  memoir ;  but  the  two 
are  practically  equivalent :  the  form  at  the  end  of  this  section  of 
the  M^canique  Cileate  is  identical  with  that  which  corresponds  to 
it  in  the  c 


851.  The  second  section  of  the  memoir  treats  on  the  develop- 
ment in  a  series  of  the  attractions  of  any  spheroids :  this  section  is 
reproduced  in  the  second  Chapter  of  the  third  Book  of  the  M^ca- 
tidqiu  G4leaUi. 

Li  this  section  we  have  for  the  first  time  the  partial  differential 
equation  with  respect  to  the  coordinates  of  the  attracted  particle 
which  the  potential  F^must  satisfy:  it  is  expressed  by  means  of 
polar  coordinates  in  the  form 


=  0. 


In  the  memoir  we  are  merely  told  that  it  is  easy  to  convince 
oneself  by  differentiation  that  this  equation  holds.  In  the  M&ia- 
nique  Celeste  we  are  also  told  that  this  equation  is  a  transforma- 
tion of  the  equation  in  rectangular  coordinates 


And  in  the  Micanique  Celeste,  Livre  II.  §  11,  there  is  a  sketch 
of  the  process  of  transformation. 
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It  is  curious  that  the  equation  should  first  occur  in  the  polar 
form,  trhich  is  much  less  obvious  and  simple,  than  the  rectaDgular 
form. 

On  pages  138.  ..143  of  the  memoir  we  have  some  inTostigations 
as  to  what  we  call  Laplace's  coefficients.  A  general  expression  is 
given  for  these  coefficients  in  terms  of  two  variables ;  but  it  in- 
volves an  error:  for  I^aplace  assumes,  on  his  page  111,  that  bis 
>  +  n  is  always  an  even  number.  The  mistake  was  corrected  by 
L^endre  in  his  memoir  of  1789,  page  432.  lAplace  gives  a  correct 
form  in  the  M4canique  C^kste,  Livre  Ul.  §  15. 

852.  The  third  section  of  the  memoir  treats  on  the  attraction 
of  spheroids,  wliich  differ  but  little  from  spheres :  this  section  is 
also  repi-oduced  in  the  second  Chapter  of  the  third  Book  of  the 
M&aniqua  C^leate. 

This  section  begins  with  a  demonstration  of  the  equation  to 
which  we  have  already  drawn  attention :  see  Art  814.  Here 
I^place  restricts  himself  to  the  ordinary  taw  of  attraction,  and  puts 
bis  equation  exactly  in  the  form  of  equation  (2)  of  the  M^oatUqae 
Celeste,  Livre  UL  §  10,  namely 

dV     2iTa*  .  1  „ 


the  demonstration  however  here  given  is  different,  and  we  will 
reproduce  it 

Let  f>  denote  the  density ;  let  r,$,^ho  tbo  usual  polar  coordi- 
nates of  a  fixed  point ;  and  let  /,  0",  ^'  be  variable  coordinates. 
Then  the  value  of  Kat  the  point  (r,  $,  if>)  is  given  by 

n  ffdrd0'd4.- 


--m 


(r'-2rr>  +  0* 
where  /*  stands  for  cos  5  cos  fl*  +  sin  ^  sin  ff'  cos  (^  -  ^'). 

Suppose  that  at  the  surface  of  the  spheroid  we  have  r'=a  (1 +ay'), 
where  a  is  very  small,  and  y*  is  a  function  of  ff  and  0' ;  and  let  y 
be  the  value  of  y  when  for  ff  and  ^'  we  put  8  and  ^  respectively. 
Then  we  may  suppose  the  spheroid  to  consist  of  a  sphere  of  the 
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ladiQB  a(l  +  ay),  and  of  an  additional  shell  of  which  the  variahle 
thickness  is  aa(y  ~  s)  ■ 

The  potential  of  ihe  sphere  is  easily  found  to  be 

4Tra'(l  +  ay)'p 


The  potential  for  the  additional  shell  may  be  represented  by 
an  expression  similar  to  the  above  for  V;  we  may  put  aa(s'—jf) 
instead  of  dr. 

Let  V^  denote  this  part  of  the  potential,  so  that 

'  J  J       CT^-SrrV  +  r")* 

Hence,  by  differentiating  with  respect  to  r,  we  have 
_  ^  =,       r/>r''  (r  -  r'fi)  sin  ff  jy' -y)  dff  djt' 
dr  "  "''jy  (^  _  2rr>  +  O* 

Now  Buppoee  the  fised  point  to  be  on  the  surfoce  so  that 
r  "■  o  (1  +  oy) ;  then  neglecting  a'  we  get 

_  ^  =  ??  ffpaing'  is  ~y)dffd4>' 
dr      2*  J  J  (1-/*)* 

And  to  the  same  order  of  approximation  we  have 
^  _ ^  (fpHme'[y~y)dffd4>' 

'    s'-'j  (1-,*)*         ■ 

dr      2    ' 
Then,  denoting  the  whole  potential  by  V,  Te  have 
„_  4ir»' (1  +  »y)'     - 


if    4nr<i'  (1  +  »v)'     jr, 
"*"  ar*  lir  • 
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TboB  to  our  order  of  approximation 

F-i|2'(l+2aj,)+r„ 
iV    4™,,   ,      ,     iV. 

therefore  _„^_._j_+jr. 

This  method  of  iovestigating  the  equation  coincides  enbBtaa- 
tially  with  that  recommended  by  D'Alembert :  see  Alt.  652. 

8o3.  We  may  notice  another  process  in  the  memoir  which  is 
not  repeated  in  the  Mi^yiniqvs  Celeste. 

Suppose  y  to  be  a  rational  function  of  ^  t/(l  — /t*)  cosnr,  and 
V(l  —/**)  sin  vr ;  and  it  is  required  to  transform  y  into  a  series  of 
lAplace's  Functions. 

Suppose  that  y  is  of  the  tth  d^ree ;  and  assume 

y«r,  +  r,+r,+  r,+...  +  r; (i). 

where  F,  is  a  Laplace's  function  of  the  order  r,  so  that 

Put  y,  for  ^  {(1  -  ^•)  ^1  +  pl^.  g ;  then  we  see  that 

-3^.=i.2r,+2.3  r;+3.4  i;+...  +  ."(i+i)  y, (2). 

In  like  manner  let  y,  be  derived  from  y,  as  y,  was  &om  y ;  and 
then  Pf  in  like  manner  from  y, ;  and  so  on.  Thus  we  obtain 
equations  of  which  the  general  type  is 

{- iry,  =  (l. 2)' F.  + (2.  3/7.  +  ... +  {*■(»■+ 1)1' y.- 
The  equations  (1),  and  (2),  and  the  other  V—  1  equations  of 

the  type  just  expressed,  serve  to  determine  Y,,  Y^  Y^...Y„ 

Another  proceaa  is  given  instead  of  this  in  the  M&anique 

Create,  Livre  iii.  §  16. 
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854.  The  foartb  section  of  the  memoir  treats  on  the  Kgure 
of  the  Planets ;  thia  section  is  reproduced  in  the  fourth  Chapter 
of  the  third  Book  of  the  M^nique  Cileate. 

Suppose  that  X,  Y,  Z  denote  the  accelerating  forces  parallel 
to  the  axes  at  the  point  i^,  y,  z)  of  a  fluid  in  eq'iilLbrium.  Let  'p 
denote  the  pressure,  and  />  the  density.     Then 

I^ow  Laplace  proposes  to  consider  that  part  of  the  right-hand 

member  which  arises  &om  the  action  of  a  distant  body. 

Let  8  denote  the  mass  of  this  distant  body,  t  its  distance 

Sde 
from  (ai,  y, «) ;  then  at  first  sight  — -^  might  appear  to  be  the 

term  required.    But  Laplace  makes  the  hypothesis  that  tJie  centre 

of  gravity  of  the  fluid  mass  is  at   rest ;   and  thus  he  wants  not 

the  action  of  the  distant  body,  but  what  may  be  called  the  Aia- 

baling  action.     Hence  we  have  to  apply  in  the  reversed  direction 

the  action  of  the  distant  body  on  the  centre  of  gravity.     Laplace 

does  this  in  three  ways  in  three  diflerent  places.     lu  the  Th^orie... 

de  la  Figure  det  PlanHes  he  makes  an  approximate  investigation 

which  is  correct  though  a  little  tedious :  see  page  108  of  the  work. 

This  method  is  the  same  as  B' Alembert  used  :  see  Art  616.     In 

the  present  memoir  Laplace  proceeds  without  approximation ;  but 

his  method  is  wrong;  see  page  158  of  the  memoir.     In  the  M^ 

eanique  Cileste  he  uses  a  brief  and  correct  method  without  ap- 

proximation ;  see  Livre  IIL  §  23. 

Let  IT  denote  the  distance  of  S  &om  the  centre  of  gravity  of 

the  fluid  ;  and  let  a,  ;3,  7  be  the  angles  which  o-  makes  with  the 

rm.  I.        *        v.      *  iScosa     S008/3         J   Scos7 

axes.     Inen  we  nave  to  subtract    — , — ,   — ,     ,   and  - — =— ^ 

&om  the  forces  at  (ir,  y,  z)  parallel  to  the  axes  of  x,  y,  z  respect- 
ively.   Thus  instead  of  — j-  we  now  have 

—  -T-  —■picobadx+coaffdy  +  cosydz). 

Hence  the  -pait  of  I  {Xdx  +  Ydy  +  Zdz)  which  arises  from  the 
action  of  this  distant  body  is 
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-^((i;co8a  +  yco9/9  +  Bco8  7)  + constant. 


The  error  in  the  memoir  is  this :  instead  of  sabtracting  — -^ — 
Laplace  subtracts  — ^ j ;  and  similarly  for  the  other  axes, 

855.  The  memoir  treats  on  the  figure  of  a  planet  supposed 
hom{^neou8  on  pages  154.. .179.  The  theory  here  given  is  re- 
produced ^most  vord  for  word  in  the  Micanique  Cdette,  Lirre  m, 
§§  22.  ..28.  And  with  the  exception  of  the  correction  noticed  in 
the  preceding  Article  the  M^canigae  Create  adds  nothing  to  the 
memoir. 

On  pages  179... 186  of  the  memoir  Laplace  treats  of  the  case 
in  which  the  planet  is  not  supposed  homogeneoos:  hut  the  memoir 
really  gives  very  little  on  this  head.  In  fact  the  memoir  contuns 
observations  only  on  the  value  of  gravity  and  of  the  let^^  <^  a 
d^ree  at  different  parts  of  the  Earth's  surface:  these  observft- 
tions  occur  in  the  Mdeanique  Celeste,  Livre  in.  §  33;  but  the 
application  there  made  to  Bouguer's  hypothesis  does  not  occur  in 
the  memoir. 

856.  On  the  whole  we  see  that  the  theory  of  attraction  tud 
the  theory  of  the  homogeneous  figure  of  the  Earth  are  giv^i  in 
this  memoir  substantially  as  they  were  afterwards  reproduced  in 
the  Jftbomgw  Colette. 

857.  The  important  property  with  respect  to  two  Laplace's 
functions  of  different  orders  that 


r  j    Z^Z^dfid^^Q 


ia  first  given  in  this  memoir.  The  case  in  which  m  -> «  is  not 
explicitly  consideied;  this  was  investigated  by  Ijc^ndre  in  his 
memoir  of  1789:  see  Heine's  Haaxdhuch  der  Kugdfwadvmea, 
page  265.  But  it  ought  to  be  noticed  that  the  remarkable  equa- 
tion (1)  of  the  Micanique  Gileste,  VoL  II.  page  44,  which  involves 
all  that  applies  to  the  case  in  which  m^n,ia  implicitly  contained 
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in  the  memoir  of  1782;  see  page  162  of  the  memoir:  hut  the 
equation  is  not  explicitly  hrought  into  notice. 

858.  The  'memoir  is  a  very  valuable  contribution  to  onr  sub- 
ject. We  may  especially  observe  that  here  for  the  first  time  it  is 
demonstrated,  without  assuming  a  figure  of  revolution,  that  the 
obktum  is  the  only  form  of  relative  equilibrium  for  a  nearly 
spherical  mass  of  rotating  homogeneouB  fluid.  To  this  matter  we 
shall  return  hereafter. 

859.  Laplace's  fifth  memoir  on  our  subject  is  contmned  in  the 
Paris  Mfmoiret  for  1783,  published  in  1786 ;  it  is  entitled  M^moire 
tar  la  Fiffare  de  la  Tare.  The  memoir  occupies  pages  17.. .46  of 
the  volume. 

860.  I^place  first  considerB  some  measures  of  lengths  of  de- 
grees; see  pages  18... 23  of  the  memoir.  He  uses  four,  namely 
those  in  Pern,  at  the  Cape  of  Good  Hope,  in  France,  and  in  Lap- 
land :  he  quotes  the  lengths  fix>m  Frisi's  Coamographia.  In  order 
to  deduce  from  these  measures  the  elements  of  the  Earth's 
dimensions  Laplace  uses  the  method  which  is  explained  in  the 
M^oani^ae  Celeste,  Livre  lii.  §  39.  Laplace  obtumi  for  the  ratio 
of  the  axes  of  the  oblatum  that  of  250  to  2419 ;  but  he  considers 
that  the  measured  lengths  do  not  agree  very  well  with  the  elliptic 
figure. 

Laplace  finds  that  the  observations  of  the  lengths  of  the 
seconds  pendulum  agree  reasonably  well  with  theory ;  he  usee  a 
table  which  is  given  in  Frisi's  Coamographia,  Yol.  II.  page  139, 
and  by  the  aid  of  CUuraut's  theorem  he  deduces  as  the  ratio  of 
the  axes  of  the  oblatum  that  of  321  to  320. 

These  discussioDs  as  to  the  lengths  of  degrees  and  of  the 
seconds  pendulum  appear  in  a  much  more  elaborate  form  in  the 
MAsanique  Celeste,  Livre  m.  §g  39,  41,  and  42.  The  method  of 
treating  discordant  observations  which  is  explained  in  §  39  does 
not  appear  to  have  found  much  fiivonr. 

861.  Assume  that  the  radius  vector  of  the  Earth  is  «i  ex- 
pieasion  of  the  form 
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where  a  is  Bmall,  and  F,  is  a  lAploce'a  function  of  the  rth  order. 
Laplace  shews  that  if  the  centre  of  gravity  is  the  origin  Y^  is  zero; 
see  pages  26.. .27  of  the  memoir.  The  process  is  reproduced  sub- 
stantially in  the  M^canique  Cileste,  Livre  IIL  §  31.  We  must 
oheerre  that  the  density  of  the  Earth  is  not  assamed  to  be  con- 
stant; the  proposition  had  been  already  given  in  the  fourth 
memoir  assuming  the  deo^ty  to  be  constant. 

laiplace  also  investigates  what  consequences  follow  as  to  the 
form  of  >^  if  we  assume  that  the  axis  of  rotation  is  a  principal  axis 
of  the  mass;  see  pages  28.. .30  of  the  memoir.  The  process  is 
reproduced  substantially  in  the  Ji&oanique  Celeste,  Lirre  ni.  §  32. 

862.  Laplace  in  hispi^es  SO.. .34  makes  some  remarks  on 
the  value  of  gravity  and  of  the  length  of  a  degree  of  the  meridian 
at  different  places  on  Hie  Earth's  surface ;  the  remarks  coincide  in 
effect  with  those  in  the  fourth  memoir:  see  Art.  855,  A  numeri- 
cal example  is  given  in  illustration ;  this  we  will  reproduce :  the 
formuln  which  we  shall  use  will  be  found  in  the  Micanique  Celeste, 
Idvre  m.  §  33. 

The  point  to  be  illustrated  is,  that  there  may  be  deviations 
from  the  figure  of  an  oblatum  which  will  be  sensible  in  the 
measures  of  the  lengths  <^  degrees  of  the  meridian,  though  hardly 
sensible  in  the  observations  of  the  lengths  of  pendulums. 

Suppose  that  the  radios  of  the  Earth  is 

whore  a  is  very  small,  F,  is  a  Laplace's  function  of  the  mzth  order, 
and  aT^-'h  f/**-  gj. 

Then  the  formula  ftn*  the  length  of  a  seconds  pendulum  is 

i{i+.r.+j(»'-l)  +  5ar.|i 

that  18 
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And  from  observatiou  it  follows  that  the  value  of  h  is  socli 
7 
that y+A«  — ^A  nearly. 

Let  \  denote  the  ratio  of  aF,  to  a  T,.    Then  the  corresponding 
ratio  wiuch  occurs  in  the  length  of  a  seconds  pendulum,  uamely 

the  ratio  oi'BaY,  to  (j'+h)  {m'-oJ.  ^  — 7-^ 

Again,  the  expresuon  for  the  length  of  a  degree  of  the  meri- 
dian is 

Witii  the  above  value  of  T,  this  becomes 

The  ratio  of  -  iliY,  to  —  3A(^*  — s)  is  equal    to  -5-. 


Henoe  ve  may  say  that  the  disturbing  effect  of  the  term  a  T, 
is  about  five  times  as  great  on  the  length  of  a  degree  as  it  is  on 
the  length  of  the  seconds  pendulum. 

863.  The  memoir  after  a  few  remarks  on  parallax  proceeds 
on  page  35  to  the  subject  of  precesmon  and  nutation,  with  whicb 
we  are  not  concerned. 

We  may  observe  however  that  in  his  pages  38  and  39,  Laplace 
investigates  the  form  of  a  homogeneous  solid  which  has  eveiy 
axis  through  the  centre  of  gravity  a  principal  axis.  He  comes 
to  the  conclnnon  that  the  fifth  power  of  the  radius  vector  mea- 
sured from  the  centre  of  gravity,  must  be  equal  to  a  series  of 
Laplace's  functions  in  which  the  function  of  the  second  order  does 
not  appear.  I^aplace  however  ought  to  have  excluded  also  the 
term  of  the^r«t  order.  The  oversight  was  corrected  by  Legendre 
in  his  fourth  memoir,  page  442. 
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On  the  whole  the  present  memoir  cannot  be  considered  of 
very  great  importance.  The  new  matter  which  it  famishes  con- 
sists of  the  results  noticed  in  Art.  861,  and  the  method  of 
treating  discordant  obserrationB  to  which  we  alluded  in  Art  860. 

864.  Laplace's  sixth  memoir  on  our  subject  is  contained  in 
the  Paris.  MSmoires  for  1787,  published  in  1789 ;  it  is  entitled  ' 
M4nmre  sur  la  Th/one  de  VAnneau  de  Satume.  The  memoir 
occupies  pages  249. ..267  of  the  volume;  it  consists  of  eight 
sections.  The  corresponding  part  of  the  Mdcanique  Cileste  is  the 
sixth  Chapter-  of  the  third  Book. 

.  863.  The  memoir  begins  by  stating  some  facts  relative  to 
the  ring.  Kuygens  is  named  as  the  person  who  first  explained 
the  appearances;  aad  Cassini  as  the  person  who  observed  that 
the  ring  is  divided  into  two  nearly  equal  parts  by  a  dark  band. 
Then  Short  with  &  powerful  telescope  perceived  several  coacentriq 
bands.    I^place  proceeds  thus : 

Cee  obeerrations  ne  permettent  paa  de  douter  que  I'anneau  do 
Satume  ne  soit  formS  de  pluBiean  aunmnx  mtu^  ^  peu-prte  dans  le 
ra^e  plan ;  eUoB  donaent  lieu  de  croiro  que  de  plus  forts  telescopes  y 
ferout  apercevoir  un  plus  gi-aad  nombre  d'aaoeaux. 

La  thforie  de  la  pesanteur  nniverselle  qui  g'acconle  si  bien  avec  les 
pL^omdue;  qae  pr^sentent  lea  jnouvemens  et  lea  figures  des  corps 
celestes,  doit  Sgaloment  satisiaire  i,  oeux  que  nous  offre  I'anneau  de 
Satume ;  mau  jusqu'ici  persoune  u'a  eutrepria  de  d6terminer  sa  figure 
d'aprifl  cette  th&}rie ;  car  Vexplication  que  M.  de  Maupertoia  a  dotJD6e 
de  la  formatioD  des  auneauz,  dans  son  diacoura  aor  la  figure  des  ostrea, 
ii*6tant  pas  fond^  sur  la  loi  de  la  gravitation  mutne^e  de  toutes  les 
parties  de  la  matidre^  maia  but  la  suppositioa  d'une  tendanoe  dea  mold- 
culea  dee  anneaax  vera  plumeurs  ceniree  d'attraction ;  elle  ne  doit  6tre 
r^;ard£e  que  comme  nne  hypothdae  ingenieuae,  propre  tout  au  pluH  ^  &ire 
entrevoir  la  poasibilitS  dea  aaneaux  dans  le  cas  de  la  uature.  En  appli- 
qaant  H  cet  objet,  lea  reobercbea  que  j'ai  donntea  dans  nos  M^moires  de 
1782,  BUT  lee  attr^totions  des  sphlroTdes  et  sur  la  figure  des  planSteaj  je  stds 
parvenu  aux  rfeultats  auivans  que  je  ne  pr^aeate  que  oomme  un  eeaai 
d'une  tb^orie  de  I'anneau  de  Satume,  qui  pourra  6tre  peifeationn^e, 
lorsque  de  nouvelles  observatinns  faites  avec  de  grands  t^esoopea,  auront 
lait  connoitre  le  nombre  et  les  dimensioiis  des  anneaux  dont  il  parott 
form6. 

T.  H.  A.     VOL.  U.  5 
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L^laoe  then  states  the  hypotheais  be  makes,  namely  that  a 
film  of  fluid  spread  over  the  suiface  of  the  ring  remains  in 
equilibrium  in  virtue  of  the  forces  which  act  on  it ;  and  he  gives 
a  reason  for  the  hTpothesis,  aa  in  the  M4can%qve  CHeate. 

866.  Laplace's  second  section  is  devoted  to  the  function  V, 
*  vbicb  va  call  the  poteutiaL 

At  a  point  {m,  y,  z)  eztemal  to  the  attracting  mass,  V  satisfies 
the  eqaatioQ 

iT  JT  jr  ., 

a? + ^  +  "J?  '  ° ™- 

This  ii  the  first  appearance  of  the  equation  in  rectangular 
OoOTtiinates :  Bee  Art.  851,     Laplace  saya : 

Cette  ^nation  rapport^  k  d'aatrea  ooordonnfcea,  «Bt  la  base  da  la 
&terie  qua  j'ai  ^nkaeaXka  dana  noa  M^moirea  de  1782,  sor  lea  atttactiouB 
des  aphtR^deB  «t  nir  la  figure  dea  planMes. 

For  the  case  of  a  solid  of  revolution  the  oqoatioa  (1)  may  be 
transformed  into 

f3;r+3J+-2?-» ». 

where  H  =  (i*+^. 

For  the  case  of  »  sphere  it  may  be  transformed  into 

where  r'=a?+y'+«'. 

Li^lace  applies  the  last  equation  to  determine  the  value  of  Y 
for  the  case  of  a  sphere.  He  usee  it  both  for  an  external  and 
internal  particle ;  but  his  process  is  unsound  with  respect  to  the 
iutffl-nal  particle,  aa  we  now  know  that  equation  (1)  is  not  true 
in  that  case :  we  shall  return  to  this  point.  The  correct  process 
was  given  by  Poisson  in  the  CoTmaisaance  dea  Tema  for  1829, 
page  S62,  and  is  now  in  elementary  books.     See  Staiica,  Art.  240. 

867.  I^place's  third  section  contuns  an  interesting  process. 
Let  J),  be  the  attraction  of  the  ring  at  a  point  of  the  inner 

circumference,  r^  the  distance  of  this  point  from  the  ceutie  of 
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Satarn.  8  the  tmea  of  Saturn,  tt  the  centrifugal  force  at «  onit  of 
iliataoce,  Biisiog  from  the  rotation  of  tha  riog.    Then 

p^  muBt  Ibe  peater  than  -j  —  qw.. 

In  like  manner  if  p^  and  r,  refer  to  a  pojnt  ou  the  outer  cir- 
cumference of  the  ring, 

y,  must  be  greats  than  »r, [• 

Hence  p,  + J  p,  moat  be  greater  than     ^  'T,  ^    . 

Let  2  be  the  atteaction  at  the  sur&oe  of  Saturn,  S  die  radios 
of  Satom.    Then  { ■=■  n  • 

B*i»ce|»,  +  -ip,  must  be  greater  than  g  ■■     Vf'-^. 

Not  I^tlace  says  that  the  mass  of  the  ring  is  much  less  than 
that  of  Saturn,  and  a  sphere  must  ezert  a  greater  attraction  on  a 
particle  at  its  surface  than  a  very  flat  body  of  the  same  mass.  On 
both  these  accounts  q  must  be  much  greater  than  p^  or  p^    Hence 

it  follows  that  ■  -   *.  t  ''  must  be  a  very  small  coe£Bcient ;  and 

hence  r,  and  r,  most  di£fer  bat  slightly.     Bat  this  would  not  be 
the  case  with  Saturn  if  it  formed  a  continuous  ring;  for  observfr- 

tion  shews  that  r,  =>  g  £  and  r,  a  I  ^  and  thvB '^^V^  =■ '228806. 


This  is  ivt  too  great  to  he  admitted.  Hence  even  if  obaervation 
had  not  made  known  the  division  c^  Saturn's  ring  into  BOTeral  con- 
centric rings  theoiy  would  hare  bwa  sufficient  to  convince  us  of  it. 

This  investigation  is  not  reproduced  in  the  Mieamqw  C^etie. 
Plana  doubted  the  validity  of  the  inference ;  he  published  a  paper 
on  the  subject  in  De  Zacb's  Corre^^ondanei  AatroaomiqUfe,  Vol.  i. 
1818,  pages  346.. .350,  in  which  he  states  his  results :  and  he  gives 
his  process  in  detul  in  the  Turin  MemorU,  YoL  xxiv.  1820. 
"We  will  return  presently  to  Flana'e  criticisms. 

5—2 
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868,  Laplace's  fourth  section  cousUtd  of  an  approximate  pro- 
cess to  shew  that  the  ring  may  be  of  the  form  obtained  by  revolv- 
ing an  ellipse  about  a  straight  line  in  its  plane,  outside  it,  and 
parallel  to  the  aunor  axis;  the  minor  axis  being  supposed  very 
small  compared  with  the  major  axis. 

Take  the  centre  of  Saturn  as  the  origin.  Then  the  equation 
of  relative  equilibrium  (tf  the  supposed  fluid  film  will  be 

»on.tant  =  l,»'+F+^^j-^ (3). 

where  r  and  z  are  taken  as  in  (2)  of  Art.  866. 

Then  since  V  is  symmetrical  witih  respect  to  the  plane  from 
which  0  is  measured  we  shall  have,  if  we  expand  V  in  powers  of  z, 
approximately 

r-^  +  B^"; 

where  A  and  B  are  functions  of  r.  That  is  there  will  be  no  term 
in  V  involving  the  first  power  of  e,  or  indeed  odd  powers  of  z ;  and 
terms  in  s*  and  higher  powers  are  rejected. 

With  this  value  of  V  we  have  from  (2),  by  considering  the 
terms  independent  of  z, 

_  -    d  fdA: 
2rd 

1  1      «•         - 

80  that  (3)  becomes 

Next  Laplace  supposes  r=l  —  u  where  I  is  constant  and  «  i« 
-small;  so  that  2  is  a  mean  value  of  r. 


2rdr[dr   )■ 


Let  C  bo  wlia-t  -^  becomes  when  1 

!  is  put  for  r 

Then 

-«-«^^? 

^«near.,. 

-f-f^?^^" 

nearly. 
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80  that  (4)  becomea 

cbofltMit  =  Q  +  ^caP  +  J  ~ u(»d ~-a  +  -^j 

Let  I  be  fouDd  from  W— »+--^»0, 

.      ,    ,  1       S    ld"fl 

imdjmtofot  _„  +  -  +  _^: 

thus  (5)  becomes  ' 

cu'  +  (oj  —  c)b'  =  confltant 
This  ^Tes  em  ellipse  as  the  generating  figure.    The  approxi- 
mations  are  rather  rude ;  ami  the  process  is  not  reproduced  in  the 
Mi^nique  Celeste :  see  Livre  in.  §  44, 

869.  In  his  fifth  section  I<aplace  finds  approximately  the 
attraction  which  the  ring  would  exert  at  any  point  of  its  eur&ce. 
He  treats  the  ring  in  fact  as  if  it  were  an  ellipsoid  having  a  princi- 
pal section  coincident  with  the  section  of  the  ring,  and  the  axis  at 
T^bt  angles  to  this  section  infinite.  Then  he  can  find  the  attrac- 
tion by  formuhe  given  in  hi£  fourth  memoir.  The  result  is  the 
same  as  we  have  in  the  M&ianigue  (Mleete,  Livre  in.  at  the  end  of 
§  44.  Then  Laplace  finds  the  equation  to  the  generating  ellipse 
of  the  ring  in  the  same  form  as  in  the  M^ianique  G^leste,  ToL  n. 
p^e  161. 

870.  In  his  sixth  section  Laplace  discusses  the  result  obtained 
in  the  fifth  section ;  and  here  we  have  the  matter  which  substan- 
tially is  reproduced  in  the  M^nique  Celeste,  Vol  iL'pi^e  162. 

The' memoir  also  contains  a  numerical  illustration  which  is  not 
reproduced  in  the  M&aaigve  Gileste ;  it  may  be  of  interest  to  give 
it  here  • 

Laplace  supposes  that  the  breadth  of  the  interior  part  of  the 
ring  is  -Y ;  this  be  says  may  be  admitted  without  violence  t«  the 
observations.     Moreover  he  takes  the  inner  radius  of  this  ring  to 

LJ,y,l,z=^uy  Google 


UPLAOE  S  SIXTH  MRMOIB. 


Saturn  to  the  middlg  of  the  ring,  will  be  =  £  +  ^  £,  that  is  ^^  J?. 
Denote  thia  1^  a. 

The  aemiazis  nuyor  of  the  geueratiog  ellipee  is  thus  ^  B ; 
suppose  the  eemiaxia  mmor  to  be  ^^  of  this,  that  Is  ^^  £. 

Now  Laplace  shews  in  the  Memoir,  and  in  the  Mfyaiique 
CdUOe,  that 

4wtt'     (X+1X3X'+1) ^  '' 

where  \  is  the  ratio  of  the  major  to  the  minor  aiis  of  the  gene- 
rating ellipse ;  the  density  of  the  ring  being  taken  as  unity. 

Let  p  be  the  mean  density  of  Saturn  j  then  (6)  may  be 
written 

5?     (\+lX3X*  +  l) l^- 


24  "'  It 

8x90    /48^ 


©■• 


11  X  801  \ 

_    1  X  301  /24\' 

p       3  X  90    Us/  * 

Thtd  is  then  the  ratio  of  the  density  of  the  ring  to  the  meaa 
density  of  Saturn;  the  value  will  be  found  to  be  213. 

Then  the  volume  of  ring  will  be  2ra xwx-^n  =^;  that  is 

-75 — o — sjr .    Hence  the  ratio  ctf  the  volume  of  the  ring  to  the 

l2  X  tJ  X  OU 


to  the  mass  of  Saturn  is  therefore  -  x  ^.aVA ;  which  is  about  -^ . 

0       lUsvu  lio 
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'  These  results  present  according  to  Laplace  DOthing  that  ia 

impoauble, 

I  have  introduced  the  example  mtuol^  on  account  of  an 

application  which  I  want  to  make  of  it  to  Art.  867'    In  the 

investigation  which  led  to  equation  (6),  Laplaos  treated  the  ring 

as  an  infinite  cylinder  in  estimating  the  attraction  at  a  point 

of  its  surfiuM.    In  this  way,  for  the  attraction  at  the  end  of  the 

4ir 
miyor  axis  of  the  generating  ellipse,  he  obtains  ;      -■  x  somiazis ; 

thus  in  our  example  this  becomes  jy  ><  -o"* 

This  then  is  the  p,  or  p,  of  Art  867 ;  for  to  this  order  of 

approximation  they  are  eqn^    And  f  *■  »  ^  — J— .    Henoo  we 

liaTO 

J      88",- 

This  is  about  ^-j,  with  the  value  of  -  found  above. 
14  p 

This  in  &ct  so  &r  agrees  friUi  what  Laplace  had  atcd^d,  that 

it  makes  ^  small ;  but  it  can  hardly  be  said  to  make  q  mach 

ffrmter  th&a  p,.    However  in  takii^  the  thickness  of  the  ring 

to  be  ^  of  the  diameter  of  Saturn,  the  thickness  is  probaUy 

exaggerated. 

871.  We  will  return  to  the  remarks  made  by  Plana,  to 
-which  we  adverted  in  Art  867.  Plana  treats  the  ring  as  the 
difiference  of  two  drcular  cylinders  of  slender  hdgfat;  so  that 
instead  of  a  flat  ellipse  he  supposes  a  narrow  rectan^e  to  gene- 
rate the  ring  by  revolution.    He  supposes  the  thickness  of  the 

Then  according  to  his  numerical  calculations,  using  tiie  nota- 
tion of  Art  867, 

^,=-■39722, 
p,= -397846. 
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He  takes  hu  unit  of  distance  such  that  r,  =  1 ;  then  r,  = 


Hence  according  to  Laplace,  if  the  denaity  of  the  rings  be 
supposed  the  same  as  the  density  of  Saturn,  we  ought  to  have 

n+5p,  greater  than  ^(?)"{l-(5)j-. 

The  values  of  ^,  and  p,  make  i>,  +  s  ft  =  "BSISSS. 

But  -o-(s)  ]l  — U)  [  =  "57505;  which  is  indeed  less  than 

Pi  +  ijPt',  but  not  much  loss. 

It  is  possible  that  Planp.'a  numerical  values  of  p,  and  p,  are 
not  quite  accurate ;  I  think  they  are  not:  but  Gtill  the  result  may 
be  of  the  nature  he  indicates. 

Plana  adds  that  the  thickness  which  he  has  ascribed  to,  the 
ring  is  in  truth  greater  than  can  be  admitted.  If  it  is  diminished 
then  p,  and  p,  are  diminished,  and  L&,place'B  inequality  ceases  to 
hold;  and  in  order  to  restore  it  we  must  suppose  the  density 
of  the  ring  greater  than  that  of  the  Fknet.  TIana  concludes 
thus  on  page  420  of  the  Turin  Memorie,  Vol.  XXIV. : 

Moie  U  ne  me  parait  pas  que  1'on  puiasa  tirv  de-lft  la  division  de 
Taimeaa  ea  plusieura  Biiiiea.tix  concentriques,  d'apr^  un  raisounement 
semblable  ik  celni  que  M.  Laplace  a  e}q>os6  i  la  page  266  de  son  M&- 
moire  Bur  la  figure  de  I'anneau  de  Satarne,  iraprim6  danii  lea  Tolnmes  de 
I'Aokd^mie  d«B  Sciences  de  Pans  (annfee  1787), 

We  observe  that  according  to  Flana's  figures  we  find  that 

=  a  -  mo  supposing  the  ring  and  Saturn  of  the  same  density: 

this  is  between  ^  and  = . 
6         7 

But  I  do  not  see  the  force  of  Flana's  remark,  that  to  restore 
the   inequality  wc   must  increase  the  density  of  the   ring.     It 
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might  be  said  that  to  restore  the  inequality  we  should  dimimsh 
the  difference  between  r,  and  r^    By  Art.  867,  we  require  that 

p,  +  tor,  —  —:  should  be  positiTe,  and  also  »„  4 — i  —  tar,,  where  r, 

is  greater  than  r,.    Then  it  is  obvious  that  if  j),  and  j>,  are  small, 
r,  and  r,  cannot  differ  much. 

It  appears  in  the  coane  of  Laplace's  investigations  that 
B»a=T,  where  o  =  5 (r,  +  r^. 

873.  Laplace's  seventh  section .  conttuns  the  demonstration 
that  if  the  ring  were  circular  and  perfectly  alike  in  all  its  parts, 
its  equilibrium  would  be  unstable.  The  demonstration  is  repro- 
duced in  the  M^caniqae  Celeste,  Livre  lii.  §  46.  It  involves  the 
following  properties  of  Ijaplace's  coefficients  when  expressed  as 
functions  of  cos  0 ; 

ifnbeodd  j'p^de  =  0; 

if  n  be  even  j" Jp. d5  =  ^  |Li|::ilzJO|'. 

The  mechanical  problem  discussed  is  equivalent  to  that  of  the 
resultant  attraction  of  a  circular  ring  on  an  internal  particle. 
The  method  which  Newton  uses  in  discussing  the  attraction  of 
a  spherical  shell  on  an  internal  particle  may  be  easily  used ;  thus 
it  will  appear  that  the  only  position  of  equilibrium  is  at  the 
centre  of  the  ring,  and  then  the  equilibrium  is  unstable. 

873.  Laplace's  eighth  section  consists  of  two  paragraphs.  The 
first  relates  to  the  mutual  action  of  the  rings ;  it  is  reproduced  in 
the  M^canique  CiUate  forming  the  last  paragraph  of  the  Chapter. 
The  second  paragraph  in  the  memoir  makes  some  statements 
as  to  the  oscillations  of  the  rings ;  these  are  not  reproduced  in 
the  part  of  the  Micaniqae  Celeste  with  which  we  are  concerned ; 
the  motion  of  the  rings  round  their  centres  of  gravity  is  discussed 
however  in  Livre  V.  Chapitre  lu. 
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874.  Ik  the  Paris  M^nmres  for  1788,  published  in  1791,  tiiere 
ie  a  memoir  b;  L^odre,  entitled  Mimoire  mr  let  Ini^ralea 
Doubles:  it  occupies  pages  454...486  of  the  ToIum&  The  memoir 
waa  presented  on  the  12th  of  December,  1789. 

875.  L^endre  thus  states  tite  ol^ect  of  hia  memoir  in  his 
first  paragraph : 

Jfl  me  propoM  d'indiqnw  dans  oe  M^moire,  an  mojen  de  transfor- 
mation  auquel  on  n'a  pas  fidt  attentdon  juaqn'i  pr6Beiit,  et  qui  parott 
trd»-|MX>pre  k  fiunliter  I'^TBluation  des  iut^rales  doubles  on  multiplea, 
leaquelles  aerreat  i  dfitenniaer  les  solidit^s  das  corps,  lenn  sor&cea 
coorbes,  la  pomtion  d«  leura  centres  de  gravity  Ac  L'objet  que  j'ai 
particuli^mcnt  en  vna,  eat  d'mtSgrar  par  oe  moyen  lea  formnlea  qui  don- 
nent  I'attractioa  d'nn  spUrotde  elliptjque  qneloonqae  but  uu  point 
ezt^riaur ;  d'oil  rtieultera  la  dfinunutratiou  dirocte  de  oe  thgoiime  d^ji 
connu :  Si  deme  tphirtndei  eUipUqueB  otU  lean  trou  MetUma  prwiapaln 
dicrUet  det  mhtui /ttj/ert,  lei  attractimu  qn'Ua  wentnt  ntr  tm  mime  poitU 
eiBiiriwr,  otMvnt  la  mime  dwecUoji,  et  teront  entt'eUei  eomme  leu/r$ 
mauei. 

876.  L^nendre  then  proceeds  in  his  next  paragraph  to  speak 
of  this  problem  in  attractions : 

Cette  propoaiUc«  que  j'aTois  d^ontr£e  rigoureusement  poor  lea 
sph^roldea  de  i^volntitm  {Sav.  itrang,  Tom,  z),  et  qui  derenoit  infiui- 
mant  probable  poor  oenx  dont  toutee  lea  coupes  aont  elliptique^  a  I'amn- 
tage  de  nunenw  Ie  eas  des  points  ext&ieun  i  oeloi  dea  points  situ£i 
BUT  la  anrfaoe  dn  sph6roTde,  et  de  r£dnire  ainu  k  uue  forme  ta^e-dm^e  la 
valenr  abeolue  de  rattmction.     Mais  si  la  verity  de  oe  tli6or&ne  peat 
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ttt«  coDrtaUe  bmm  fimlraneat  par  rindactitm  et  par  ime  approxtmstlon 
ponnsfa  tr^loin,  il  n'eat  jnfl  anau  fiicile  de  e'en  prooarer  une  d^monatnk- 
tioQ  rigooreiil^  et  je  ne  cnins  pu  de  dire  que  cette  qneetioii  est  nne 
du  pins  Ipinenses  de  runalyse.  La  aeale  Bolutiun  qui  en  existe,  est 
oelte  qne  M.  de  la  Place  a  donD6e  dans  les  &[£m.  de  I'Acad^mie,  atmit 
1783;  maia  la  mtithode  de  ce  Bavant  g^mStre  i{uelqae  isg^nieoM 
qa'elle  soit,  laisse  k  disirer  un  proc^4  plus  direct,  et  ne  r^paod  d'ail- 
Unn  aucune  lumi^  aar  I'iiitfgration  ind^finie. 

We  may  olwerre  that  instead  of  1783  we  ought  to  read  1782. 
It  is  curious  to  see  how  the  difficulties  of  o&e  age  are  removed  hy 
the  labours  of  another;  the  question  which  Legendre  r^arded  aa 
one  of  the  moet  difficult  in  analysis  has  since  been  solved  in  a 
very  simple  manner  by  what  we  call  Ivory's  theorem, 

877-  Ab  to  the  transformation  of  double  or  multiple  intends 
L^ndre  rect^ises  the  priority  of  Lagrange.     Legendre  says : 

Ce  priucipe  anqnel  j'^tois  parvenii  par  des  oonBidlratioiu  g€oni^ 
trlques,  et  que  J'ai  ezaminf  enaoite  aveo  plus  de  aoin,  ne  s'eet  point 
trouT^  difiSrent  d'un  moyen  de  transformation  indiqn6  par  M.  de  la 
Grange  dana  lea  Mtimoiree  de  Berlin,  on  1773,  pag.  126.  La  propriStfi 
en  -appartieDt  do&o  ^  cet  illnatre  giomStre;  il  ne  me  reste  que  la 
nonvelle  fitrme  aoiis  Isquelle  j'ai  pr^aent^  oe  prinoipB  et  loBage  que  j'en 
ai  iodiqu^  usage  auqnel  il  parott  que  M.  de  la  Orange  n'a  pas  pens^ 
Ott  dont  an  moina  il  n'a  foumi  anonn  exemple. 

87S.  LegendreTs  memoir  oonsista  of  four  sections.  The  first 
Motion  tieatB  of  the  tratu^rmatJon  of  double  or  multiple  integrals. 
L^ndre  gives  the  same  unsatisfactory  method  as  I^igrange  had 
given  previously :  see  Article  710. 

It  must  however  be  observed  that  this  section  on  the  trans- 
formation of  double  or  multiple  integrals  is  ncarceiy  ttsed  in  the 
subsequent  secttooa.  Legendre  does  indeed  employ  the  polar 
form  of  the  element  of  mass;  but  he  does  not  say  that  this  is  to  be 
obtuned  by  transformation  from  the  rectangular  form,  and  we 
know  that  it  can  be  obtained  independently.  See  Arts.  710  and 
753. 

When  Legendre  transforms  his  integrals  in  the  course  of  the 
mem<Hr  he  practically   only  transfonns  single   int^rals   by  the 
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cbangd  of  one  independent  variable ;  or  at  least  bis  reaolts  may  be 
«aaily  obtained  in  this  way.  It  is  liard  to  aee  mucb  furce  in  the 
concluding  words  of  the  extract  we  have  made  in  Art.  877. 
L^endre's  p^e  470  gives  the  only  case  of  an  apparent  double 
transfonuation.  In  fact  the  title  of  this  memoir  by  L^endre  is 
bad :  it  should  have  been  On  ike  attraction  of  ellipsoids;  for  that 
is  really  the  subject  discussed.  In  the  well-known  Mepertorium 
Commentationum  by  J.  D.  Reuse  there  is  no  reference  to  this 
memoir  in  the  sections  where  the  titles  of  memoirs  on  attraction 
are  recorded. 

879.  Legendre's  second  section  gives  the  general  formula  for 
the  attraction  of  an  ellipsoid  at  an  external  point ;  these  fonuulte 
take  the  shape  of  double  integrals,  Legendre  uses  the  method  of 
polar  coordinates  which  had  been  adopted  by  Lagrange  in  1773, 
and  which  is  now  in  all  elementary  books :  see  Statics,  Art.  226. 

880.  Legendre's  third  section  is  devoted  to  the  particulat 
case  in  which  the  attracted  particle  is  in  a  principal  plane  of  the 
ellipsoid.  In  this  case  one  integration  can  be  effected  by  the 
ordinary  process,  that  is  without  adopting  any  novel  method  of 
cutting  up  the  ellipsoid  into  elements.  Legendre  says  on  his 
page  463 : 

...Ce  caa  eat  d'autant  plus  mt^resaont  1  dSvelopper,  qu'il  avoit 
£oIiapp£  il  tons  oeox  qui  ae  aont  occupfis  da  cette  mati^re,  et  que  la 
tbdorie  de  rattraction  des  sphfroldes  de  rSvoluiiou  s'y  tronve  compriae 
daua  toute  tia  g&i^r«Ht& 

Legendre's  treatment  of  this  particular  case  is  sound  but  very  ' 
lahoiioua;  he  leaves  much  work  to  be  effected  by  the  reader,  the 
results  being  given,  but  many  of  the  intermediate  operations  being 
omitted.     For  instance,  he  states  on  his  page  465,  a  result  which 
we  mayvtate  in  our  own  notation  thus : 

J.o  +  fcsin^+csin'^     "  X  Vl(^  +  o)'-c'}  ' 
where  X- V|(o  +  c)»-6*l. 
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It  ia  sapposed  here  that  a,  b,  and  c  are  snch  that 

cannot  vanbh.     The  student  'will  find  that  this  resnlt  ifi  correct,, 
but  the  verification  will  be  tedious. 

Plana  has  BUppIied  the  details  of  Legendre's  operations  in  a 
memoir  published  in  CKiiiei'BJovmalf&r...M<Uhemaiik,  Vol  XXVL 
pages  132...U6. 

881.  Legendre's  fourth  section  is  devoted  to  the  general 
problem  of  the  attraction  of  an  ellipsoid  at  an  external  point.  By 
a  change  of  variablea  Legondre  efiects  one  integration  out  of  the 
two  which  are  involved.  The  process  ia  very  laborious';  mu(^  16 
left  for  the  student  to  perform  for  himself,  the  results  being  rather 
indicated  than  worked  out. 

Plana  has  supplied  the  details  of  Legendre's  operations  in  a 
memoir  published  in  Crelle's  Journal /a.r...Mjthematik,  Vol.  xx. 
pages  240... 270. 

It  would  be  impossible  to  render  Legendre's  method  intelligible 
within  the  limits  of  the  space  we  can  devqt^  to  the  present 
memoir.  We  may  however  state  the  nature  of  the  decomposition 
which  he  effects  of  the  attracting  ellipsoid.  A  series  of  conical 
surfaces  is  described  after  a  certain  law,  each  cone  having  its 
vertex  at  the  attracted  point ;  the  outer  cone  touches  the  ellipsoid. 
Then  the  one  integration  which  Legendre  effects,  amounts  to 
determining  the  attraction  exerted  parallel  to  an  axis  by  the 
portion  of  the  ellipsoid  which  is  comprised  between  two  indefinitely 
close  conical  surfaces  out  of  the  series.  The  series  of  cones  is 
obtained  by  varying  a  parameter  «>  which  is  zero  for  the  tangent 
cone,  and  has  its  maximum  \  alue  when  the  cone  degenerates  into 
a  Btr^ght  hne. 

Kow  the  remarkable  fact  is  that  Legendre  succeeds  in  obtaining 
an  expression  free  from  the  inteffraZ  sign  which  represents  the 
resolved  attraction  of  one  of  these  portions  of  a  conical  shell :  and 
when  we  look  at  the  very  laborious  process  by  which  the  result  is 
obtiuned,  we  may  safely  pronounce  it  one  of  the  most  eztraordinaiy 
mathematical  feats  ever  performed. 
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882,  A  pout  of  some  interest  in  the  Int^sl  Calculos  presents 
itself  in  the  course  of  Legendre's  first  integration :  see  his  page  477. 
As  usual  we  state  the  matter  in  our  own  notation.  A  certun 
definite  int^ral,  which  we  can  see  is  necessarily  finite,  becomes  b; 
transformation 

r"  il  +  a^da} 

where  the  constants  are  such  that  the  denominator  of  the  express 
sion  under  the  integral  sign  never  vanishee.     To  effect  the  inte- 
gration the  fraction  ia  resolved  into  partial  fractions,  say  that 
1  +  3!^ l  +  mx  f ,  +  m^ 

Legendro  then  impUcitlj  states  that  between  the  limits  —  oo 
and  »  the  integral  gives 

(  (lc  —  mb)w 

so  that  he  considers 


TioM  last  int^ral  may  be  asserted  to  he  zero  in  this  senae ; 
it  consists  of  a  positive  and  a  negative  part  each  of  which  ta 
injinite,  which  may  he  taken  to  balance  each  other:  but  this  is 
hardly  satiafactory. 

The  best  method  is  to  proceed  thus : 

r     m\ai+-\da!  a     m^fx+-*jda 
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Suppose  we  take  this  between  the  limits  0  and  f,  we  otrfaia 


-HS+^H- 


+  ^Iogf+'glog. 


^'-¥-(■^-^1 


Now  I^  the  theory  of  the  decomposition  of  rati<mal  feaotions 

we  see  that  —  +  — ^  ™0;  thus  the  term  in  log  (  disappears  from 

*      <\ 
the  above  result ;  and  when  f  is  made  indefinitely  great  we  (^>tun 
simply  between  the  limits  0  and  ao 

la  lika  manner  between  the  limits  —  oo  and  0  we  obtain 
the  same  numerical  result  with  the  opposite  sign.  Thus  the 
entire  intend  is  lero. 

883.  In  the  course  of  his  investigations  L^endre  arrives  at 
the  following  result  which  he  justly  calls  a  remarkable  theorem : 

8i  on  imagiae  plndaars  sph^Idev  aemblablw,  dont  la  density  nit  la 
ia6me  et  les  azea  utote  dans  la  mtme  direotion,  et  qne  ees  Bph&tddes 
agiatent  but  an  m^oie  point  ext&ienr,  I'atteactioii  dn  plui  potit  sphfrolde 
aeca  fiqoivalenta  ^  celle  d'nne  portion  de  chacnn  des  antre^  retnmolite 
par  la  snr&ce  couiqne  dons  I'ftendoe  de  laqnelle  m  est  ^gal  an  maagMHo 
da  cette  quantity  dans  le  plus  petit  Bphfiroida. 

L^endre  says  that  this  proposition  can  be  easily  verified  in 
the  case  of  concentric  spheres.  On  examination  it  will  be  found 
that  in  this  case  the  proposition  coincides  with  the  result  given  in 
Art  251. 

It  may  be  convenient  to  state  explicitly  by  means  of  sjrmbob 
tiie  general  result  which  constitutes  this  remarkable  theorem. 

Let  a,  i,  c  be  tiie  semiazes  of  an  ellipsoid ;  let  /  jr,  &  be  the 
coordinates  (tf  an  external  point,    Let«=p  and»  =  3'. 
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Put  tt  for  a?  +  m/  +  Ji^  -  (^, 

V  for  /x  +  mgy  +  vhz  —  a*, 

s-tor  (x-fy+(i,-gy+(i>-hy, 

i  for  f*  +  mg*  +  nk*  -  a\ 
Then  the  attraction  exerted  at  the  external  point  by  the  body 
bounded  by  the  ellipsoid 

«  =  0. 
and  the  cone 

is   independent  of  a;  that  ia   this   attraction  is  a  function  of 
f,  g,  h,  m,  n,  and  a. 

If  we  transfer  the  origin  to  the  external  point,  the  equations  to 
the  ellipsoid  and  the  coiie  become  respectively 

a?  +  mi/'+n3^+2(Jx  +  gmy  +  hnz)  +  ^=0 (1), 

(fis+gmy+hnz)*-^{3^  +  my'+m^  =  to'{a?+^  +  e')....(2'}. 

884.  Legendre  we  see  arrived  at  his  theorem  inddentally  aa 
he  was  developing  a  new  demonstration  of  Laplace's  theorem ;  and 
the  improvement  subsequently  effected  by  Ivory  in  the  treatment 
of  Laplace's  theorem  baa  probably  much  diminished  the  interest 
which  would  otherwise  have  continued  to  belong  to  Legendre's, 
Nevertheless  it  is  to  be  wished  that  a  simple  investigation  could 
be  supplied  of  the  remarkable  result ;  and  perhaps  this  may  be 
attained  in  consequence  of  thus  drawing  attention  to  it.  The 
natUK  of  the  theorem  will  become  more  obvious  if  we  consider 
the  particular  case  in  which  the  external  point  is  situ&ted  on 
the  prolongation  of  an  axis  of  the  ellipsoid,  which  can  be  worked 
out  without  much  difficulty. 

Suppose  then  that  with  the  notation  of  the  preceding  Article 
^  =  0  and  h  =  0;  and  let  us  seek  the  attraction  of  the '  element 
comprised  between  the  ellipsoid  and  two  cones  corresponding 
respectively  to  the  parameters  m  and  a>  +  da. 

With  the  usual  polar  notation  the  attraction  will  be  equal  to 
jjjdrdB^mndcme. 
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The  limits  for  r  will  be  r,  and  r^  which  denote  the  two  difl- 
taucee  {rom  the  external  point  to  the  ellipsoid  corresponding  to 
an  assigned  direction  detenniued  by  0  and  ^ 

The  limits  for  6  will  be  0,  and  6^  which  differ  infinitesimaUy, 
corresponding  to  the  change  of  a  into  ta  +  dm,  while  otiier  quan- 
tities are  constant.    The  limits  for  ^  will  be  0  and  2ir. 

Thus  our  expression  first  becomes 

N  (r,  -  r  J  sin  ^  COB  5  (W  <i^  i 
and  then  it  may  be  written 

—  do*  I  (r,  —  r,)  ran  ^  COB  tf  T-  d^; 

the  negative  sign  is  used  because  -r-  is  negaUve. 

It  would  only  remain  to  transform  the  expression  under  the 
int^ral  sign  into  a  function  of  »  and  ^,  and  to  int^rate  with  re- 
spect to  0  from  0  to  2x. 

Let  t  stand  for  cos'd  +  mmi'dcoi^^  +  nHin'dsin'^, 
Then  from  equation  (1)  of  Art.  883  we  find  that 
^     ^^gyCTcos'g-fi). 

and  equation  (2)  of  Art.  883  becomes 

/*CM*e-&=^af (3); 

tons  »"■  "*■!="  7"- 

Again  the  value  of  -r-  is  to  be  found  from  (3) ;  this  gives 

{{;-/•-  t(TOOO^^  +  « sin*^)}  sin  fl cos ^ 3-  =<». 

Hence  the  expression  for  the  attraction  becomes 

I.M.A.     TOLIL  6 
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The  values  of  or?  6  and  cos*d  must  be  found  from  (3),  and 
Bubetituted  in  t ;  then  our  ezprotuion  becomea 


^/o   i?+ 


dtl> 


rt^  •  ^ 4fjra*do 

V(C«*  +  m/*  -  mw")  («*  +  n/*  ~  nw*)} ' 

Thus  the  expression  fco*  the  attraction  of  the  element  is  defi- 
nitely found,  and  it  is  independent  c^  a. 

885.  The  foUoving  is  the  conclusion  at  which  Legendre  ar- 
rives respecting  the  attraction  of  an  ellipsoid  at  an  external  point. 
Let  a,  &,  c  be  the  semiaxes  of  an  ellipsoid ;  let  /,  jr,  &  be  the  co- 
ordinates parallel  to  these  semiaxes  respectively  of  an  external 
point;  and  let  M  be  the  mass  of  the  ellipsoid.  Then  the  attrac- 
tion parallel  to  the  semiaxis  a  is 

83yp ^ 

k  Jo  V|4'+(A'-'»')«'JV{**  +  ('^-»')«'J' 
where  &  denotes  the  greatest  root  of  the  equation 

Thus  the  attraction  depends  only  on  the  mass  and  onh'  —  (f 
and  (^— o^;  therefore  we  have  Laplace's  theorem,  namely  that 
if  there  be  two  confocal  ellipsoids  the  attractions  which  they  exert 
at  the  same  point  external  to  both  are  in  the  same  direction  and 
proportional  to  the  masses. 

The  expression  for  the  attraction  was  first  given  by  Laplace 
in  his  ThAyrie,..de  la  Figure  des  Fkmitea,  being  deduced  by  him 
from  his  theorem:  here  Legendre  has  obtained  the  expression 
independently,  and  deduces  the  theorem. 

886.  Since  the  attracted  point  is  external  to  the  ellipsoid  we 

have  the  condition  that  "j  +  u  +  ^s"!  "  positive..   Legendre's 

demonstration  is  worked  out  on  the  supposition  that  something 
more  than  this  holds,  namely  that  /*  —  a'  is  positive.    Legendre 
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himself  draws  attention  to  this;  he  justifies  himself  by  asserting 
.  that  there  can  be  but  one  formula  which  represents  the  attraction, 
and  that  if  the  formula  is  obtained  for  the  assumed  case  in  which 
/  is  greater  than  a  this  formula  must  be  the  general  formula. 
See  his  pa^  472. 

This  is  undoubtedly  a  drawback  from  the  value  of  Legendre's 
demonstration ;  but  so  far  as  I  can  perceive  it  is  the  only  draw- 
back. 

It  mustfhowever  be  admitted  that  the  demonstration  is 
eztj'emely  complicated  ;  so  that  in  fact  it  seems  like  a  stupendous 
feat  of  mathematical  athletics.  By  means  of  Ivory's  theorem,  as  it 
is  called,  the  difficult  integrations  which  Legendre  encountered 
are  avoided ;  eo  that  probably  little  more  than  an  historical 
interest  would  now  belong  to  the  investigations  of  Legendre. 
Moreover,  as  we  shall  see,  Foisson  has  obtained  the  formula  of 
Art  885  by  an  easier  route. 

We  will  briefly  notice  the  opinions  of  Legendre's  method 
expressed  by  subsequent  writers. 

887.  Ivory's  theorem,  as  it  is  called,  was  first  published  in 
the  PkilosophiccU  IVanaactiona  for  1809.  Ivory  rfflnarks  on  his 
page  347: 

Le  Qendre  has  given  a  direct  demonstration  of  tlhe  theorem  of 
La  Itace,  by  int^rating  the  flazioual  ozpraBUOos  of  the  attractive 
fbroes ;  a  work  of  no  small  difficulty,  and  which  is  not  acoomplished 
without  complicated  calculations. 

Legendre  himself  published  a  memoir  on  the  at^traotion  of 
homogeneous  ellipsoids  in  the  M^ttunrea  de  rinatUiut  fer  1810. 
Here  he  speaks  thus  respecting  the  last  section  of  his  memoir 
of  1788 ; 

J^ai  ensnite  cousid^  le  probl&ne  dans  touts  Ba  g^nSrtJit^  et  j'ai 
Ait  voir  qu'on  pouvait  vaincre  les  difficolt^e  de  I'mt^gratioD,  de  moniare 
h  parvenir  enfin  au  thferSme  dadr€.  J'avooe  nfojimoina  que  oetta 
partie  de  mon  M^moire  n'a  que  le  mMte  d'etre  directe,  et  de  moutrer, 
dds  I'abord,  la  poesibilit^  de  la  solution,  mais  que  d'ailleura  ranolyse  en 
Mt  d'nne  extrdme  compllcstion.  H  gtait  done  it  cleBirer  qn'ou  d^couvrit 
nne  route  plus  &cile  pour  parvenir  au  mdme  rfisnltat. 

6—2 
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A  memoir  by  Poisson  on  the  attraction  of  a  homogeneoua 
ellipsoid  is  published  in  the  M^moire8...de  I'lnstitut,  Vol  xin. 
1835 :  the  memoir  waa  read  to  the  Academy  on  the  7th  of 
October,  1833.     Poisson  says  on  his  page  499 : 

Dana  le  M€moire  que  ja  pr^seate  aujoard'hai  k  I'Acad^mie,  je  me 
propose  d'enviaager  la.  question  sons  un  nouTeau  point  de  vue,  et  de 
couaid^r  directement  et  indSpendammeut  I'une  de  I'autre,  les  integra- 
tions relatives  anx  points  int^rieura  et  aux  poiute  extiSriBura,  de  sorte 
que  le  double  probl^ioe  de  calcal  inU^gral  que  pr^sente  I'attraction  d'un 
ellipsoide  homog^e,  puisse  6tre  rfisolu  d'une  mani^e  c&mplSte.  Ceet 
i  quo!  Legendre  est  parvenu  dans  le  cos  particulier  od  le  point  attir6  ' 
appartient  au  plan  de  I'une  des  sections  principafes  de  I'ellipsolde ;  mais 
quand  ce  point  est  ext^rieur  et  aitu^  d'une  manidre  quelcouque,  lee  cal- 
culs  devienneat  inextricablee  dans  la  m^thode  qu'il  a  auivie  (MSmoires  de 
rAcad^mie,  ann^e  1788,  page  480);  et  Legendre  a*e8t  born6  iL  en  d6duire 
nne  demonstration  nonvelle  dn  thgorgme  de  Maclaurin,  sur  la  reduction 
du  cas  du  point  ext^eur  il  oelui  du  point  int^rieur ;  demonatration 
plus  directe,  mais  Encore  plus  compliqufe  que  celle  que  Laplace  avait 
donn^  auparavant,  qu'il  a  reproduite  dans  le  III*  livre  de  la  MitKmique 
cHeate,  et  que  Burckhardt  a  commentee  dans  aa  traduction  allemande  de 
oet  ouTTSge. 

Pont^oulant  in  the  Supplement  to  the  fifth  Eook  of  his 
Th4orie  analytiqtie  du  Bystime  du  Monde,  reproduces  the  sub- 
stance of  the  memoir  of  Poisson,  which  has  just  been  noticed. 
Having  arrived  at  formulee  which  correspond  to  that  of  Art.  885, 
Font^coulant  adds  in  a  note :  ' 

Ces  formnlea  correspondent  i  cellea  qu'avait  obtenuas  Legendre  dans 
sea  eaTBstes  recberches  sur  les  attractions  des  ephgroldes  elliptiqnes 
(Mhrwires  rfe  rAcadhnie  dea  Sciencm,  1788);  mais  ce  n'est  qu'4  travers 
une  s^rie  de  calouls  inextricables,  et  en  alterant  m^me  les  expressions 
primitives  des  attractions  par  dea  considerations  qu'il  justifie,  il  est  vrai, 
mais  qui  laissent  toujours  quelqnea  doutes  dans  les  eeprits,  qu'il  j  eat 
parvenu. 

duisles  in  the  M^moirea. .  .par  divers  Savants,  VoL  ix.  page  637, 
flajrs  of  Legendre's  investigation,  "...n^essitaient  d'autres  calculs 
qui  parurent  inextricables."  Chasles  gives  the  folloim^  reference 
on  his  page  635 : 

Voir  I'excellent  memoire  de  M.  le  baron  Maurice,  but  les  travaux  et 
les  fcrita  de  Legendre  {BiUiothique  wiiveridle  de  Qttiivt;  Janvier  1833). 
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Foinsot  appears  to  have  entertained  a  very  favourable  view  of 
Legendre's  investigation.  See  the  Faiis  Compter  Bendus,  Vol.  vi. 
page  869.  Foinsot  insists  that  Legendre's  solution  was  the  first 
direct  solution,  though  he  admits  that  it  was  long  and  com- 
plicated. 

888.  -I  will  now  make  some  remarks  su^ested  by  the  pre> 
ceding  extracts. 

What  Foisson  calls  Maclaurin's  theorem,  I  call  Laplace's 
theorem;  the  propriety  of  my  appellation  is  suflSciently  obvioiiH 
&om  what  has  been  already  said :   see  Art.  234. 

I  may  observe  that  Foisson  repeats  his  opinion  of  Legendre's 
investigation  in  nearly  the  same  words  in  the  Faris  Comptes 
Rendus,  Vol.  Tl.  pt^  838:  he  says,  "...mais  I'analyse. . .^tait 
vraiment  inextricable."  To  my  satisfaction  Foisson  there  has 
thiorime  de  Laplace  instead  of  ih^orime  de  Maclaurin. 

It  will  be  seeu  that  Foisson,  Font^ulant  and  Ohasles  all 
use  the  word  inextricables  with  respect  to  Legendre's  investiga- 
tions. Foisson  says,  in  the  first  extract,  that  Legendre's  investi- 
gations become  inextricable ;  this  probably  means  simply  that 
Lege&dre  could  not  extract  from  his  definite  integral  the  result 
which  he  wanted  by  any  direct  process,  and  so  was  obliged  to 
adopt  an  indirect  process.  With  Font^oulant  and  Chasles  the 
word  seems  used  merely  as  equivalent  to  complicated.  At  all 
events  I  do  not  consider  that  any  objection  holds  against  the 
soundness  of  Legendre's  process ;  though  this  word  might  perhaps 
appear  to  Imply  sacb  a  su^estion. 

I  do  not  feel  quite  certain  as  to  what  Font^ulant  means  by 
saying  that  Legeodre  alters  the  primitive  expressions ;  I  suppoee 
it  refers  to  the  indirect  considerations  which  are  introduced  by 
Le^endre  on  bis  page  480 :  but  I  should  be  at  a  loss  to  point  out 
the  precise  step  which  appears  doubtful  to  Pont^oulant. 

889.  We  may  observe  that  Poisson's  own  investigations  of 
the  attraction  of  an  ellipsoid,  to  which  we  refer  in  Art  887,  are 
conducted  by  decomposing  the  ellipsoid  into  similar  infinitesimal 
shells.     Legendre  expressed  rather  incautiously  the  opinion  that 
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his  own  method  of  decompoaition  appeared  ibe  only  one  that  was 
applicable ;   he  says  on  page  486  of  his  memoir : 

...il  ne  paroit  paa,  qu'il  j  ait  d'antre  moyen  que  de  d^oomposer, 
oomme  nous  avona  fait,  le  splifiroide  en  couches  ou  enTdoppea  txnuques 
daua  lesquellee  w  est  ooostont: .  . 

FoiBBOQ  haa  drawn  attention  to  the  incautioua  remark:  see 
the  Paris  Comptea  Beiuiua,  Vol.  TIL  page  2, 

FoisBon,  aa  we  see  in  Art.  887,  refers  specially  to  page  4^0 
of  Legendre's  memoir ;  and  he  repeats  the  reference  in  the  Paris 
Oomptea  Rendue,  VoL  tl  page  838,  and  Vol.  til  page  2. 

The  passage  is  to  this  effect :  Legendre  has  arrived  at  an 
expression  which  denotes  the  attraction  of  one  of  his  conical 
elements,  and  which  must  be  integrated  in  order  to  obtain  the 
attraction  of  the  whole  ellipsoid.  Then  he  states  that  the  matter 
looks  hopeless,  but  nevertheless,  by  a  particular  consideration,  he 
attains  bis  end.  Poisson  seems  to  me  to  lay  too  much  stress  on 
the  passage.     L^^dre's  words  are: 

Quoique  la  difficult^  b«  troure  ainsi  consid^rablement  diminufe,  elle 
n'eflt  cependant  paa  rSdnite  an  point  oi  elle  doit  Stre  pour  ftdre  sortir  dn 
rtisultat  le  thterdme  que  nous  avons  en  vue,  Sans  donte  qn'nne  anbsti- 
tution  ult&ienn  r^nimit  les  choses  il  leur  dernier  6ta.t  de  mmplidt^ ; 
mats  oette  anbsUtntion  ne  se  prfisente  pas  natnrellement,  et  &ate  de 
raperoeroir,  il  a'y  aoroit  presque  ancune  conolusion  i  tlrer  de  tout 
de  oalculs.  Heureupement  nne  oonndfiration  particnlidre  but  la  forme 
de  I'ezpreasion  {g"),  nooa  diepenae  d'attoquer  de  &ont  cette  difGoulU 
algfibrique,  et  va  nons  oondnire  an  r^snltat  d'nne  manidre  tr^aimple, 

\Khen  Poisaon  saya  that  Legendre  confines  himself  to  giving  a 
SAW  demonstration  of  Laplace's  theorem,  it  would  be  natural  to 
B^ly  that  this  was  his  sole  object,  and  also  a  Tery  important 
object. 

890.  An  account  of  L^ndre's  investigation  of  the  attraction 
of  an  ellipsoid  at  an  external  point,  by  Professor  Cayley,  vill  be 
found  in  the  fourth  volume  of  the  Camhridge  amd  Dublin  Mathe- 
maiuxU  Journal,  1849.  L^endre's  investigation  is  s^d  to  be 
"  one  of  the  earliest  and  (notwithstanding  its  complexity)  most 
elegant  solutions  of  the  .problem." 
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LEGENDEirS  FOURTH  MEMOIR. 

891.  In  the  Paris  Mimmrea  for  1789,  publiehed  in  1793, 
there  axe  two  very  iraportaat  memoirB  on  our  subject,  one  by 
Laplace,  and  one  by  Legendre.  The  memoir  byL^endre  occupiefi 
pages  372...454 ;  it  is  entitled  Swtte  des  Beckerckes  aur  la  Figure 
d6s  Planites.     The  following  note  is  given  at  the  foot  of  page  372 : 

On  trouve  dons  an  M6moire  de  M.  de  la  Place,  imprim^  il  la  t£te  de 
CO  volume,  dea  raoheroheH  an&loguee  aux  miennea.  Sur  qnoi  j'obserre 
que  mon  MSmoire  a  6t6  renuB  le  26  aoflt  1790,  et  qne  la  date  de  oeloi  da 
M.  de  la  Flu»  eet  poEtlrieure. 

892.  Legendre  b^ns  thus : 

J'fu  dSja  coneiddrd  le  oas  de  11iomog£n&t€  dans  lea  Mfimoirei  de 
rAcadAnie,  annfa  1781,  et  j'ai  &it  voir  A  priori,  qne  la  fignre  elliptiqae 
est  la  seale  qni  convienne  ft  l'£qailibre.  On  savoit  bien  anparaTant  qoe 
cette  figure  satisf^soit  rigoureuaement ;  mais  il  n'ftoit  point  d^ontr^ 
que  ce  f&t  la  seole,  et  mfime  plnsieors  Gforndtrea  penchoient  en  &veiir  de 
la  propositiou  oontndre.  Je  crois  avoir  foud6  ma  dAnonatration  enr  nne 
analjas  rigonrense,  et  dont  il  n'existoit  aocone  traoe  daiu  lee  antenn  qui 
m'ont  pr£c4d&  II  est  vrai  qu'on  troave  dans  le  volnme  de  I'Acadtoiie 
de  1782,  nn  tr^beaa  M^moire  de  M.  de  ]&  Place,  oA  la  proposition  dont 
je  parle  est  d€montr£e,  ainsi  qne  plusieon  autrea  du  m&ne  genre,  ea 
n4gligeant  le  qaarr6  et  les  antres  puissances  de  la  force  cenlriitige.  Mais 
qnoique  je  ne  aoia  pas  oit^  dans  oet  ouvrage,  j'ai  d^a  obaerv^  dans  une 
note,  ik  la  t^te  de  mon  Id^moire  de  1784,  que  mon  travail  est  le  premier 
ea  date,  et  qu'il  a  donnS  lien  ft  M.  de  la  Place  de  aoiTre  ses  idta  sor  le 
mflme  objet^  et  de  g6n£raliser  mes  rfsultats. 

It  must  be  remembered  that  in  the  reseaxchea  to  which 
Legsodie  here  refers,  he  assumed  the  figure  to  be  one  of  re- 
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votuiion;  Laplace's  demooBtration  is  free  from  this  restriction, 
although  it  assumes  that  the  figure  differs  but  little  from  a 
sphere. 

893.  On  his  page  374  Legendre  says : 

four  parvenir  ans  nonTellea  formules  de  I'attractioii,  il  a  fallu  H6- 
montrer  avant  tout  plnsienm  tbfordmea  trds-mtfressans,  but  nne  eap^ 
de  fonctiona  qae  M.  de  la  Place  a  cauuiltr^B  le  premier  dans  son 
MStnoire  imprimd  en  1785,  et  qui  sont  une  g^i^ralisatioa  de  celles  dont 
j'aroiB  d^tailld  les  proptiSt^  dans  mon  M^oire  de  1784.  Oa  veira 
qu'en  adoptant  le  fbadenLent  dee  d^oustrations  de  M.  de  la  Place,  j'ai 
traits  cette  matidre  aveo  plus  d'^teodue,  et  je  sois  parvenu  i  dee 
T^raltata  enti^ment  noaveaux. 

The  generalisation  effected  by  Laplace  consisted  in  treating 
the  functions  as  functions  of  two  independent  variables  ;  Legendre 
had  formerly  treated  them  as  functions  of  one  variable. 

894.  Up  to  page  426  of  his  memoir  Legendre  confines  him- 
self to  figures  of  revolution.  He  first  investigates  general  formulee 
of  attraction ;  and  then  discusses  three  different  hypotheses  as  to 
the  nature  of  the  body. 

Legendre's  notation  is  not  inviting ;  I  shall  not  preserve  it 
completely,  hut  must  retain  as  much  as  possiHe  for  the  sake  of 
comparison  "with  him. 

895.  Legendre  employs  V  to  denote  the  sum  of  every  ele- 
ment of  the  attracting  body,  divided  by  its  distaace  from  the 
attracted  point ;  that  is,  F  is  what  ve  now  call  the  Potential. 

896.  Legendre  says  that  there  is  a  difficulty  as  to  this  sub- 
ject whi(^  ought  to  be  mentioned :  see  his  page  376.  If  a  par- 
ticle be  within  the  hollow  part  of  a  shell,  whose  surfaces  are 
homothetical  ellipsoids,  it  experiences  no  attraction.  Therefore, 
the  potential  muet  be  zero.  But  the  potential  cannot  be  zero, 
since  it  is  the  sum  of  a  number  of  positive  elements.  This  con- 
tradiction forms  his  difficulty. ' 

There  is,  however,  no  difficulty,  but  only  an  extraordinary 
error  involved  in  the  words  which  I  have  put  in  Italics.    All  that 
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I  that  the  potential  should  be  constant:  it  is  not 
necessai;  that  this  constant  should  be  zero. 

897.  The  function  P.,  which  in  Legendre's  first  memoir  had 
presented  itself  only  for  even  values  of  n,  now  presents  itself  for 
both  even  and  odd  values.  We  have  given  the  general  form 
of  P.  in  Art.  786.  It  may  be  convenient  to  notice  the  form 
■which  L^endre  uses,  and  which  is  equivalent  to  that  we  have 
given.  His  expressions  for  the  first  seven  functions  are  these, 
supposing  the  variable  to  be  x: 

•^'2*      2' 

p      6.7    ,     3.5  1.3 

^•-2-i''-o^  +  2ri' 

7.9.11^      6.7.9,,^3_.5.7,._1.3.6 


«  — 2Ti^ '^ -  ore  ^ + ITie  *»* ■- -2 

Pr- 


_  _  SJ      8"-7. 

2.4.6   ""   2.1.6  "  ■^2. i. 6  2.1.6 


898.  Oa  hia  page  378  Legendre  gives  the  theorem  which  we 
noticed  in  Art.  787.  It  may  be  easily  verified  for  the  first  two  or 
three  functions.  He  says  that  a  general  proposition  which  in- 
cludes this  will  be  found  in  the  memoir ;  there  is  a  blank  as 
to  the  Article  in  the  memoir  to  which  he  here  refers :  he  means 
bis  Article  41. 

899.  On  his  page  379  Legendre  gives  the  theorem  which  we 
Imve  noticed  in  Art.  791. 

900.  Legendre  requires  the  value  of  the  potential  for  any 
point  within  the  mass  or  on  its  surface.  Let  r,  6,  0  be  the  polar 
coordinates  of  the  point ;  let  r,  8 ,  ^  be  the  polar  coordinates 
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(tf  any  element  of  the  mass ;  let  fi.' •^coaff;  let  p  be  the  denaty. 
Then  the  potential,  which  we  will  denote  by  V, 
pr'  dr'  df*'  d^' 


-llh 


where  t  stands  for  cos  d  coa  d'  +  sin  0  sin  ^  cos  (^  —  ^'). 

The  expreBsion  -jt-^ — g — ,- — -^r-  is  expanded  in  a  series ;  and 

to  ensure  a  conrei^nt  series  we  must  expand  in  ascending  powers 

of  that  one  of  the  two  quantities  ~  and  -^  which  is  less  than 

unity.    In  this  expansion  we  shall  denote  by  F,  the  coefficient, 
which  we  call  I^place's  coefficient  of  the  n*"  order. 

901.  Legendre's  formulse  for  V  may  be  said  to  be  substan- 
tially  ei^uivaleut  to  Laplace's,  as  given  in  the  fourth  memoir,  and 
reproduced  in  the  M^nique  Celeste ;  there  are  two  cases,  namely, 
when  the  point  considered  is  on  the  surface  of  the  body,  and  when 
the  point  considered  is  within  the  body. 

The  method  of  obt^ning  these  formulse,  however,  is  not 
quite  satis&ctoiy,  ae  I  have  already  remarked  in  Ait.  792. 

902.  On  bis  pages  382.. .394  Legendre  discusses  the  first  of 
hia  three  hypotheses :  see  Art.  894.  He  proposes  to  determine 
the  figure  of  a  planet  of  which  the  interior  is  solid  and  composed 
of  strata  similar  to  the  surfiice;  the  superficial  stratum  is  sup- 
posed to  be  fluid.  This  problem  was  discussed  by  Irfiplace  in 
his  fourth  memoir,  Laplace  does  not  assume  that  the  strata  are 
all  similar.  Laplace  takes  for  the  radius  vector  of  any  point 
of  a  stratum  a  (1  +  ai/),  where  a  is  the  parameter  of  the  stratum, 
and  a  is  very  small.  If  we  assume  that  y  is  independent  of  a 
we  in  effect  suppose  that  all  the  strata  are  similar.  Laplace  does 
not  make  this  assumption,  which  however  would  have  but  httle 
effect  on  the  solution  of  the  problem. 

903.  Since  there  are  no  external  forces  supposed  to  act  we 
have  as  the  omdition  of  relative  equilibrium  of  the  stratu  m  of  fluid 

r+  -g-  8in*fl  =  constant, 

where  w  is  the  angular  velocity. 
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Adopt  for   V  the  expression  givea  in  Art,  900 ;  and  let  3f 
denote  the  ina.ss  of  the  fluid :  thus 


,  I^.  .   P".  , 


■■(1). 


7-r-;j-i-j3--r....-r g ««ubw»l 

where  V,  is  put  for  |f/p»*'"**  T,dr'dfi.'dift'. 

No\r  as  the  strata  are  supposed  to  be  figures  of  reToIution 
round  the  common  axie,  r'  ia  independent  of  ^ ;  thus  in  U^  the  . 
integration  with  respect  to  ^'  may  be  effected  by  Art  898. 
Therefore 


U,  =  iwPjjf»^Kd^d/^ (2), 


where  P,  has  the  meaning  of  Art.  897  with  ^,  that  is  cos  d,  sub- 
stituted for  X ;  and  P,  is  obtained  from  P,  by  changing  f*  to  /*'. 

Assume  r==bu  where  b  is  the  polar  semiazis  of  the  body, 
and  u  is  a  function  of  0.  And  similarly  let  r'  =  ySu',  where  u'  is 
the  same  function  of  ff  that  u  is  of  d,  and  /9  is  a  parameter  which 
belongs  to  the  stratum  considered :  hence  j8  varies  from  0  to  &  as 
we  pass  from  the  centre  to  the  surface. 

904.    Letn.Btaadfor'^'t 

P0'dg 


and  let  ^  staud  for 


then  we  see  that 


j  fffdgA    u'dii 
U. 


i-tJ". 
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Hence  diTiding  (1)  by  M  ve  obtain 

l  +  ^'  +  ^  +  ....  +  ^^Bin'«-COB.t (3). 

Suppose  that  u  =  l  +v,  where  v  is  so  small  that  its  square 
may  be  neglected.     Hence  -  "  t  (1  ~*)j  ^^'^  (3)  gives 

,-^  +  ^.+  '^.  +  ....  +  g^,ia-«-con.t»t (1). 

905.  Now  Legendre  shews  on  his  page  384  that  if  m  and  n 
are  different  positive  integers  we  have 

[^  F^P'.dfi'^O (5), 

and  as  a  particular  case  of  this 

j    F,d^'  =  0 (6). 

Also  be  shews  that 

/>•)■'''•■ -ir+T m. 

L^endre  had  formerly  estabbshed  these  results  for  the  case 
in  which  m  and  n  are  even  integers :  see  Art  827. 

906.  From  the  value  of  {;  given  in  Art.  904,  and  the  value 
of  V  furnished  by  (4)  we  may  infer  that  ^  is  of  the  first  order. 
Hence  to  the  orderwe  wish  to  retain  we  may  change  r  into  b 
in  the  denominators  of  (4).  And  we  also  suppose  the  centrifugal 
force   to   be   small  when  compared   with  the  attraction  at   the 

equator  or  at  the  pole;  hence  Aw*  ia  small  compared  with  -,,. 

b 
Therefore  we  have  approximately 

6«V  sin'  e     bW ,,  . ..      6V  /2     1         ,\ 

_6V     6V  P. 
~  3  if  "  J/  ■  3  • 
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The  term  ^-jj  can  be  connected  with  the  constant  of  equa- 


tion (4).    We  will  put  X  for  -^  ;  thus  (4)  becomes 

«=.  constant  +^  +  (I -^)  P.+  ^^  + (8). 

907.  We  may  observe  that  a,  and  ^  bare  tbe  same  meaning 
with  us  as  with  Legendra  He  uses  n  for  what  we  call  k.  He 
uses  6  as  we  do ;  but  aa  he  proceeds  he  supposea  b  equal  to  unity. 

908.  Thus  by  the  equation  -(8)  Legendre  shews  that  v  must 
"be  equal  to  a  series  of  what  we  call  Legendre's  or  Laplace's  coef- 
iicients.  That  is,  since  h(l+v)  is  the  radius  vector,  we  infer 
that,  neglecting  the  squares  of  small  quantities,  the  radius  vector 
of  any  body  which  will  satisfy  our  problem  must  be  expressible  in 
such  a  series,  Laplace,  in  bis  treatment  of  the  subject  in  his 
fourth  memoir  and  in  the  M^nique  Cileste,  undertakes  to  de- 
monstrate that  amyfwnction  whatever  can  be  so  expressed. 

We  do  not  assert  that  these  demonstrations  by  L^endre  and 
Laplace  are  quite  satisfactory. 

909.  Since  «  =  1  +  »  we  have  in  like  manner  «'  =  1  +  w',  where 
the  value  of  i/  is  to  be  obtained  from  (8)  by  changing  P.  into  P'.. 

Hence  we  find  that  to  oar  order  of  approximation 

Substitute  foT  «';  theu  for  au^  value  of  n  except  2  ve  have 
by  (6)  and  (7) 


'~ 2 j-,      V     *'-2«  +  16-'- '''• 

t-  =  «-(i-5) » 
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From  (9)  we  shall  be  able  to  shew  that  £,  is  slwaTS  zero  vhen 
n  ifl  greater  than  2, 

and  as  f9  is  less  than  h,  except  at  the  limit,  the  nomerator  is  less 
than  the  denominator ;  so  that  ~  is  less  than  unity.     And 
is  less  than  unity  if  n  is  greater  than  2.    Hence  &om  (9)  we  must 
have  £,  =  0  if  n  is  greater  than  2. 

Hence  equation  (8)  reduces  to 

D=conBtfflit  +  ^  +  (|-|)p, (11). 

The  term  in  v  which  involves  P,  might  be  removed  by  having 
the  ori^  of  the  radii  vectorea  suitably  fixed ;  in  &ct  by  shifting 
this  origin  through  a  space  I^  along  the  axis. 

Then  in  v  there  remains  only  the  term  which  involves  P, 
besides  the  constant ;  and  by  (10)  we  have 


-^  la-^^ 


2(6'-aJ=' 


The  constant  in  the  last  expression  vanishes  because  by  sup- 
position v—O  when  d=0;  therefore 

a2)- 


910.    We  may  observe  that  if  the  density  diminishes  from  the 
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For,  by  integration  by  parts 

-where  p,  denotes  the  density  at  the  sui&ce^  and  p,  at  the  centre. 
Hence  i %, ifi ; 

the  maltiplier  of   —r-h   ^  1®™  ^-^^^^  unity,  for    -  /    ff^dp 
and  —  I    If^  dp  are  both  poBitlve,  but  the  latter  is  the  greater. 
911.     When  the  body  is  homogeneous 

«,     />*      3 

Jo 
BO  that  when  the  body  a  homogeneous  fre  have  &om  (12) 
5k  .  ,. 


912.  Thus  far  -we  have  really  no  more  than  Laplace  had 
already  given  in  substance  in  his  fourth  memoir ;  but  L^endre 
proceeds  to  a  second  aj^aroximation.  This  is  a  great  addition  to 
previous  investigations,  and  it  is  for  the  sake  of  this  process  that 
I  have  adopted  much  of  Legendre's  own  notation, 

913,  Put,  as  L^ndre   does,  e  for  —  ^-Ta v  i    so  that 

V K s (P,  —  1).  Suppose  that  u^1.+v+v>,  where  v  denotes  the 
term  of  the  first  oider  already  determined,  aiid  to  a  term  of  the 
second  order  which  is  now  to  be  determined.  Then  instead  of  (4) 
we  shall  now  have  to  the  second  order 

„  +  ,_^.*^+»W+...  +  ?!l™l«  +  cOMtat (13). 
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We  know  that  to  the  first  order  {^  is  zero  if  n  ia  greater  than  2 ; 
hence  io  (13)  we  may  put  6  for  r  in  the  corresponding  terms ;  the 
Bame  remark  also  holds  with  respect  to  ^. 

For  the  term  -%-*  we  may  put  3(1  — 3«)P,. 

And     f2:!|pl*--g(P.-l).-|ll  +  2«(P,-l))(P,-l) 

=  -|(P.-l)-7=(P.-l)*- 
Then  (13)  becomes 
»-conata>t  +  ££  +  S5  +  ^'+...  +  SP,{l-3«(P,-l)| 


-{e  +  l)  (P.-  1)  +  («'-x)  (P.- 1)'--(")- 


Now  the  general  expression  for  £,  in  Art  904  shews  that  to 
our  order  of  approximation  we  have  for  any  value  of  n  greater 
tbau% 

!;=t/;j(»  +  3)"'+5S±^i^Ai>.'-l)-}P.V (15). 

The  integration  is  facilitated  by  the  lud  of  the  following 
formula  which  readily  follows  &om  the  expressions  in  Art  897, 

/P      ii»     18-P«-60P.  +  42 
^^'     ^  "  35 

Moreover  this  gives 

P,^18P,  .  lOf,  .   7 
■^'  ~  35   "^  35   '*'35' 

Henoe  firom  (16),  as  from  the  corresponding  equation  (9),  we 
may  shew  that  £,  =  0.  except  when  n  =  1  or  2  or  4.  The  case  of 
n  =  1  we  need  not  consider :  see  Art  909. 
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The  equatioD  for  fiDding  ^  is 

t  =  —Irl : 

j     (l+v'  +  wydfi' 

aj^  {6e(p;-i)  +  6«.'+io«»cp;-i)'}p;d/*' 

914.  As  we  have  thus  ahewn  that  we  need  only  consider  the 
value  of  ^  for  the  cases  of  n  =  2  and  n  =  4,  we  may  write  (14)  for 
shortness  thus : 

v;=f+gP,  +  hP„ 
where  /,  g,  and  h  are  certain  constants. 

Hence  we  shall  find  that  the  numerator  of  ^  reduces  to 

thatisto  2a,r«  +  y ^rn- 

The  denominator  of  {^  reduces  to  2  (1  —  3e). 
Hence  J;«a^^,  +  j__a»^. 

Also  we  find  that 

Suhatitnte  these  values  in  the  ezpressione  for  g  and  A, 
which  are  « 

^'V    '     3     7  r      sJ  +  T'p- 
.      18/.     S««\      «*    t      t 

then  there  will  remain  only  g  and  A  to  determine. 

T.X.A.   TOL.II.  7 
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We  shall  find  that  to  our  order 
86  , 

85  96* -7a. 

The  value  of  /  may  be  determiced  ftum  the  relation 
f+g+.h^O  which  holds  hy  reason  of  the  supposition  that  t)  + to 
vanishes  with  0:  see  Art.  909. 

For  ahhreviation  put  k  for ;;,.—  _- *• 

*^  9i'  -  7a, 

Thus        «.  -Z+^P,  +  hP,^g  (P.  -l)+h{P,- 1) 

therefore  to  the  second  order  we  have 

r.s{l  +  (.-^(P.-l)  +  ||e-MP.-l)}. 


find  that 

Let  b(l  +  e)  denote  the  radius  vector  at  the  equator ;  thus 

2  (A'-o.)  "^  28  (6'-  a,) ^  '^' 

If  we  introduce  the  expresBion  for  e  in  the  above  value  of  r  we 
shall  find  that  to  our  order 

r  =*  {1  +  e  fiin*  5  -  3ie*  Biu'  0  cos'  5}. 
If  the  body  is  homogeneous,  we  have 


o,  =  ^  6*,      o,  =  s  5* ;  hence  ft  —  5 ; 
2^ 


and  then  r  =  ft-jl  +  cBin*ff--o- ain'^coe'^j- 
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We  know  that  when  the  body  is  homogeoeoua,  an  oblatom  is  a 
rigorous  solution ;  and  it  will  be  found  that  the  value  of  r  just 
obtained  agrees  to  the  second  order  with  that  which  we  should 
derive  from 

r*C08*fl      r*Bin'tf 


•^S'Cl+cJ' 


-1. 


915.  The  connexion  between  e  and  e  ehoold  be  noticed, 
tierefcra  ,__^  + A  (8_i) «■ 

to  our  order  of  approximation. 

916.  We  may  also  notice  that 

_9y(fc-l)  +  15a,y 
*"•-         7(4+1)         ' 

{;  =  «.(^A  +  f«')«§a.«'<i  +  l)        . 

This  expression  for  ^  will  be  found  useful  in  Terifying  the 
result  which  will  be  pven  in  Art  921, 

917.  Legendre  eipresBee  the  value  of  the  ellipticity  in  terms 
of  the  ratio  of  centrifugal  force  to  gravity. 

Let  X  be  the  attraction  resolved  pwrallel  to  the  polar  axis,  and 
T  the  attraction  resolved  parallel  to  the  equatorial  axis,  at  a 
point  whose  coordinates  are  x  and  y.    Then  we  know  that 

"*■         dx'        "     dy' 
Mthat  dV~-Xdx~7dif. 

7—2 


U,i,,lz=..yGOOgIc 
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Bat  tB  —  r  COB  d,  and  y  =  r  sin  |9 ;  therefore 

dV=-(Xooae+  Yemff)dr+{XBiae-  Ycm6)rde. 

Now  we  see,  by  Arte.  903  and  904,  that 

Thus,  ico»«+r.ii.«.J|i+?£^+?|;fi+...|, 
xnne-r«»e j,-|J  -^+^  i;:*-\- 

Put  0  ■=  90*.  and  for  r  put  a  the  radiua  of  the  equator.  Then 
the  first  equation  gives  for  the  attraction  at  the  equator  along  the 
radiua 


M( 


"P, 


+?£?+.. 


a* 
But  when  5  =  90*,  we  have  by  Art. 


so  that  this  attraction  becomes 

?f-||-l^l--} '-)• 

This  attraction  is  the  whole  attraction  at  the  equator,  provided 
the  resolved  attraction  parallel  to  the  polar  axis  vanishes  there. 
On  examining  the  value  (^  X  we  see  that  it  vanishes  when 
0  =  90*,  provided  the  coefficients  of  an  odd  order  ^,  ^  {^ . . . 
vanish  then.  This  will  certainly  be  the  case  if  the  plane  of 
the  equator  divides  the  body  ai/mmetricaUi/.  We  will  suppose 
this  to  be  the  case ;  and  then  (18)  represents  the  whole  attrac- 
tion at  the  equator. 

Let  A  represent  this  attraction,  and  4>  the  centrifugal  force  at 
the  equator;  and  suppose  that  at  the  equatt^  the  centrifugal 
fcnro^  is  t  times  gravity. 

^en    *  B"  «■  M  —  *) ;    therefore  <t>  =  = — : . 
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But  4>=so«»'  =  — Tj- ;  therefore 

V      l+ia*l       2"     S-*"'     ■■■)' 
tberefere  ..  j_  ^  |l  _  ^  ^  +  —  J- ...J. 

BeBtriddBg  ourselyes  to  terms  of  the  second  order  we  have 
,-(i-D(l-3,)(l-|«)       , 

.(i.0(l-3,){l+5(^} 

=  (••--)  {'-f^-it^l- 
Hence,  to  the  aeco&d  order, 

.     So,  -  5&*  - 

If  we  subBtitute  this  value  in  the  expresMOQ  for  the  elliptidty, 
ve  obtain 

3  1 

In  the  case  of  a  hoin<^eneou8  body  a,B^^,  and  ^=0! 

then  «  =  4t+^.*. 

918.  Legendre  nov  finds  an  expression  {(a  the  forco'  of 
gravity  at  any  point;  this  requires  some  preliminary  analysis: 
the  processes  are  carried  on  so  far  as  to  make  the  results  true 
to  .the  second  order. 

Let  L  denote  the  latitude  At  any  point.    Then 
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this  gives  to  tbe  Becond  order 

tani=cotl9(l  +  2e  +  e»  +  (3-6J)e*cos2^; 
whence  we  get 

^=  |_i  +  e  8in2i-|  Bin2i  +  5~^e*  ein4£. 

Substitute  this  valae  in  that  of  r,  aod  ve  obtain 

r*.  J{1  +e  cos*L+{*~Sk)  e*  sin'i  C08*i}. 
Let  s  he  the  arc  of  the  meridian  measured  from  the  equator 
to  the  latitude  L.    Then 

^nce  afler  eabBtitutioc  we  find  that 
~-b{l  +  fl(3Biii»i;-l)  +  C2-at)€'{2-15  8in»ico8'i)}. 

Nov  -j-T  is  equal  to  the  ladiuB  of  curvature  of  the  mendian. 

Therefore  if  i)  he  the  lei^h  of  the  degree  of  the  meridian  which 
has  its  middle  point  at  the  equator,  the  length  of  the  degree  of 
the  meridian  which  has  its  middle  point  at  the  latitude  L,  is 

i>  {1  +  3«  sin' i  +  3«»  ran' i  -  15e*  (2  -  34)  Bin' i  COB*  i}. 

919.    Eliminate  T  from  the  equations  of  Art.  917;    thus 
we  get 

M 


if 


The  two  series  may  be  incorporated  by  the  aid  of  the  following 
general  theorem : 

P.(»+l)cos«-!iii'9^  =  C«+l)P„ (19), 

so  that  we  gat  * 
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If  we  assume  as  before,  in  Art.  917,  that  ^,  ^,  ^,  ...  vanish, 
Uiis  reduces  to 

x.?{p.^»P..5£p.....}. 

920.  Legendre  sajrs  nothing  about  this  general  theorem ; 
though  I  presume  he  must  have  known  it:  but  it  would  be 
sufficient  for  his  purpose  here  to  verify  the  truth  of  the  theorem 
for  the  simple  cases  of  n  =  0,  2,  4.  I  do  not  perceive  the  theorem 
in  the  work  of  Heine  already  cited. 

The  theorem  may  be  established  in  various  ways.  We  may 
use  the  general  expression  for  P,  given  in  Art.  786,  and  verify 
the  theorem  by  examining  the  coefficients  of  the  various  powers 
of  w.  Or  we  may  use  the  general  expression  for  P,  first  given  by 
Bodrigues ;   namely, 

p_     1     '^-y 
■^"     2"l«   djf  ' 

where   T  stands  for  a^  —  1 :    see  Heine's  Sandbuch  tUr  Kvgd- 
functionen,  page  10.     Here  x  takes  the  place  of  our  former  /t. 

For  thus  the  ezpressiou  on  the  left-hand  side  of  (19)  becomes 
jn  +  l)     dTT"     _T_  (f*'y 
2-Ln    "  dx'   "'"2'ln   da^*'  ' 

1      d^T^^ 
and  the  expression  on  the  right-hand  becomes  Smin ^jm~  t 

which  is  equal  to 

and  therefore  to  establish  the  theorem  we  have  only  to  shew  that 


..<20). 


Now  this  may  be  established  by  comparing  the  coefficients  of 
the  various  powers  of  x.    Or  more  simply  thus.    It  is  obvious  that 
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heDce,  developiDg  each  member,  we  get 

thus  (20)  is  established. 

921.  Let  n  denote  the  gravity  at  the  latitude  L.    Then 

UanL=-X. 
For  when  there  ia  relative  equilibrium  11  is  the  whole  force  at 
the  point  considered,   and   its  direction  is   that   of  the  normal. 
Hence  11  sin  X  must  be  equal  to  the  force  resolved  parallel  to 
the  polar  axis. 

-  smL     r'BinLl    *      t'     *      r  J 

Legendre  evaluates  this  expression  to  the  second  order.    I 
have  verified  his  result  which  may  be  thus  expressed: 

+  (y  sin'  i  +  Y,  sin'  X  +  7J  e"|- , 
where  7  =  9A  —  ->  J , 

922,  Let  n,  denote  the  gravity  at  the  equator  so  that 

Hence  we  find  that 
n=-n.Jl+(4-^^)e8in'X+(9i-^)«'8in*£  +  7/Bin*xJ, 
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where  7,  stands  for     Ti  —  f^"*)  (* — O*)' 
Ther^ore  the  gravity  at  the  pole  is 

n.|,  +  (44»-).+(M-^+..)4. 

In  the  case  of  a  homogeneous  fluid  obUOum  we  know  that 
the  gravity  at  the  pole  is  exactly  (1  + 1)  times  the  gravity  at  the 

equator.    This  is  accordant  with  our  result :  for  if  we  put  a,  —  =  ^ 
and  it  ™  ^  we  have 

4-^=1,   «ad  9i-^  +  7.-0.       ■ 

923.  In  the  case  of  a  variable  density  we  no  longer  have 
Cka,rcai£t  fraction  exactly  equal  to  e :  see  Art  171.  This  fraction 
is  now  equal  to 

(*-¥')'+(«-T'^'.)-'' 

denoting  this  by  w  we  have 

.  +  .  =  6(l-^).  +  (9t-^  +  7.)A 

Fat  for  e  on  the  right-hjuvl  Bide  ita  value  in  tenns  of  %  bom 
Art.  917 ;  thus  we  obtain 


6i  ,  T   17o,-13i'  +  fta"„ 


-(!!)• 


IS  we  restrict  onrsdvea  to  the  first  term  on  the  right-hand  nde 
we  have  Clairaut's  theorem. 

If  the  body  is  homi^eneous  (21)  becomes  :  •  .- 
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Denoting  tbe  expression  on  the  right-hand  side  of  this  equa- 
tion by  A  we  shall  find  that  (21)  becomes 

.,    i"    (5a,-36*)(156'-a,)  +  12(ai:-l)A* 
112  ("  — oj 

924.  Thus  the  solution  has  been  carried  to  the  second  order 
inclusive.  Legendre  says  that  it  would  not  be  difficult  to  push 
the  approximations  further;  and  he  states  what  will  be  the  general 
form  of  the  expression  for  the  radius  vector:  see  bis  page  394. 

L^endre  remarks  that  the  formulee  shew  that  the  augmen- 
tation of  the  length  of  a  degree  of  the  meridian,  and  the  augmen- 
tation of  gravity  both  vary  approximately  as  the  square  of  the  sine 
of  the  latitude  in  passing  from  the  equator  to  the  pole.  Thus  it 
is  impossible  to  admit  the  truth  of  a  law  suggested  by  Bouguer, 
namely  that  the  augmentation  of  the  length  of  a  degree  varies  as 
the  fourth  power  of  the  sine  of  the  latitude :  see  Art.  363. 

926.  On  his  pages  395. ..420,  L^endre  discusses  the  second 
of  his  three  hypotheses :  see  Art  894.  He  proposes  to  determine 
the  figure  of  a  planet  considered  in  a  fluid  state.  This  problem 
had  not  been  discussed  before,  except  by  Clairaut  on  the  assump- 
tion that  the  strata  were  ellipsoidaL 

Here  we  require  the  value  of  the  potential  for  an  iutemal 
point.  Accordingly  V  is  now  taken  to  be  equal  to  the  sum  of 
two  series ;  the  general  terms  of  these  are 

Pn' 


%Tn*pA\p^,dr'd^C. 


This  expression  will  be  accurately  true  if  we  suppose  the  for- 
mer int^ral  to  extend  over  those  paits  of  the  body  for  which  r' 
is  less  than  r,  and  Uie  latter  over  those  parts  of  the  body  for  which 
r'  is  greater  than  r.  But  Legendre  is  not  su£Sciently  careful  He 
maljes  the  former  integral  extend  over  those  strata  of  the  body 

:*.*vhich  are  hmeaih  the  stratum  on  which  the  point  (r,  0)  is  situated; 

■  «Q^  the  latter  integral  over  those  strata  which  are  beyond  this 
stratum.    This  value  of  the  potential  had  been  given  by  Laplace 
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in  his  fourth  memoiT,  page  179.  Foissoii  first  shewed  that  the 
formula  of  Legendre  and  Laplace  was  really  true,  though  it  had 
not  previously  been  strictly  established :  see  Art.  792. 

926.  The  strata  are  now  not  to  he  assumed  siniilar ;  bo  that 
when  we  put  r'  =  ffu'  the  value  of  u'  must  not  be  assumed  to  be 
independent  of  j3.  We  shall  denote  by  €  the  value  of  /9  corre- 
sponding to  the  stratum  on  which  the  point  (r,  6)  is  situated  so 
that  r  =  Su.  And  as  before  the  value  of  j3  at  the  surface  will  be 
denoted  by  i. 


Let 

X.-/"pr-rf/. 

Slid 

'.'i:^-- 

Let 

U=^\\,di^; 

let 

t-i/^.*.-, 

and  let 

t.'\l\P.il^. 

The  equation  for  relative  equilibrium  is 


HfflKe  dividing  by  ^ftra,  we  obtain 

+  -^^^(1-^^=  constant (22). 

Here  a  is  the  value  of  a  at  the  surface ;  eo  that  if  Jf  de- 
ft P  . 
note  the  whole  mass  we  have  if » twa,.    The  term  —^  is  not 

expressed  because  it  does  not  itvolve  r  or  6  ejtplicitly,  and  so 
may  be  supposed  comprised  in  the  constant. 
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927.  Suppose  that  u=l+t),  where  u  is  so  email  that  its 
sqoare  may  be  n«^lected;  Uien  we  have  from  (22),  to  the  first 
order  of  small  quantities, 

.(|..f^)p..... 

Thus  we  may  put 

v  =  A,  +  A^P,  +  A^,  +  J^P^+ J 

and  we  shall  have 

^,  +  ^,+^,  +  ...-0, 
because  r  —  f  when  fl— 0. 

928.    Now 

■When  TO  Bul)8tit»t6  tor  1/  the  Becood  of  the  two  eiprewois 
on  the  right-hand  Bide  gireB  rise  to  «  seriei  of  which  the  general 

termia  r'.  j'^p  ^(fir"AJJl3. 

Suhititate  the  raluo  of  X.  in  the  expression  for  £,  given  in 
Art  926 ;  then,  by  the  aid  of  Art.  905,  we  ohtain 
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In  like  manner  we  find  that 

»  that  o=  W^dfi->t  f%^{^A,)dfi. 

Jo  Jt     afs 

We  will  denote  the  first  of  the  two  expressions  on  the  right- 
hand  side  by  0-;  so  that  ^hen  we  neglect  the  small  quantity  of 
the  first  order  we  may  put  a^v. 

In  the  same  manner  we  find  that 

which  we  may  express  thus 
where  A.  is  a  constant,  namely 

929.    Now  for  any  value  of  n  excc^  2  we  have 
Snbstftute  for  {;,  and  f, ;  thus  we  obtain 

In  the  case  of  n  =>  2  we  have 

5,e-^.=/;,|(^^j^  +  e-{A',-/;p^-^-'^t}..(2«). 

But  this  is  of  substantially  the  same  form  as  the  general  equation, 
for  N  —  -^  is  a  constant. 


mzed  By  Google 


110  I.EaKNDB^S  FOUBTH  HEMOIB.      ' 

930.  This  is  the  first  appearance  of  these  important '  equa- 
tions for  all  values  of  n.  Clairaut  had  substantially  amved  at 
the  equation  for  the  case  of  n  =  2 ;  and  D'Alembert  in  addition 
at  the  equation  for  the  cases  of  n  =  1,  and  n  =  3.    See  Art.  444. 

931.  Is  the  particular  case  of  n  =  1,  vb  can  shew  that  A^ 
must  be  zero.    For  then  we  have 

Here  1^  A^  when  free  from  the  integral  sign  we  mean  the 
value  corresponding  to  the  value  €  of  the  parameter  j  and  the 
same  remark  applies  to  p  wBen  it  occurs  free  firom  the  integral 


■we  get 


Lite^rate  the  last  expression  with  respect  to  €;  thus 
|if.  -j%  ^  09^  dj8 J  JV^d^=  constant. 

But  the  left-hand  member  vanishes  when  S^b;  hence  the 
constant  must  be  zero ;  therefore 


■     -»-.-/>|w-^J«- 


Dififerentiate  with  respect  to  S ;  hence  ji  ( f ^  J  =  0 ;  therefore 


be  infinite  at  the  centre.     Hence  A^  is  always  zero. 

932.    Take  the  general  equation  (23)  and  differentiate  with 
respect  to  §;  thus 
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DlSereDtiate  ag^n ;  thus 

Thie  equation  ia  a  little  BimpUfied  by  putting  ^  for  A^ ;  fw 
thoa  we  get 

^--ctDf-flc-o m 

933.  Legendre  now  proposes  to  demonstrate  that  A^  must 
vanish  for  every  value  of  n  greater  than  2.  The  demonstration 
rests  on  the  following  principles :  A^  must  satisfy  the  equation 
(26) ;  also  A^  must  always  be  a  small  quanl^ty ;  and,  moreover, 
it  is  assumed  that  the  density  diminishes  trom  the  centre  to  the 
sutface:  see  his  pages  399... 4>03. 

Legeodre's  demonstration  bears  a  general  resemblance  to  that 
which  Laplace  afterwards  used  :  see  the  Micanique  Cileste,  Livre 
IIL  §  30.  But  the  two  demonstrations  are  not  identical.  I  have 
discussed  the  matter  in  a  memoir  published  in  the  Cambridge 
PhUosophical  Transactions,  Vol.  xu. 

934.  Let  us  now.  take  the  first  step  of  the  demonstration. 
The  distinction  between  /9  and  S  need  not  be  retained  hereafter, 
when  we  shall  be  free  from  integral  signs. 

The  solution  of  the  differential  equation  (26)  will  g^ve  A^  in 
the  form 

where  C,  and  C,  are  arbitrary  constants,  and  f,[ff)  and  ^(j8)  are 
definite  functions  of  /9.  Now  Legendre  and  Laplace  shew  in 
effect  that  one  of  the  two  functions  /,03)  and_^(yS)  will  be  infinite 
when  fi  =  0;  suppose  that  this  is  XO^-  ^en  since  A,  is  always 
to  be  a  small  quantity,  we  must^have  G^=0. 

We  will  now  ^ve  the  method  by  which  Legendre  shews  that 
/,(fi)  will  be  infinite  when  j8«"0.  Since  the  density  decreases 
from  the  centre  to  the  surface,  whatever  be  the  law  of  density, 
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we  may  asBume  that  when  (8  ie  very  small,  p=g^,  where  m 
is  positive  or  zero,  and  J  is  a  constant.  If  m  iB  not  zero  the 
density  will  be  infinite  at  the  centre;  but  still  the  hypothesis  is 
admismhle,  provided  the  mass  included  within  a  finite  volume  is 
finite.  But  this  mass  =  itrjp^dff  =  g^  ^.  Hence,  provided 
m  is  not  greater  than  3,  there  is  nothing  inadmissible  in  our  law 
of  density.  With  this  law  of  density  we  shall  have 
j9*  dp         m  (3  -  ot) 

Hence  (27)  becomes 

^.(„(.  +  l)-«(3-».)}|. 
The  solution  of  this  differential  equation  is 

where  *"" 2 "'' V  {("''" l)  -"'(3-m)J. 

Now  it  is  obvioua  that  if  C.  is  not  zero,  Q^  will  be  infinite 
when  ^  =  0;  for  c  is  greater  than  unity,  since  n  is  not  less  than  2, 
and  m  not  greater  than  3 ;    and  d  fortiori  -4,  will  be  infinite, 

because  ^,  »  — .    Hence  G,  must  be  zero. 

935.  We  may  observe  that  an  investigation  resembling  the 
preceding  was  given  by  Clairaut :  see  the  pages  277..-281  of  his 
F^ure  d»  la  Tern.  A  peculiarity  in  Legendre'a  investigation  is 
the  admission  of  a  possible  infinite  density  at  the  centre.  What 
Legendre  says  on  this  point  appears  to  me  satisfactory.  Laplace, 
however,  holds  that  the  density  must  be  finite  at  tEe  centre. 

Laplace  treats  this  first  step  of  the  demonstration  in  a  diifer- 
ent  manner,  as  we  shall  see  hereafter. 

939.  There  will  then  be  only  one  arbitrary  constant  in  the 
value  of  A, ;    for  we  have  A^  =    '"'    ^ .     To  determine  this 
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constant  we  uBfl  equation  (23).   Suppose  that  j3=i;  tben  the  second 
part  of  the  right-hand  member  vanishes :  hence  we  must  have 

(2»  +  l)  ^b-A..jy~(p-"A.)dP. 

where  o-  and  A^  on  the  left-band  side  denote  the  values  of  these 
quantities  when  fi  is  equal  to  5. 

One  very  obvious  waj  to  satisfy  this  condition  is  to  suppose 

cr,-o. 

937.  But  it  remains  to  shew  that  C7,  =  0  is  the  only  way  to 
satisfy  the  relation  just  given.  To  this  Legendre  proceeds;  be 
first  shews  that  A,  must  increase  &om  the  centre  to  the  surface, 
and  from  this  he  deduces  the  required  result  This  is  true,  when 
n  =  2  as  well  as  for  other  values ;  the  demonstration  applying  as 
well  to  (24)  as  to  (23).  Laplace's  process  rests  on  the  same  prin- 
ciples as  Legendre's,  but  is  rather  sim[der.  * 

938.  Thus  we  have  only  left  the  coefBoient  A^^  This  cannot 
be  explicitly  determined  until  some  law  of  density  is  assumed. 
But  without  assuming  any  particular  law  we  arrive  at  the  result 
that  the  strata  are  ellipsoidal,  and  that  the  ezcentricity  in- 
creases continually  from  the  centre  to  the  surface- 

Legendre  finds  also  the  law  of  gravity,  and  shews  that 
Clairaut's  theorem  holds:  see  his  pages  404,  405. 

939.  Legendre  gives  three  examples  of  laws  of  density  in 
which  the  equation  for  finding  A^  can  be  solved :  see  bis 
pages  406.. .412. 

940.  The  first  example  is  that  of  a  homogeneous  mass.  We 
may  take  p  =  l.    Thus  o-  =  -^  .     Hence  equation  (27)  becomes 

whence  Q,  =  C^$^+C^. 

Then  in  order  that  Q,  and  A,  may  not  be  infinite  at  the 
centre,  we  must  have   C,  =  0.     Hence 
J,  =  3(7^-. 
T.  H.  A,     VOL.  II.  8 
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Theo  to  determine  C^  we  employ  the  equation  obtained 
by  differentiating  (23):  see  Art.  932.  Thus  t^  {^0^1^  must 
vaDish  wben  /9=sJ;  therefore '0,(2tt  — 2)  =  0. 

Hence  C,  =  0;  except  when  n=l,  and  then  it  would  not 
follow  necessarily  from  thia  result  that  C,  =  0.  In  the  case  of 
n  =  l,  however,  we  must  hare  0^  =  0,  in  order  that  A^  may  not 
be  infinite  at  the  centre. 

When  n  =  2  we  have  .^,  =  3(7,;  and  we  may  find  the  value 
of  (7j  by  differentiating  (24)  and  putting  &  for  j3  in  the  result. 
Thus, 

941.     For  the  next  example  Legendre  supposes  that 

This,  as  we  have  seen  in  Art.  934,  is  admissible  if  tn  is  not  greater 
than  3.  Legendre  says  that  m  ie  greater  than  ■=.  It  is  obvious 
that  we  may  without  loss  of  generality  suppose  that  m  ie  either 
and  towards  the  end  of  the  dis- 
cussion Legendre  really  supposes  tn  to  be  less  than  ^ .  But  we 
shall  make  neither  supposition  as  we  can  proceed  as  well  without. 

The  constants  g  and  h  are  not  necessarily  both  positive ;  but  p 
must  always  be  positive.  Thus  if  we  suppose  h  negative  we  must 
have  m  greater  than  m  —  3,  so  that  p  may  be  positive  at  the 
centre ;  aud  also  ^"~*  must  be  numerically  lees  thau  gb'*,  so  that 
p  may  be  positive  at  the  surface. 

With  this  value  of  p  we  have 


^  ^P  ~     w(3-m) 
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Hence,  as  in  Art.  934,  we  have 

«.-C,/3-, 


To  determine  the  constant  (7,  we  employ  the  eqaatioo  ohtuned 
hj  differentiating  (23} :  see  Art  932.     This  leads  to 

This  is  of  course  satisfied  h;  G,  =  0.  It  maj  indeed  also  be 
satisfied  hj  supposing 

But  it  will  be  found  that  if  (28)  is  supposed  to  bold  the  condi- 
tion that  the  densitj  diminishes  &om  the  centre  to  the  surface 
is  not  satisfied.     For 


«  +  o  — 3  +  »» 


and  unless  m  =  ^  some  value  of  j8  less  than  b  will  satisfy  tlus 

equation. 

We  may  observe  that  by  comparing  the  values  of  a  and 

-j^  it  follows  that  if  ^  coold  vanish  and  change  sign^  we 

should  have  tr  vanishing  also;  but  this  is  quite  inadmissible. 

We  may  also  shew  in  the  following  way  that  equation  (28) 
cannot    subsist.      From    this    equation    it    would    follow    that 

o--.-£?^,    when  j9=6;     but   ff-^-^fe-^d)?.  which   is 

8— S 
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greater  than  ^  '^  %   '^  negative.     And   ^  is  greater  than 
P^   ;  for  c  is  greater  than  unity,  and  n  ia  not  leas  than  2. 

In  the  case  of  n  ~  2  ire  find  the  value  of  the  constant  O, 
by  differentiating  (24),  and  putting  5  for  /9  in  the  result,     Thua 
fl   d  fC,^]      _5*. 
WdffK    T    JU        34" 

where  the  subscript  1  indicates  that  J  ia  to  be  put  for  ^  after  the 
differentiation.    Thus 

0.1 ? J,'  =-»■ 

therefore      C,=  —  •  , —  '  "  a      \ 

The  elliptidty  of  any  stratum  is  -  5 -4,,  as  in  Arts.  909  and 
914^  thatis  —%-^ff';  this  may  be  expressed  thus 


.=-1— ^T — ■ m- 

Let  e,  denote  the  elUpticity  at  the  surfece ;  then 


2  18- m 


(°+^'(5^'"  +  s'-)-to'~  +  "^) 


5« 


S!  +  ,-(3-^^^/.^^^_')^ 
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Hence  we  see  that  e.  Is  lesa  than  -r  ■    For  now 


«-iVf-<— 'h 


and  hence  it  will  be  found  that  c  ia  greater  than  m  and  also 

greater  than  Z~m.    Hence  c  —  (3—m)m — i,^  ,  ,„ r-riii  '^ 

positive ;  for  its  sign  i^  the  same  aa  the  sign  of 

m  (c  -  (3  -  m)  i  <?J*-"  +  (3  -  m)  (c  -  m)  AJ- ; 
and  thia  is  positive,  even  if  A  is  n^ative. 

From  (29)   we  see  that   the  ellipticity  increaaes  continually 
from  the  centre  to  the  sur&ce.    For  since  (7^  is  negative,  it  will  be 

found  that  the  dgn  of  -7=  ia  the  same  as  the  sign  of 

and  this  ia  positive  for  its  sign  is  the  same  aa  the  sign  of 

942.    For  the  next  example  Legendre  supposes  Uiat 
sin -5- 


I  will  here,  though  with  some  reluctance,  follow  him  in  putting 
b=l,   aa    the   formulffi   thus  become  simpler.    Hence   we  take 

p  =  — 2 — .    If  m  have  any  constant  value  leas  than  ir,  we  thus 

P 
obtain  a  density  which  ia  always  positive  uid  which  diminishes 
continually  irom  the  centre  to  the  surface.    The  density  at  the 
centre  is  denoted  by  m ;  and  the  density  at  the  Sur&ce  by  sin  m. 
With  thia  value  of  p  we  have 

sin  mff  —  m/3  cos  mfi 

g-si  J , 

m 

and  :^i  — "• 
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Hence  equation  (27)  becomes 


<?<?, 


n(n  +  l)^"  +  m'^,  =  0. 


Legendre  states  without  demonstration  the  integral  of  this 
equation  j  namely  Q, 

-(0..in^+C.eo.^{l-"'"'-|][y^) 

n(.'-l)(»--4)(n--9)(n  +  4)        1 
2.4.6.8m";8*  "■) 

Since  n  is  supposed  an  integer  the  series  are  finite. 

The  integral  may  also  be  exhibited  as  the  sum  of  two  infinite 
series;  namely  Q. 


2(2n+3)^2.4(2n  +  3)(2n  +  5) 


'^2(2n-l)^2.4.(27i-l)(2n-3)^'";' 

It  is  easy  to  verify  these  statements. 

Laplace  has  given  some  of  the  details  of  the  process  of  inte- 
grating the  equation  in  the  M^canique  Celeste,  Livre  XI.  §  9. 

The  solution,  it  is  now  known,  can  be  put  into  the  following 
compact  symbolical  form 

where  after  the  differentiations  we  put  m*  for  a.    See  the  Cambridge 
Mathematical  Journal,  Yol.  II.  page  195. 

We  shall  confine  ourselves  to  the  case  of  n  =  2. 
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Tbus 

Here  C,  must  be  zero  in  order  that  Q^  may  not  be  infioite  at 
the  centre.     Thus 

e.-0.{(l-^)sm™^  +  ^^co.^. 

The  constant  C,  must  be  determined  by  differentiating  equa- 
tion (24)  and  putting  |8  =  1  after  the  differentiation. 

Hence  we  find  that 

6     /sin  m  V 

'     m*  — 2  Bin'm  +  msinmcoflm' 

The  elhpticity  of  any  stratum  is  —a-^t',  hence  denoting  the 
ellipticity  by  e  we  have 


-  mp  cos  tnfi 


Let  e,  denote  the  ellipticity  at  the  surface  and  e,  the  ellipticity 
at  the  centre.    Then    - 

5«  (sin  wi  —  m  cos gt)[(3  —  m*)  sin  m  —  3m  cos m} 
'  2m'  (»»*  —  2  sin'  m  +  m  sin  m  cos  fn)  ' 

K  (sin  m  —  m  COB  m)' 

^     2  (m*  —  2  sin'  m  +  m  sin  m  cob  ib)  ' 

Legendre  states  the  numerical  results  which   will  be  found 
corresponding  to  Tarious  values  of  m.     We  collect  them  in  the 

following  table ;  taking«=g^. 
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m 

e, 

«. 

IT 

1 

I 

2 

269 

250 

Sir 

1 

1 

3 

m 

W9 

7ir 

1 

1 

8 

421 

515 

1 

1 

w 

676 

379 

In  the  second  case  Le^endre  says  that  the  deneitj  at  the 
centre  is  to  that  at  the  sorface  in  the  ratio  of  -k-  to  g ;  but  it 

should  of  course  be  in  the  ratio  of  -=-  to  -s- . 

In  the  third  case  which  he  gives  he  considers  the  ellipticity 
very  nearly  equal  to  the  actual  ellipticity  of  the  earth's  surface ;  he 
says  that  the  mean  density  is  three  times  that  at  the  surface :  this 
may  be  easily  verified. 

d43.  In  his  pages  412. ..420  Legendre  proceeds  to  a  second 
approxiioation  for  the  case  of  his  second  hypothesis,  that  is  of  a 
planet  in  a  state  of  fluidity.  He  obtains  the  formuis  for  this 
purpose ;  for  an  application  of  the  formulte  he  supposes  the  fluid 


944.  In  his  pages  420... 426  Legendre  discusses  the  third  of 
bis  three  hypotheses :  see  Art.  894.  He  proposes  to  determine  the 
figure  of  a  planet  of  which  the  interiw  is  solid  and  composed  of 
eUipeoidal  strata  in  which  the  ellipticities  fellow  any  law. 

Let  «  be  the  ellipticity  of  any  stratum,  e,  the  ellipticity  of  the 
surface    The  only  equation  which  must  be  satisfied  is  (24)  applied 

to  the  8ur&oe.    And  as  e 


—  sjl,.  we  thus  get 
5i' f  pfPdff 
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The  expression  for  the  value  of  gravity  at  the  surface  may  be 
found,  and  it  may  be  shewn  that  Claiiaut's  theorem  holds. 

946.     Legendre  makes  some  remarks  as  to  the  numerical 
values  of  the  quantities. 

Let  w  denote  Glturaut's  fraction;  then  if  the  earth  were 

homogeneous  and  fluid,  we  should  have  v  =  -^^ .     Pendulum 

observations  shew,  however,  that  w  is  greater  than  ^  ;  on  this 
point  Legendre  refers  to  Laplace's  fifth  memoir.  Since  then  «r  ia 
greater  than  ^^  it  follows  by  Clairaut's  theorem  that  «,  must  be 


The  result  found  by  experience  that  w  is  greater  than  ^^ ,  is  in 

^reement,  Legendre  says,  with  the  theory  for  the  case  of  entire 
fluidity.  I  am  not  certain  as  to  what  he  has  here  in  view. 
Perhaps  he  alludes  to  the  values  obtiuned  in  Art.  942.  Or  perhaps 
he  means  that  assuming  p  to  diminish  from  the  centre  to  the 
surface,  we  can  shew  by  the  formula  of  Art  944,  which  will  hold 

here,  that  «,  is  less  than  7  x,  so  that  w  is  greater  than  -j  k.    The 

theorem  that  e,  is  less  than  7  k  is  easily  deduced  from  the  formula ; 

indeed  Clairaut  gives  this:  see  page  227  of  his  Figwre  de  la  Terre. 
The  result  holds  if  e  increases  from  the  centre  to  the  surface,  or 
even  if  only  ^€  does :  see  Art.  329.  Hence  the  result  holds  if  «  ia 
constant.  But  this  particular  case  Legendre  hims^  treats.  We 
have  then 

Now  he  says  that  we  know  the  coefficient  of  e,  on  the  right- 
hand  side  to  be  less  than  ?.     This  is  true,  assuming  (hat  the 
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density  decrea8e8  from  the  centre  to  the  aurface:  see  Art.  910, 

Therefore  .e^  —  „  k  is  leas  than  3  e^  \  ajid  hence  e,  is  less  than  y  k. 

946.    Legendre  considers  that  the  pendulum    observations 

make  «■  =  ■:r-~.  very  nearly ;   and  thus  f,  =  ^^h  ^^7  nearly.     He 

says  it  is  easy  to  imagine  hypotheses  respecting  the  density  and 
the  ellipticity  of  the  strata  which  will  produce  this  value  of  «,. 
For  example,  suppose  that  the  densities  along  a  radius  increase  in 
arithmetical  pn^ression  from  the  surface  to  the  centre.  Let  1  be 
the  density  at  the  surface  where  the  radius  ie  1 ;  let  m  be  the 
density  at  the  middle  of  the  radius;  then  p=  2m  — 1  —  2/9  (m  —  l). 
Let  all  the  strata  be  similar,  so  that  the  ellipticity  is  constant. 
Then 


JVd/9 


2  m  +  2 
6  m  +  1 ' 


.  5      2m  +  2 

whence  .,.j.^__j.. 

If  we  suppose  k=  ^^,  and  make  m=8,  we  find  that «,»  Sori- 

In  this  case  the  mean  density  on  a  radius  is  about  eight  times 
that   at   the   surface.      But  the  mean   density  of  the  Earth  is 

— ^ —  times  that  at  the  surface,  that  is  4)  times;  which  ap- 
pears quite  admissible.  But  other  hypotheses  might  give  the 
same  value  of  «,  with  a  much  less  value  of  the  mean  density ; 
this  appears  in  Art  942. 

947.    Legendre  adverts  to  the  subject  of  precession  and  nuta- 
tion.     The  expression  va  occurs  as  a  coefficient  in  the 

values  of  these  quantities  found  by  theory.     Hence,  comparing 
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the  values  found  by  observation  we  may  determine  this  co- 
efficient, and  thus  obtain  iDfonUation  as  to  the  Figure  of  the 
Earth.  We  have  already  seeo  that  this  idea  was  used  by 
D'Alembert :   see  Art.  385. 

Legendre  considers  that  the  comparison  confirms  the  value 
of  e,  which  he  had  adopted,  namely  about  stq. 

918.  L^endre  says  on  his  fage  425  that  the  solutions 
hitherto  given  have  been  restricted  to  the  case  of  figures  of 
revolution,  but  we  might  desire  an  investigation  of  a  more  gen- 
eral character,  so  that  the  figure  of  revolution,  if  it  must  of 
necessity  hold,  should  be  a  result  of  investigation  and  not  an 
hypothesis. 

But  he  does  not  think  it  possible  to  obt^n  suitable  formulte 
for  the  attraction  of  bodies  of  any  figure.  But  still  a  fonn  may 
be  given  to  the  radius  vector  which  shall  be  applicable  to  a  large 
number  of  figures. 

This  in  fact  leads  Legendre  to  consider  the  properties  of  what 
we  call  Laplace's  coefficients,  and  accordingly  pages  426... 442  are  ' 
devoted  to  the  demonstration  of  various  theorems  of  analysis.  See 
also  Art.  783. 

949.  With  respect  to  these  theorems  L^ndre  says  on  his 
page  426 : 

Flnsieuia  de  ces  th€orSmea  sont  dils  &  M.  de  U  Place,  qui  en  a  doim^ 
la  demonstration  dans  son  M^moire  de  1T82,  fond^  aur  une  ^nation 
aux  differences  portielles  i  laquelle  lea  fonctions  doivent  BStisfalre.  J'a- 
dopt«rai  ici  le  fondement  de  ces  demonBtratiooB,  mais  on  verra  que  j'u 
conBid6r6  oet  objet  sous  ua.  point  de  vne  diffirent,  et  que  je  auis  parvenu 
i  del  rteultats  enti^ment  nouveanx. 

950.  The  first  thing  Legendre  does  is  to  find  an  expression 
for  what  we  now  call  Laplace's  coefficient  of  the  n*  order :  see 
his  pages  426... 432. 

Let  (l—2zf +  «*)"'  be  expanded  in  ascending  powers  of  «, 
where  ( =  cos  ^  cos  f?"  +  sin  5  sin  ^  cos  (0  —  0') ;  then  the  coeffi- 
cient of  z"  will  be  called  F,.  We  shall  put  fi  for  cos  9,  f£  for 
cos^,  and  ^  for  0—  0'. 
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L^endre  shewB  that 

r,  =  p,o*)P,0*') 

''n{n+l)      dn         dft' 


sin  Bemff  cos  ^ 


t- 7 ,,    ,    .rM    .o.    — j'.-  -       jT    Bin' ^  sin*  tf^  COS  2^ 

(n-l)n(n+l)  {n+2)       rf/*'  d/*'  "^ 

d'P.f/i.)    d'P.O*')    ■   ,«   ■   .a-        or 


"^(11-2)  («-l)n...(n+3)       rf/*'  dn' 


Here  P.  Of)  Ii&b  the  value  assigned  in  Art.  786. 

Legendre's  investigation  \b  better  than  that  given  hj  Laplace 
in  hifi  fourth  memoir ;  and  an  important  error  of  Laplace's  is 
corrected.  Laplace  had  omitted  the  terms  involving  cosr^  in 
the  case  in  which  n  +  r  is  odd  :  see  Art.  851.  The  investigation 
in  the  Micaniqiie  Cileste,  Livre  III.  is  correct  and  much  reeemhles 


951.    Let  Z,  and  Z^  be  two  Laplace's  functions,  of  the  n*  and 
m*"  Older  respectively.    Then  n  and  m  being  different 


fj: 


Z,Z^dfidif>  =  0. 


This  had  been  established  by  Laplace  in  his  fourth  memoir : 
L^endre  demonstrates  this  in  his  pages  433.. .435. 

Laplace's  demoDstration  depends  on  the  fact  that  Z^  and  Z^ 
satisfy  the  partial  differential  equation  of  Art.  851.  liSgendre 
assumes  for  Z,  and  Z^  expressions  of  the  same  form  as  Y,  and 
Y^,  but  with  arbitrary  constants  as  the  coefficieuts  of  the  various 
terms. 

Legendre  also  indicates  the  form  which  the  value  of  the  double 
integral  will  take  when  m  —  «.  In  this  case  the  following  result 
is  interesting  and  important, 


fS 
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where  Z^  indicates  what  Z^  becomes  when  Q  and  ^  are  changed 
to  8  and  ^  leapectively.  Also  Y,  is  laplace's  n*"  coe^cient, 
Thia  important  result  was  first  formally  given  by  Legendre. 
Laplace  however  had  really  obtiuued  it.  For  it  forms  equation 
(1}  on  page  44  of  the  Micaviqw  C^l«at»,  Vol.  II. :  and  this  equa- 
tion is  implicitly  involved  on  the  pstg^  152  of  Laplace's  fourth 
memoir,  but  he  does  not  there  bring  it  into  Bpecial  notice. 

Ab  a  particular  example  suppose  that  Z,  »  y, ;  then  ^'.  =  1 ; 
BO  that 


./j;(rj-i.^  =  ^. 


952.  A  part  of  L^endre'a  investigation  may  be  usefully 
presented  here. 

Let  P_  and  P,  he  Legendre's  coefficients  of  the  m^  and  n*^ 
order  respectively,  the  variable  being  denoted  by  x;  then  will 

=  C«  +  r)(«-r+l)£^^-(l-.^"<fa (30). 

For  by  integration  by  ports  we  bave 

But  by  tbe  fundamental  differential  equation  of  Art  8fil, 


;{<i-l 


-»(»+i)P„ 


rhni  (l-«0^-2«-^ — »(»+!)  P, 

Differentiate  both  eides  r  -  1  times :  thna 
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therefore 

which  we  may  put  thus 

Hence  BubetitutiDg  in  (31]  ire  obtain  the  required  result. 

In  the  same  manner  as  (30)  was  established  we  may  obtain  a 
similar  result  with  (m  +  r)  (m  —  r  + 1)  instead  of  (»  +  r)  (»  -  r  + 1) 
as  the  coefficient. 

Hence  if  m  and  n  are  different,  we  must  have 

If  m  « n  we  have  from  (30) 

Bj  successive  applications  of  the  formula  we  can  obtain  the 
value  of  the  intend.    For  instance,  if  r  =  1  we  have 

by  Art  905. 

953.  For  an  example  of  the  fonnalaa  Legendre  proposes  this 
problem :  to  determine  the  solids,  homogeneous  or  heterogeneoua, 
for  which  every-  axis  passing  through  the  centre  of  gravity  is  a 
principal  axis.  Laplace  had  considered  this  problem  for  the  case 
of  a  homogeneous  solid  in  his  fifth  memoir :  see  Art,.  863. 

If  we  take  x,  y,  z  for  the  rectangular  coordinates  of  the  ele- 
ment of  mass  dM,  we  must  have 

LydM^a.        jt/zdM='0.        lsxdM<=0, 
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the  origin  being  at  the  centre  of  gravity,  and  the  integrations 
extendii^;  over  the  whole  body. 

Let  r  be  the  i^ius  vector  from  the  origin,  and  suppose  that 
the  integral  jpf'dr  is  taken  from  the  centre  to  the  surface  along 

any  radius,  and  that  the  result  assumes  the  form  of  a  series  of 
Laplace's  functions 

U,+  U,+  U,  + 

Then,  as  in  the  JUicaaiqus  Celeste,  Livre  III.  §  32,  the  above 
three  conditions  determine  to  some  extent  the  nature  of  U^.  The 
general  form  of  U,  being 

+  fi,  (1  -  n^  sin  2ifi  +  fl,(l  -  /*■)  cos  2^, 
the  conditions  shew  that  we  must  have 

Legendre's  treatment  is  in  substance  the  same  as  that  which 
was  adopted  by  lAplace. 

The  next  step   in  the  problem  is  to  observe  that  we  must 

also  have 

L^endre  treats  this  by  estimating  the  valae  of 

where  a,  jS,  7  are  constants. 

We  have 
oa?  +  )3y*  +  7«*  =  ar"  co^  fl  +  r"  sin*  fl  OS  COB*  ^  +  7  sin*  ^) 

If  we  use  the  same  supposition  as  before  relative  to  jpr'dr,  we 
shall  find  that  our  integral  reduces  to 
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For  the  problem  we  have  in  hand  this  expreseion  must  retain 
the  same  value  when  out  of  the  three  constants  a,  ^,  y  any  two 
are  made  zero,  and  the  third  unity. 

Therefore  we  must  have  H=  0  and  H^  =  0,  Thus  we  shew, 
in  fact,  that  U^  most  vanish  completely. 

Again,  since  by  Bu[^K>eition  the  centre  of  gravity  is  the  origin, 
we  must  have 

jxdM-=0,    jsdM=0,    jzdS£=0. 

Treat  these  in  the  same  manner  as  the  other  conditions.  Hence 
we  shall  find  that  if  jpr'^  be  aupposed  developed  in  the  form  of 
a  series  of  Laplace's  functions, 

Z,  +  Z^+2,+ 

then  Z.  must  vanish. 

This  fact  Laplace  forgot  to  notice  when  he  discussed  the 
problem  in  his  fifth  memoir:  that  is,  supposing  the  solid  to  be 
homogeneous,  he  ought  to  have  excluded  also  the  function  of 
the  first  order  from  the  fourth  power  of  the  radius  vector.  In 
the  MScanique  Celeste  he  does  not  solve  the  problem ;  but  only 
so  much  of  it  as  leads  to  J,  =  0,  ^,  =  0,  ^  =  0. 

Legendre  aays  that  it  is  easy  to  satisfy  simultaneously  the  con- 
ditions which  have  been  obtained.  As  a  general  example  for  a 
homogeneous  solid  he  supposes  that  we  exclude  from  r"  all  terms 
in  which  cos  6  and  cos  ^  are  raised  to  odd  powers ;  and  so  take 

f*='A^  +  B.P^  +  B,  Cv  sin'  ^  CJB  2A  +  B.  -j-r  sin*  ^  cos  iA 


'  dfir  ^        '  ail. 


,       T     ■    Bill     V  KAfa  «Uf  T    \Jm     J — 7  I 

dfi  dp. 


\^Bm*0CM$<f, 


By  reason  of  the  exclusion  of  the  odd  powers  the  centre  of 
gravity  is  at  the  origin. 


mzed  By  Google 


LBQENDEES  FOURTH  HEHOIB.  129 

Aa  ft  vQiy  simple  example  we  may  take 

whicli  is  equivoIeDt  to 

r* -=  a*  +  J"  (7  cos*  tf  -  6  cob' ^. 

Thus  if  a  solid  be  geoeiated  by  the  revolution  of  this  cuire  ' 
round  the  initial  line,  the  moment  of  inertia  will  have  the  same 
value  for  any  axis  which  passes  through  the  origin. 

954.  Legendre  devotee  his  pages  443.. .445  to  formuln  of 
attractioB  applicable  to  an  infinite  number  of  figures  which  are 
not  eolids  of  revolution.  He  Bupposee  the  solid  to  be  composed  of 
strata,  and  that  any  assigned  power  of  the  radius  vector  of  a 
stratiun  can  be  expressed  in  terms  of  a  series  of  Laplace's  func- 
tions. Then  he  gives  an  expression  for  the  poteatial  at  any 
point.  Laplace  bad  already  obtained  results  substantially  e<jux» 
valent  in  fals  fourth  memoir. 

9o5,  On  bis  pages  445. ..447,  Legendre  considers  the  figure 
of  a  planet  supposed  entirely  fluid.  He  now  assumes  that  the 
radius  vector  of  any  stratum  is  of  the  form  of  a  series  of  I^place's 
coefficients, 

i8{l+.^.  +  ^.  +  .^+ J. 

Thus  be  obtains  equations  of  the  same  form  aa  those  in 
Art  929 ;  bat  instead  of  A,  we  have  now  Z^ 

Hence  he  concludes  that  Z^  mnst  vanish  for  values  of  n 
greater  than  2. 

Therefore  the  form  of  the  planet  must  be  that  of  an  oblatum ; 
this  of  course  is  only  shewn  under  the  assumption  just  stated  as 
to  the  radius  vector,  Laplace  had  obtained  this  result  for  Uie 
case  of  a  homogeneous  mass  in  his  fourth  memoir ;  now  Legendre 
extends  it  to  a  mass  of  variable  density. 

Legendre's  investigations  are  substantially  the  same  as  those 
subeequenlJy  given  by  lAplace  in  the  M^canique  Cileete,  Livre 
m.  §  29  and  §  30. 

T.  U.A.   w)L.n.  9 
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956.  On  hiB  pages  447.. .454,  Legendre  considers  the  case  of 
a  solid  planet  covered  by  a  very  thin  stratum  of  fluid. 

The  equations  to  which  we  have  referred  In  Articles  929  and 
955  now  hold,  not  generally,  but  at  the  surface ;  thus  we  cannot 
now  shew,  as  in  Art.  955,  that  Z,  must  be  zero  when  n  is  greater 
than  2.  This  part  of  Legeadre's  memoir  had  been  GubstantiaUy 
given  by  Laplace  in  his  fourth  memoir ;  and  is  reproduced  in  the 
M4canique  Celeste.  Livre  III.  §  31,  §  32,  and  §  33. 

957.  It  will  be  seen  from  our  account  of  Legendre's  memoir, 
that  it  occupies  an  important  position  in  the  history  of  our 
subject..  The  most  striking  addition  which  is  here  made  to 
previous  researches  consiste  in  the  treatment  of  a  planet  supposed 
'entirely  fluid ;  the  general  equation  for  the  form  of  a  stratum  is 
given  for  the  first  time  and  discussed :  see  Art.  929.  The  investi- 
gation carried  on  to  the  second  order  of  small  quantities,  -Which 
we  have  reproduced  in  Arts.  !J13...923,  is  also  deserving  of  notice. 
Moreover,  here  for  the  flrat  time  we  have  a  correct  and  convenient 
expression  for  Laplace's  n*  coefficient :  see  Art.  950. 

As  we  have  stated  in  our  analysis,  Laplace  adopted  in  his    . 
M^nique  (Mleete  the  substance  of  much  of  L^endre's  memoir, 
which  has  thus  become  permanently  incorporated  in  our  subject 
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958.  Laplace's  seventh  memoir  on  our  subject  is  contained 
in  the  Pfuis  M^moires  for  17S9,  published  in  1793,  being  the  name 
volume  as  contained  Legendre's  fourth  memoir.  la  the  first 
176  pf^es  of  the  memoirs  in  this  volume  the  word  Morale  occurs 
as  part  of  the  heading  of  the  left-hand  pages ;  but  this  word  is 
omitted  in  the  remainder  of  the  volume.  The  explanation  is 
furnished  bj  the  announcement  on  the  back  of  the  title  page : 
"  Lea  vingt-deux  premiferes  feuilles  des  m^moires  de  ce  volume, 
^toient  imprimis  avant  I'^poque  du  10  aoAt  1792." 

Laplace's  memoir  is  entitled  Sar  qudqriea  pointa  du  SyetSmg 
dumonde;  it  occupies  pt^ee  1... 87  of  the  volume:  we  are  con- 
cerned only  with  pages  18.. .56. 

959.  The  pages  18. ..43  constitute  one  section  which  is  en- 
titled Sar  lea  degr^  mesurA  des  meridiem,  et  sur  tea  longueura 
observe  du  pendvie. 

960.  The  pages  18. ..21  of  the  memoir  consist  of  general 
remarks  which  are  reproduced  in  the  beginning  of  §  38  of  Livre 
m.  of  the  Af^xmique  C^leate/  the  rest  of  this  long  section  of  the 
Micanique  Colette  does  not  occur  in  the  memoir. 

The  pages  21.  ..27  c^  the  memoir  contdn  an  account  of  a 
mode  of  treating  the  measured  lengths  of  degrees,  so  as  to  de- 
termine irom  them,  if  possible,  the  elements  of  an  elliptic  figure. 
Laplace  says  on  bis  page  21 : 

Cepeudant  avant  que  de  renoncer  entiSrement  i  la  figure  elliptique, 
fl  &at  tUtwmiuer  oelle  dans  laquelle  le  plus  grand  ^cart  dee  degr& 
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ineeui€a  eat  plus  petit  que  daoB  tonte  autre  figure  elliptiqae,  et  Toir  ri 
cet  6cart  est  dans  les  limitea  des  erreoTB  des  observationa,  J'ai  doiin£ 
dans  noe  Mgmoirce  de  1763,  one  m^thode  pour  r€soudre  ce  problSme,  et 
je  I'ai  ai^liqu^e  anz  quatre  mesureB  des  degr^  da  nord,  de  Franoe,  du 
cap  de  Bonne-EapfirAnce  et  dn  F&-ou  ;  mais  cette  m^thode  derient 
trte-p^nible,  lorsque  I'on  considgre  i  la  foia  uu  grand  nombre  de  degr£a. 
La  m^tliode  suiTalite  est  beaucoup  plus  aimple. 

These  pa^eB  of  the  memoir  conatitnte  that  pnrt  (^  §  39  of 
Idvre  m.  of  the  M^canique  C4Uste,  which  follows  the  first  three 
pages.  It' will  be  observed  that  I^aplace  proposes  to  obtain  from 
obBerrationB  the  same  kiod  of  result  as  in  his  fifth  memoir, 
namely,  that  in  which  the  greatest  deviatioD  of  the  observations 
is  the  least  possible :  but  he  now  expounds  another  mode  of 
obtaining  the  result 

In-  the  Micanique  Celeste,  Livre  Ul,  §  39,  both  methods  are 
given ;  namely,  iu  the  first  three  pages  the  method  of  the  fifth 
memoir,  and  in  the  remuning  pages  the  method  of  the  seventh 
memoir. 

961.  On  pages  29.. .32  of  the  memoir  the  method  is  applied 
to  nine  measured  lengths  of  degrees.  In  the  corresponding  part 
of  the  M4caniqite  Celeste,' aamely  §  41,  only  seven  measured 
lengths  of  degrees  are  used.  In  the  memoir  two  French  degrees 
are  used.  One  is  in  the  latitude  45*  43',  "...que  M.  I'abb^  de  la 
Caille,  dans  nos  M^moires  de  1758,  a  &x6  k  57034  toises."  The 
other  is  in  the  latitude  49*  23',  "...et  qu'aprfes  plusieurs  v&ifiea- 
tions,  on  a  tix4  enfin  k  S7074'5  toises."  In  the  M4canique  Cikate 
only  one  French  d^ee  is  used,  namely,  the  mean  length  of  the 
degree  of  France  as  determined  by  Delunbre  and  M^hf^. 

One  of  the  degrees  of  the  memoir  Is  not  used  in  the  Mica- 
niqMe  Celeste,  namely,  one  which  he  thus  describes: 

Le  degr^  de  Hollaode,  par  62"  41'  de  latitude,  mesur^  primitivemeot 
JMT  Snellius,  et  ensnite  rectlfi^  par  MM.  de  Caasiui,  qui  I'ont  tx6  L 
57145  toiaes.  La  grandeur  de  ce  degr6  vieut  d'Stre  oonfirm^  par  les 
Douvellee  mesures  que  Ton  a  faites  en  Angleterre^  et  avec  leaquelles  elle 
est  ^  fort  peu  prb  d'accord. 
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The  conclustoa  irom  the  numerical  calculationa  is  thus  stated: 

Ainsi,  de  quelqne  mauidre  que  Ton  combine  les  neof  d^i^  ptio6ieaa, 
quelque  rapport  qne  Ton  ohoinsse  pour  celui  dee  deoz  axes  de  U  terre, 
il  est  impcusible  d'^vlter  dans  I'ellipBe,  une  erreur  de  103';  et  comme 
oette  enraor  titant  la  limite  de  celles  qui  pearent  dtre  admisee,  elle  est 
par  cela  la&na  infiaiment  pen  probable  ;  U  fikudroit,  pour  admettre  one 
figure  elllptique,  aappoHOr  des  erreuis  plus  grandea  enoore  que  108', 
dane  quslques  una  de  oee  degr6a. 

Ia  Talenr  que  nous  venona  de  trouver  poor  f/,  donne  une  ellipM 
dont  Iw  axes  aont  daua  le  rapport  de  249  k  250.  Dana  oette  ellipse,  les 
trois  ploa  grandee  erreurs  tomberoient  sur  les  degr&  de  Pendlranie,  du 
cap  de  fioune-EBp^raiice,  et  du  Nord.  En  consid£t«nt  aveo  attention 
les  meanree  de  ces  trois  degr£s,  il  me  semble  impossible  qu'U  se  soit 
glissti  dans  obacnu  d'eux  une  erreur  de  1 08^,  sur-  tout  aprte  les  r^uctions 
que  j'ai  dgja  fiiites  au  degr^  du  nord.  II  me  parott  done  proovfi  par  les 
meenrei  pr^cMentes,  que  la  variation  des  degr^  dee  mSridiena  terreatres 
B'£oarte  senaiblement  de  la  loi  du  carr6  du  sinus  de  la  latitude,  qui 
r^sulte  d'une  figure  elliptique. 

This  conclusion  may  be  compared  with  the  correspondiDg 
passagje  in  the  Mdcanique  Celeste.  There  instead  of  the  108 
toises  we  hare  486  double  toises,  that  is  97'2  toises;  the  degree 
in  the  M^canique  Cileate  is  taken  in  the  centesimal  scale.  The 
signification  of  y  is  the  same  in  the  two  places ;  in  fact,  if  y  be 
divided  hy  the  mean  length  of  a  degree  of  the  meridian,  the 
result  is  three  times  the  ellipticity.  In  the  memoir  y  is  found  to 
be  68473  toises;  in  the  Micanique  Celeste  it  is  616'404  toises. 

The  ellipticity  in  the  M^canique  Celeste  is  found  to  he  g==. 

In  the  Micanique  Celeste  the  inference  as  to  the  inadmissibility 
of  the  elliptic  law  of  variation  of  the  length  of  the  degrees  is  stated 
less  confidently  than  in  the  memoir. 

962.  In  pages  32... 35  of  the  memoir  Laplace  expounds 
another  principle  which  may  guide  us  in  treating  the  observa- 
tione;  this  part  of  the  memoir  forms  §  40  of  Livre  III.  of  the 
MAanique  Celeste.  Laplace  here  proposes  to  find  an  ellipse 
such  that  (1)  the  sum  of  the  errors  should  be  zero,  and  (2)  the 
sum  of  the  errors  taken  with  the  positive  sign  should  be  a  mini- 
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mum.  He  calls  sucti  an  ellipse  the  most  probable  ^lipse  in  the 
Micanique  Celeste:  aee  pa^  140  of  Vol  ll.  The  following  sen- 
tence respecting  the  author  of  the  principle  is  given  in  the 
memoir,  hut  not  in  the  Micaniqm  Celeste. 

M.  BostKivich  a  donn^  pour  cet  objet,  uae  tii6thode  ingSaieuse  qui 
eet  exposde  ^  la  fin  de  I'^dition  fran^iae  de  son  Voyage  astroaomique  et 
g6ographique ;  mais  comme  il  I'a  inutilemeat  compliquSe  de  la  coiuid^- 
ration  den  figures,  je  vais  le  presenter  ici  sous  la  forme  analjtique  la  plus 
simple. 

Boscovich  had  previously  expounded  his  principle  in  his  sup- 
plementary annotations  to  Stay's  poem  Philosophia  Recentiorit. 
See  Arts.  511  and  514. 

963.  On  page  36  of  the  memoir  Boscovich's  method  is  ap- 
plied numerically  to  the  nine  measured  lengths  already  adopted. 
In  like  manner  in  §  41  of  the  M4camqae  Celeste,  Boscovich's 
method  is  applied  numerically  to  the  seven  measured  lengths 
adopted  in  that  work.  In  the  memoir  Laplace  thus  finds,  for 
the  length  in  toises  of  a  degree  of  the  meridian  at  the  latitude  6, 
the  expression 

66753  +  6131  sin' ft 

He  states  his  concluraon  thus : 

Le  rapport  dea  axes  de  la  terre  mt  a!ors  celui  de  278  1  279 ;  mais 
l'«xpressioa  pr£o£deute  donne  nae  erreur  en  plus,  de  137''.  7  dana  le 
A.'egti  du  Nord,  et  uue  erreur  en  moioB,  de  109''.  9  dans  oelni  de  PenaU- 
vanie,  oe  qui  ne  pent  pu  £tre  admis.  On  voit  ainsi  qa'il  n'est  paa 
possible  de  concilier  areo  uoe  figure  elliptiqne,  les  degrfo  du  m^ridien. 

This  may  be  compared  with  the  corresponding  passage  in  the 
Micaniqae  C4lette:  see  Vol.  II.  pi^  141.  The  length  in  toises 
of  a  centesimal  d^ree  of  the  meiidian  at  the  centesinud  latitude  6 
is  found  to  be 

51077-7 +  493  86  sin' ft 

964.  The  memoir  now  passes  to  tbe  subject  of  the  length  of 
the  seconds  pendulum :  on  pi^s  37  and  38  we  have  thirteen  such 
measures,  with  references  to  the  authorities.  The  following  table 
gives  in  the  first  column  the  place,  in  the  second  the  latitude, 
in  the  third  the  length  of  the  pendulum  in  lines,  and  in  the  fourth 
the  name  of  the  observer  on  whom  the  result  depends. 
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Equator    0°  0'  439-21  Bouguer. 

Portobello 9°34'  43930  Bouguer. 

Little  Goave 18"27'  43947  Bouguer. 

Cape  of  Good  Hope  33*18'  44014  La  CaiUe. 

Rome    41°54'  44038  Jacquer  and  Sueur. 

Vieuna 48"12'30"  44056  Lieaganig. 

Paris 48*50'  44067  Bouguer. 

London 51*31'  44075  Graham. 

Arensbourg  oS'lS'  441-07  Oriscow, 

Pemavia  58°26'  44110  Oriscow. 

Petersburg   59*56'  441-21  GriBCOw. 

Pello 66''48'  44127  Maupertuis. 

Ponoi    67'4'30"  44141  Mallet. 

Laplace  Bays  that  the  lengths  have  been  reduced  to  a  vacuum, 
to  the  level  of  the  sea,  and  to  the  temperature  of  about  14'  of 
IWaumur.  With  respect  to  the  length  at  London,  Laplace  says 
that  it  has  been  determined  by  assuming  with  Maupertuis  that  the 
Paris  seconds  pendulum,  if  transported  to  London,  makes  7'7 
more  oscillations  in  a  day.  I  have  put  Graham's  name  to  this 
length  because  he  obtained  the  result  which  Maupertuis  adopted ; 
see  Maupertuia's  La  Figure  de  la  Zferre.-.page  172. 

For  the  observatione  of  Griscow  Laplace  refers  to  the  Nouveaua: 
Mdmoirea  de  P^terabovrg,  Vol.  vii. ;  and  for  the  observation  of 
Mallet  to  the  Nowveaux  M4tnoire9  de  Pitersbowrg,  Vol.  XIV.  part  II. 

965.  In  the  corresponding  part  of  the  Micanique  Celeste 
fifteen  lengths  of  the  seconds  pendulum  are  used ;  the  observar 
tions  at  Borne  and  Pemavia  are  omitted ;  but  observations  at 
Pondicherry,  Jamaica,  Toulouse  and  Gotha  are  introduced. 

Moreover  the  length  at  Petersburg  is  now  stated  to  rest  on 
observations  made  by  Mallet,  and  is  put  at  a  smaller  valua  The 
length  at  Paris  is  taken  for  the  unit,  and  that  of  Petersburg  is  put 
at  1-00074. 

It  will  be  seen  in  the  memoir  that  although  the  difference 
between  the  latitudes  of  London  and  Paris  is  more  than  four 
times  as  great  as  the  difference  between  the  latitudes  of  Paris 
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and  Vieimat  yet  the  difference  between  the  lengths  of  the  pen- 
dulum ia  lesa  in  the  former  case  than  in  the  latter.  In  the 
M&aniqtt$  CSeste  this  anomaly  is  reduced  by  putting  the  length 
of  the  pendulum  at  Vienna  greater  than  in  the  memoir,  namely  at 
■99987,  that  of  Paris  being  unity.  But  no  reason  ia  assigned  for 
the  change. 

There  is  however  a  curious  mistake  in  the  M4canique  CHeste, 
According  to  Laplace's  words  the  last  two  lengths  which  he  uses 
stand  thus,  the  latitudes  being  in  the  centesimal  scale : 

FUoe.  LktilDde.        Length  of  Pendnlnm. 

Ponoi Ti'aa  100137 

Pello 74°53  1-00148 

There  can  be  no  doubt  that  Ponoi  and  Fetlo  must  interchange 
places.  The  centesimal  latitude  74°22  corresponds  to  the  ordinary 
66*48',  which  is  the  latitude  of  FeUo  according  to  Maupertuis; 
and  the  100187  corresponds  to  the  1-0014  of  Maupertuis;  see 
pages  162  and  179  of  La  Figure  de  fet  Terre.... 

The  mistake  is  of  course  reproduced  in  the  national  edition  of 
Laplace's  works ;  it  escaped  the  notice  of  the  accurate  Bowditch : 
the  table  occurs  on  page  470  of  the  second  volume  of  his  trans- 
lation of  the  Micanique  G^leate. 

966.  The  lengths  of  the  seconds  pendulum  adopted  in  the 
memoir  are  subjected  to  the  two  methods  of  treatment  which  were 
applied  to  the  lengths  of  d^ees:  see  pages  38.. .43  of  the  me- 
moir. The  corresponding  investigation  in  the  Mfyanique  CHeste 
will  be  found  in  §  42  of  Livre  iii. 

The  length  of  the  seconds  pendulum  in  the  latitude  0,  ex- 
pressed in  lines,  is  found  in  the  memoir  to  be  by  the  first  method 

439-3090  +  2-4286  sin'  0, 
and  by  the  second  method 

439-2110 +  2-5827  sin' ^. 

From  the  latter  espression,  by  using  Cluraut's  theorem, 
Laplace  finds  ^^  for  the   ellipticity.      Although  this  value  is 
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tnach  smaller  than  that  which  results  from  the  meaanrea  of  de- 
grees, yet  Laplace  thinks  that  it  is  not  too  small  Besides  the 
endeace  from  pendulum  obeerrationB,  Laplace  appeals  to  the 
phenomena  of  preceseion  and  nutation ;  and  also  to  the  value 
of  the  ellipticity  of  Jupiter  as  an  analogy  in  favour  even  of  a 
still  Bmaller  ellipticity. 

967.  The  words  which  I^place  uses  with  respect  to  Claiiaaf  a 
theorem  should  he  noticed ;  he  says  on  pi^  42  of  the  memoir : 

Ce  r£*a1tat  a  g£n£ralemeiit  lien,  quelle  que  soit  la  figure  de  la  t«rre, 
.ponrm  qne  lea  variationB  des  longueun  du  pendnle  snirent,  it  fort  peu 
prto,  la  loi  du  carrfi  dn  smuB  de  la  latitude ;  ce  qui,  oomme  on  vient  de  le 
voir,  est  le  obb  de  la  natoie  (Voyes  tuw  Mhnoirea pour  Faittiia  1783). 

The  language  seems  too  strong ;  for  I  presume  Laplace  really 
intends  to  assume  that  the  Btrata  are  nearly  apherical.  His  refer- 
ence to  the  memoirs  of  1783  is  not  very  precise.  I  think  he 
means  to  direct  attention  to  the  use  he  makes  in  that  memoir  of 
fonnulte  which  he  had  ohtained  in  his  memoir  of  1782,  and  which 
are  rejn'oduced  in  the  M^canique  Celeste,  Livre  iii.  §  33. 

968.  The  pages  44, ..55  of  the  memoir  constitute  a  section 
which  is  entitled  8ur  la  F^re  de  la  Terre;  it  begins  thus: 

J'ai  fait  voir  dans  nos  M^oirea  pour  I'ann^e  1782,  que  si  I'on 
BQppoM  la  Terre  fluide  et  IiomogSne,  sa  figure  ne  peut  £tre  que  cella 
d'un  ellipsotde  de  revolution.  Je  me  propose  ici  d'6tendre  oe  r^snltal^ 
an  COB  od  la  Terre  ayant  6t4  primitLTement  flaide,  elle  aeroit  form£e  de 
couches  de  dsnutte  variables.  M.  Clairaut  a  dfija  fidt  voir  qne  la  figure 
elliptique  remplit  dans  oe  cas,  lee  oouditions  de  I'^quilibre;  mais  il 
^agit  de  pronver  qn'elle  eat  la  aeule  qui  aatisfuae  i  cea  conditions. 
Pour  cela,  je  vais  rappeller  quelqnes  propositions  que  j'ai  d6montr£es 
dana  lea  H^oiree  citte. 

These  pages  of  the  memoir  treat  then  of  the  figure  of  the 
Earth  considered  as  a  heten^eneoos  fluid ;  they  occur  in  the 
M^nique  Celeste,  Livre  iil  §§  29,  30,  and  31.  Laplace  however 
makes  no  substantial  addition  to  the  results  which  LE^;endre 
had  ohtained  on  the  subject  in  bis  fourth  memoir. 
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MISCELLAiJEOTTa  INVESTIGATIONS  BETWEEN  THE 
YEAB8   1781  AND   1800. 


969.  The  present  Chapter  will  contain  an  account  of  various 
miscellaneous  investigations  between  the  years  1781  and  1800. 

970.  We  have  first  to  notice  a  memoir  by  Euler,  entitled 
Enodatio  difficuUatia  super  Fiffura  Terrce  a  vi  cenirifuga  oriunda. 

This  memoir  occurs  in  the  Nova  Acta. . .  S'  Petersburg,  Vol.  u. ; 
the  volume  is  for  the  year  1784,  and  was  published  in  1787.  The 
memoir  occupies  pages  121.  ..130  of  the  volume. 

The  memoir  was  presented  on  the  2nd  of  Nov.  1775. 

If  the  Earth  is  considered  as  fluid  and  nearly  spherical,  and 
the  fluid  is  acted  on  by  a  force  tending  towards  the  centre,  then 
whatever  be  the  law  of  force,  if  the  centrifugal  force  be  small 

compared  with  the  attractive  force,  the  ellipticity  is  about  ??^; 

Bee  Art.  57.     But  Euler  says  the  measures  of  degrees  give  the 

ellipticity  about  ^r-jr.     This  iu  the  difficulty  to  be  resolved. 

Instead  of  adopting  the  theory  of  universal  gravitation  and 
attempting  to  determine  the  figure  of  the  Earth  from  that,  Euler 
supposes  a  force  tending  to  the  centre  which  is  some  function  of 
the  distance,  and  also  a  transversal  force.     This  transversal  force 

he  arbitrarily  assumes  to  be  proportional  to  ,  where 

r  and  0  are  the  usual  polar  coordinates.     By  taking  the  magni- 
tude of  this  transversal  force  such  that  its  greatest  value  at  the 
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surface  is  s^  oi  the  attraction  there,  Euler  manages  to  arrive 

at  the  ellipticity  which  he  wants,  namely  sf^  • 

Such  a  memoir  at  the  beginiiing  of  the  eighteenth  century 
would  not  have  caused  any  surprise;  but  it  is  certainly  remarkable 
that  it  should  have  appeared  towards  the  end  of  the  century. 
The  memoir  is  quite  destitute  of  value,  and  it  is  difficult  to  see  on 
what  ground  it  could  have  been  published  nearly  fifty  years  after 
Maclaurin  had  established  the  relative  equilibrium  of  rotating 
fluid  in  the  form  of  an  oblatum ;  and  also  after  Laplace  had  pro- 
duced his  work  on  the  Figure  of  the  Planets. 

971.  We  have  next  a  memoir  by  W.  L.  Krafft,  entitled  Essay 
relatif  aux  reckerches  de  M.  De  La  Qra/nge  sur  ^attraction  det 
sph^oides  elliptiquea. 

This  memoir  occurs  in  the  Nova  Acta..,S*  Petersburg,  Vol.  Ii, ; 
the  volume  is  for  the  year  1784,  and  was  published  in  1787.  The 
memoir  occupies  pages  148.. .160  of  the  volume.  The  memoir  was 
read  on  the  8th  of  March,  1787-  The  author  is,  I  presume,  the 
same  as  that  of  the  essay  noticed  in  Art  687. 

KrafFt's  object  is  to  obtain  by  the  aid  of  rectangular  coordinates 
what  Li^range  obtained  in  his  memoir  of  1773  by  the  aid  of  polar 
coordinates ;  namely  the  attraction  of  an  oblatum  at  any  point  of 
the  axis  or  of  the  axis  produced,  and  at  any  point  of  the  equator. 

KrafFt's  memoir  then  adds  nothing  to  preceding  results,  but 
constitutes  an  example  in  the  Integral  Calculus  which  might  be 
used  for  the  exercise  of  students. 

If  the  major  axis  of  the  oblatum  is  to  the  minor  axis  as  101  is 
to  100,  Krafit  says  that  the  attraction  at  the  Pole  is  to  the  attrac- 
tion at  the  Equator  as  1  is  to  -99773.  Kraflrt  refers  to  Eider's 
memoir  of  1738,  where  the  ratio  is  stated  to  be  as  1  is  to  'flysOS. 
See  Arts.  229  and  693. 

At  this  time  the  Academy  of  S'  Petersburg  was  under  the  di- 
rection of  a  lady ;  and  the  historical  part  of  the  volume  in  which 
these  two  memoirs  are  contained  makes  frequent  reference  to 
Madame  la  Pnncesse  de  Daachkaw, 
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972.  The  celebrity  of  Bemardin  de  Saint-Pierre  may  justify  a 
short  notice,  though  all  which  he  contributed  to  our  subject  was 
the  revival  of  an  antiquated  blunder.  In  his  Etudes  de  la  Nature 
he  maintained  that  the  &ct  of  the  increase  of  the  length  of  a  degree 
of  the  meridi^,  in  pasBiugfrom  the  equator  to  the  pole,  established 
the  oblong  form  of  the  Earth.  The  work  was  published  in  17S4 ; 
more  details  on  this  point  seem  however  to  have  been  given  in  a 
aubsequent  edition ;  but  I  have  had  access  only  to  the  collected 
works  of  Sunt-Fierre,  published  in  12  volumes  at  Paris  in  1818,  in 
which  the  matter  occurs  in  Vol  III.  pages  vii...xii,  and  in  Vol.  T. 
p^es  413.. .417.  The  nature  of  the  error  lb  the  same  as  we  have 
pointed  out  in  the  case  of  Keill :  see  Art.  76.  Such  an  eminent 
example  might  be  cited  as  some  excuse,  but  we  must  remember 
that  owing  to  the  steady  advancement  of  knowledge,  even  a 
novelist  at  one  epoch  may  be  &irly  expected  to  understand  ele- 
mentary principles  which  puzzled  a  professor  of  an  earlier  century. 
The  author  of  I\itd  and  Virginia,  however,  seems  to  have  had  no 
qualifications  for  the  pursuit  of  exact  science ;  besides  his  error  as 
to  the  Figure  of  the  Earth,  he  advocated  an  absurd  hypothesis  of 
hla  own  to  account  fur  the  phenomena  of  the  Tides. 

973.  Cousin.  A  work  entitled  Introduc^on  d  F^tude  de 
rAstronomie  Fhyaiqw,  was  published  in  1787  at  Paris  by  Cousin. 
The  author  styles  himself  Lecteur  et  Pro/esseur  royal,  de  VAcor- 
d^mie  royaie  dee  Science*.  The  work  is  in  quarto;  the  title, 
dedication,  and  preliminary  discourse  occupy  zvi  pages;  then  the 
text  follows  on  323  pages :   there  are  two  plates. 

974.  The  part  of  the  work  with  which  we  ve  concerned  is 
the  fourth  Chapter  on  pages  135. ..176,  which  is  entitled  De 
raetion  tmdu^le  des  corps,  lorsqu'elle  r^suUe  dee  attractione  de 
tovtea  lea  parUea  qui  lea  eompoeetU. 

975.  Cousin  finds  the  attraction  of  an  ellipsoid  of  revolution, 
ohlate  or  oblong,  on  an  internal  particle;  he  follows  the  method 
of  Lagrange  given  in  the  Berlin  Memoirs  for  1773 :   see  Art.  707. 

With  respect  to  an  external  point,  Cousin  refers  to  the  first 
and  second  memoirs  by  Legendre;    and   contents  himself  with 
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TTorking  out  the  case  in  which  the  attracted  particle  is  on  the 
prolongation  of  the  axis  of  revolution.  He  gives  the  remit  for  an 
ohlatum  and  for  an  ohlongunu 

976.  Couaiu  passes  on  to  the  equations  of  fluid  equillhrium. 
He  begins  very  unfortunately,  on  his  page  141,  by  coafoondii^ 
equality  of  presBure  with  equable  transmission  of  pressure.  He 
assertfl  that  a  fluid  will  not  reioaia  at  rest  unless  all  points  of  its 
surface  are  acted  on  by  eqaai  normal  forces.  This  of  course  is 
-  untrue. 

However,  he  obtiuns  the  correct  equations  of  fluid  equilibrium ; 
and  says  he  will  make  some  applications  of  them.  He  refers  to 
Clairaut's  Figure  de  la  Terre,  to  Euler's  memoir  of  1755,  and  to 
D'Alembert's  Opvmuies  MaHt^matiquea,  Yols.  t.  and  VL 

Accordingly  he  applies  the  equations  of  fluid  equilibrium  to 
tbe  relative  equilibrium  of  rotating  fluid;  and  arrives  at  the 
accurate  equation  connecting  the  angular  velocity  with  the  ezcen- 
tricity.  He  shews  that  there  caimot  be  more  than  two  values  of 
the  ezcentricity  of  an  oblatum  for  a  given  angular  velocity.  He 
proceeds  in  a  manner  which  would  be  naturally  eu^^ted  by 
pages  47.. .67  of  the  sixth  volume  of  D'Alembert's  Opuaadea  JUa- 
tMmatiquea.  As  Cousin  gives  no  reference,  I  presume  that  we 
may  attribute  to  himself  this  demonstration,  that  only  two  values 
are  possible.  Laplace  gave  the  first  demonstration  in  his  Fiffura 
des  Planetea ;  see  Arts.  657  and  811.  Cousin's  demonstration  is 
perhaps  a  little  simpler  than  Laplace's  of  1784 ;  but  inferior  to 
that  adopted  in  the  M^caniqufi  Colette.  Cousin's  is  founded  on 
D'Alembert's,  but  avoids  the  errors  in  it :  see  the  OpMCiUes  Afath^ 
maiiques,  YoL  Tin.  pages  292  and  293. 

There  are,  however,  a  few  words  inserted  in  his  process  by 
Cousin  which  should  be  noticed:  He  says  on  his  page  148 ;  "  On 
parviendroit  au  mSme  r^ultat  en  snpposant  le  demi-axe  plus 
grand  que  le  rayon  de  r^uateur;..."  It  would  seem  that  Cousin 
was  not  aware  that  an  oblonffum  could  not  be  a  possible  form  of 
relative  equilibrium;  yet  Laplace  had  drawn  attention  to  this 
foct  in  the  Figitn  dta  PUmttet.    See  Art.  81S. 
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977.  Cousin  establishes  the  theorem  due  to  MaclauriD  which 
L^jaDge  has  discussed  in  the  Berlin  Mimoires  for  1775:  see 
Art  720. 

Cousin  does  not,  like  other  French  mathematicians,  assert  that 
Maclaurin  only  enunciated  the  theorem :  Cousin  says  more  cau- 
tiously on  his  page  148 : 

Maclaurin  a  cherch€  (TntilS  dee  fimnoni,  n°.  653)  s'il  n'y  aoroit  pas 
quelqne  analogic  sembUbte  entre  des  sph&vldes  homag«nes  qui  ne  serai- 
eiit  paa  dea  solides  de  revolution.. . 

Cousin's  demonstration  is  somewhat  simpler  than  Lagrange's; 
I  suppose  it  is  Cousin's  own,  for  no  reference  is  given. 

978.  Certain  approximate  formulae  which  Cousin  ^res  may 
be  reproduced ;  his  notation  is  rather  different  from  that  which 
is  common,  and  thus  bia  results  may  be  usefully  recorded. 

Let  e  be  the  smaller  semiaxis,  and  c  (1  +  a)  the  lai^er  semi- 
axis  of  an  eUipsoid  of  revolution.    Then  for  an  oblatum : 

the  attraction  at  the  pole 

3   r^  6    7  ^105    ■■■;' 


the  attraction  at  the  equator 

4Trf>c    f,    ,  8a_9a*  .  y?" 
"3      15      ^■''105  ' 

And  for  an  obl<xigum: 

the  attraction  at  the  pole 

"3     t    "*"  3  ~  7      105 
the  attraction  at  the  equator 


4nrpc 


1  + 


5       35  ^  105 


Then  if  an  oblatum  of  rotating  fluid  is  in  relative  equilibrium 
and  /3  denote  the  ratio  of  centrifugal  force  at  the  equator  to  the 
gravity  there,  not  the  aUradion  there,  we  must  have 
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fl-*?_    ^-  8a'     _ 

'^       5      5.35  "'■25.35      '" 

.  5/9  ,  5,8'      1S5/3' 

whence  .._  +  _ -_^^^  -... 

Here  j8  =  y^. ,  where  j  denotea  the  ratio  of  centrifugal  force 

at  the  equator  to  attraction  thera 

97d.  CouBin  uiTestigates  approximate  expresaioiis  for  the 
attraction  of  aa  ellipBoid,  not  of  revolution,  at  a  point  on  its 
surface.  He  applies  thera  to  determine  the  form  of  relative 
equilibrium  of  the  moon,  supposed  homogeneouB  and  fiuid.  The 
investigation  is  of  the  same  character  as  Laplace  had  given  in  hia 
Figure  de8  Flanetes  ;  but  Cousin  does  not  refer  to  any  preceding 
author  for  it :  see  Art.  809. 

980.  CouBin  proposes  on  his  page  156  to  pass  to  the  case  in 
which  the  fluid  is  not  homc^^eous  but  composed  of  ellipsoidal 
shells.  He  says  on  his  page  158  that  he  has  tried  to  develop  and 
generalise  what  Cluraut  had  said  in  the  second  and  third  chapters 
of  the  second  part  of  his  Figure  de  la  Terre.  The  attempt  at 
generalisation  consists  in  discussing  the  relative  equilibrium  of  a 
revolving  ellipsoid  which  is  nearly  spherical.  See  Cousin's  pages 
156...  163,  The  process  is  long  and  tedious.  Cousin  arrives  at 
an  equation  connecting  the  angular  velocity  with  the  ellipticities ; 
and  at  a  result  which  is  analogous  to  Clairaut's  theorem.  But  the 
investigation  is  a  failure.  Cousin  makes  out  that  the  attraction 
on  a  particle  at  the  surface  of  an  ellipsoid  ie  exerted  in  the  meri- 
dian plane,  which  is  not  true  to  the  order  of  approximation  he 
requires.  The  Eact  is  that  he  takes  the  particle  on  the  sur&ce  to 
be  in  a  principal  plane,  and  then  he  forgets  this  restriction. 

We  now  know  &om  the  discussions  on  Jacobi's  theorem  that 
.the  relative  equilibrium  of  a  rotAting  ellipsoid  of  fluid  is  indeed 
possible,  but  in  that  case  the  ellipsoid  is  not  nearly  spherical 

If  Cousin's  investigation  had  been  accurate,  he  might  have 
drawn  from  his  equation  (K)  on  pt^e  163,  the  inference  that  the 
nearly  spherical  ^psoid  could  not  he  in  relative  equilibrium. 
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For  in  this  equation  Bin/9  is  variable,  and  ho  we  must  have 
S—I=0,  and  this  renders  die  ellipsoid  a  figure  of  revolution. 
It  is  curious  that  he  makes  no  remarks  on  tbia  fact,  which  pre- 
sents itself  so  naturally  in  his  inveetigation.  But  he  gives  no 
adequate  account  throughout  of  what  he  wishes  to  prove  or  of 
what  he  has  proved. 

981.  Cousin  then  considers  the  special  case  of  an  oblatam ; 
his  result  is  correct,  and  exactly  corresponds  with  that  which 
is  ^ven  by  Clairaut  on  his  page  217,  and  which  we  have  repro- 
duced in  Art  323.  Cousin  then  proceeds  to  urge  the  same  ob- 
jection to  another  formula  of  Cluraut's  which  D'Alembert  lMX>ught 
forward  in  the  sixth  volume  of  the  Opuscules  MatMmatiquas,  and 
elsewhere :  see  Arts.  328  and  S77.  The  objection  seems  to  me  to 
be  (tf  no  impcwtanoe. 

Cousin  arrives  at  what  I  call  Clairaut's  derived  equation ;  see 
Art  343. 

962.  Cousin's  pages  167.. .176  are  taken  from  Laplace's  third 
memoir,  to  which,  and  to  the  second  memoir.  Cousin  refers.  The 
mun  result  is  that  which  we  have  noticed  in  Art.  765,  and  which 
is  embodied  in  the  second  equation  of  Art  773. 

The  error  or  misprint  which  occurred  for  a  moment  in  Laplace 
seems  to  be  seriously  adopted  by  Cousin :  see  Art  769. 

Cousin,  in  fact,  allovra  himself  to  use  the  intwrals   | — ^ 
^        /cosy 

and  \t6iaydy,  between  the  limits  0  and  ir;   but  the  expression 

to  be  integrated  becomes  infinite,  and   so  we  cannot  trust  the 

process. 

However,  Cousin's  final  results  are  ctnrect,  aa  they  can  be 

obtained  without  this  suspicious  step':  Laplace  himself  obtained 

them  correctly. 

963.  On  the  whole,  although  I  cousidw  that  the  design  of 
such  a  work  aa  Cousin's  is  excellent,  I  oanoot  praise  his  per- 
formance. He  presents  Cluraat's  main  results,  substituting  more 
analytical  work  for  Clairaut's,  which  has  a  geometrical  character ; 
and  he  gives  the  substance  of  Laplace's  third  memoir.    He  adds 
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nothing  of  his  own ;  nor  does  he  effect  any  improvement  which 
renders  the  investigations  more  simplo  or  more  interesting.  As 
we  have  seen  he  is  not  uniformly  accurate ;  and  his  work  is  ren- 
dered repulsive  by  the  want  of  distinct  statemente  as  to  what  he 
is  about  to  investigate.  There  is  a  meagre  summary  on  pt^es 
314  aud  315  of  the  contents  of  the  chapter;  but  it  is  far  too  brief. 

Cousin  does  not  introduce  the  Potential  function,  nor  Laplace's 
functions,  though  both  of  these  had  already  been  brought  under 
the  notice  of  mathematicians.  And  he  never  refers  to  the  work 
of  Laplace  on  the  Figure  of  the  Haneis,  of  which  we  have  pven 
an  account  in  Chapter  xxr. 

984.  In  the  Fhiloeoj^ical  TTonaactionB  for  1785,  published  in 
that  year,  we  have  a  memoir  entitled  An  Account  ofOie  Measure- 
m/mt  of  a  Base  on  ffounahw-ffeath.  By  Major-  General  William, 
Roy. 

The  measurement  of  this  base  may  be  considered  to  be  the 
foundation  of  the  important  Trigonometrical  Survey  of  Great 
Britain.  Other  memoirs  relating  to  the  progress  of  the  survey 
are  given  in  the  Philosophical  IVansactions  for  1790,  1795,  1797, 
1800  and  1803. 

The  memoirs  are  substantially  reproduced  in  the  Account  of 
the  Operatione  carried  on  /or  accomj^iahvng  a  Trigonom^rical 
Survey  of  England  aitd  Wales....  This  work  consists  of  three 
quarto  volumes  published  in  1799,  1801  and  1811  respectively: 
in  the  prefaces  to  the  first  and  third  volumes  will  be  found  notices 
of  the  differences  between  the  original  memoirs  and  the  republi- 
cation. We  shall  not  need  to  give  any  notice  of  the  or^^inal 
memoirs. 

The  account  of  the  measurement  of  the  base  seems  to  have 
been  translated  into  French :  see  Voiron's  Eistoire  de  VAstronomie, 
page  228 :  he  calls  the  locality  ffoualonwheat. 

985.  In  the  Paris  Mdmoires  for  1785,  published  in  1788,  there 
is  a  memoir  by  La  Lande,  entitled  Mitmoirt  swr  la  quantity  de 
{aploHasement  de  la  Terre.  The  memoir  occupies  pages  I. ..8 
of  the  volume. 

T.  H.  A.     VOL.  II.  10 
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La  Lande  refers  to  obeervations  of  the  length  of  the  seconds 
pendulum  at  Spitzbergea,  made  by  Lyons  in  1773.  From  this, 
and  Bouguer's  determination  of  the  length  of  the  pendulum  at  the 

equator,  La  Lande  obtains  ^q?  ss  the  value  of  Clairaut's  fraction. 
Then  Clairaut'a  theorem  gives  -nTTa  f"'  the  ellipticity,  so  that  ■=^r^ 

may  be  conveniently  adopted.     These  values  differ  very  little 
from  those  at  present  received. 

We  see  on  page  7  that  La  Lande  now  possessed  the  toise  which 
formerly  belonged  to  Mairan,  and  considered  it  to  be  :p;  of  a  line 
shorter  than  the  toise  of  Peru. 

986.  In  the  I^iloaophieal  IVangactions  for  1787,  published  in 
that  year,  there  is  a  memoir  entitled  An  Accotmi  of  the  Mode  pro- 
poaed  to  be  followed  in  determining  the  relative  Situation  of  tt« 
Boyal  Obeervatories  of  Oreenwich  and  Paris.  By  Major- Oeneral 
WUHam  Roy.  The  memoir  occupies  pages  188.. .228  of  the 
volume;  with  an  Appendix  on  pages  465.. .470. 

The  memoir  be^^s  by  referring  in  these  words  to  the  operation 
which  we  noticed  in  Art  984 : 

Two  yean  have  nem-ly  elapsed  sinoe  an  aooonnt  of  the  measurement 
of  a  base  on  Houualow-Heath  was  laid  before  tlie  Koyal  Society,  being 
the  first  part  of  an  operation  ordered  by  hia  Majes^  to  be  executed  for 
the  immediate  purpose  of  ascertaining  the  relative  aitaationa  of  the 
Boyal  Observatories  of  Greenwich  and  Paris ;  but  whose  chief  and  ulti- 
mate ol^ect  has  always  been  conndcoed  of  a  still  more  important  nature, 
namely,  tbe  layiog  the  foundation  of  a  geneisl  survey  of  the  Britidi 
Islands. 

The  memoir  points  out  the  stations  which  would  he  suitable 
for  determining  the  relative  situation  of  the  two  Observatories. 
There  is  an  account  of  the  execution  of  the  proposed  design  in  the 
Fhiioao^iical  TVcuwocftontf  for  1790,  which  is  reproduced  in  the 
work  cited  in  Art  984, 

On  pages  224  and  225  of  the  memoir  it  is  suggested  that  trigono- 
metrical surveys  might  be  undertaken  with  advantage,  in  the  East 
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lodiflB,  near  the  mouth  of  the  Amazon,  and  in  BuBsia.  The  first 
and  the  last  of  these  operations  have  since  been  conducted  on  a 
very  extensive  scale ;  let  us  hope  that  Brazil  will  soon  undertake 
the  other. 

The  memoir  contains  some  daborate  numerical  calculations 
which  are  more  closely  connected  with  our  subject  than  the  detuls 
of  the  proposed  survey.  A  table  is  given  in  which  seven  nume- 
rical results  taken  from  the  great  French  arc  of  the  meridian  are 
compared  with  the  values  which  would  be  obtained  from  certain 
assumed  forms  of  the  Earth.  Ten  such  assumed  forms  are  con- 
sidered, namely,  a  sphere,  seven  ellipsoids  of  revolution,  and  two 
other  spheroids.  The  differences  between  the  observed  and  the 
calculated  values  are  much  the  least  for  the  spheroid  which 
represeuts  Bouguer's  hypothesis,  that  the  increment  of  the  radius 
of  curvature  varies  as  the  fourth  power  of  the  sine  of  the  latitude. 
General  Boy  gives  a  decided  preference  to  this  hypothesis ;  he  is, 
I  think,  the  only  follower  of  Bouguer  in  this  respect.  We  read 
in  a  note  on  page  211  of  the  memoir: 

Then  the  comparison  Is  fidiiy  drawn  between  this  and  every 

other  system  that  has  hitherto  been  Bubmitted  to  the  consideration  of 
the  public,  M.  Bouguer's  will  be  found  to  be  justly  entitled  to  the  pre- 
fereno^  which  I  have  here  endeavoured  to  give  it.  His  works  'shew, 
that  be  was  a  man  of  v&ry  superior  abilities,  eminent  as  a  mathema- 
tioian,  and  perhaps  the  beet  practical  one  that  ever  exixted. 

I  was  glad  to  find  the  high  opinion  which  I  had  previously 
formed  of  Bouguer  confirmed  by  the  testimony  <rf  Qeneial  Roy, 
which  I  had  not  seen  when  my  Article  363  was  written. 

987.  There  are  some  points  which  require  notice  in  General 
Boy's  memoir. 

The  first  ellipsoid  which  he  considers  is  one  in  which  the  ratio 
of  the  axes  is  nearly  that  of  179  to  178.  This  ratio  has  been 
assumed  on  the  authority  of  pendulum  experiments ;  it  is  not 
quite  clear  to  me  how  the  ratio  was  deduced.    General  Boy  says : 

With  r^ard  to  the  first  ellipsoid,  supposing  llie  earth  to  be  homo- 
geneous, it  is  well  known,  that  the  ratio  of  its  semidiameten  may 
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be  found,  by  comparing  with  each  other  the  lengths  of  the  pendulums 
that  vibrate  aeconda  in  different  latitudes. 

What  I  think  General  Roy  did  waij  gimply  to  make  use  of  the 
theorem  given  in  Art.  33 ;  hot  this  .is  very  strange,  because  we 
know  that  if  the  Earth  be  conaidered  as  a  homogeneous  fluid, 

we  have  also  the  theorem  given  iu  Art.  28,  namely,  that  t=  r-\ 

and  it  IB  a  very  arhitraty  process  to  adopt  one  of  these  two  results 
of  theory  and  reject  the  other. 

The  last  ellipsoid  considered  is  one  in  which  the  ratio  of  the 
ases  is  that  of  540  to  539 :  we  are  not  told  what  suggeEted  the 
assumption  of  this  ratio. 

General  Boy  also  gives  a  table  of  the  lengths  of  degrees  of  the 
meridian,  and  of  degrees  of  great  circles  perpendicular  to  the 
meridian,  and  of  d^ees  of  great  circles  oblique  to  the  meridian, 
calculated  for  Bouguer's  spheroid  which  seemed  to  agree  so  well 
with  the  observations.  But  a  formula  given  hy  Bouguer  presented 
obvious  difficulty,  and  General  Boy  made  some  arbitrary  changes 
in  consequenca  Maskelyne  however  pointed  out  that  there  was 
a  misprint  in  Bouguer's  formula ;  this  had  led  to  the  difficulty 
and  caused  some  error  in  General  Roy's  calculations :  the  Ap- 
pendix to  the  memoir  relates  to  this  matter.  I  may  state  that 
the  misprint  in  Bouguer's  formula  would  seem  to  be  sufficiently 
obvious :  I  had  corrected  it  in  my  copy  of  the  hook  before  I  saw 
General  Roy's  memoir. 

Some  other  errors  in  the  present  memoir  are  corrected  in  the 
Rxlosophicai  TransacHona  for  1790 ;  see  page  201  and  a  page  of 
Srrata. 

988.  A  few  words  may  be  given  to  two  works  by  one  author, 
which  profess  to  treat  on  our  subject,  but  are  quite  worthless. 

The  first  is  entitled.  An  entire  new  work,  and  method  of  pro- 
ceeding to  discover  the  variation  of  the  Earth's  diameters,...  by 
Jhmuu  Williams,  Inventor.. ..Jjondou.. .1786. 

The  second  is  entitled,  Method  to  discover  the  difference  of  the 
Earth's  diameters;...  by  Thomas  WiUwms.    London.. .1788. 
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Tbe  first  is  in  quarto  and  coDsists  of  a  Title  and  text  on  1 6  pages, 
and  4  pages  of  Tables.  The  second  is  in  octavo,  and  consists  of 
viii  +  75  pi^s,  besides  Errata  and  Tables  on  14  pages,  and  two 
Plates. 

The  pamphlet  in  quarto  gives  an  outline  of  the  authoi^s  notions, 
which  are  exhibited  at  greater  length  in  the  octavo  volume.  He 
was  obviously  an  illiterate  and  unscientific  person,  and  his  publi- 
cations consist  of  arbitrary  hypotheses  and  assertions ;  they  are, 
moreover,  so  obscure  as  to  be  almost  unintelligibla  In  modem 
language  we  may  say  that  he  asstimes  the  formula  a  +  hn*  to  re- 
present the  length  of  a  d^ree  of  the  meridian ;  where  n  is  the 
□umber  of  degrees  in  the  latitude,  and  a  and  h  are  constants.  He 
determines  the  constants  by  the  lengths  of  the  degrees  in  Peru 
and  Lapland,  and  he  maintains  that  the  formula  will  then  agree 
reasonably  well  with  the  other  measured  degrees. 

Moreover  he  asserts  that  the  ratio  of  the  lengths  of  the  two 
extreme  degrees  of  tbe  meridian  is  also  the  ratio  of  the  diameters. 
Thus  he  concludes  that  the  equatorial  diameter  is  to  the  polar  as 
46  is  to  45 ;  and  consequently  that  the  polar  diameter  is  174 
miles  shorter  than  the  equatorial. 

.  The  author  touches  on  the  subject  of  a  universal  standard  for 
weights  and  measures.  He  suggests  that  the  English  foot  should 
be  defined,  such  th.it  366472  feet  will  be  the  length  of  the  degree 
of  the  meridian  in  the  latitude  of  London.  For  a  unit  of  weight 
he  suQgests  the  weight  of  a  cubic  foot  of  searwater. 

Bound  up  with  the  copy  of  the  octavo  volume  which  I  have 
examined,  there  is  a  printed  document  by  the  author,  entitled, 
Proposals  for  defraying,  hy  subscription,  the  ewpences  amending  the 
making  experiTiieTits  for  ascertaining  whether  the  Earth  be  a  solid 
body,  OS  at  present  supposed,  or  only  a  skdl.  The  nature  of  the 
experiments  is  not  stated;  the  author  thinks  that  from  some 
calculations  and  experiments  which  be  has  already  made,  "the 
Thickness  of  Matter  composing  the  Shell  is  not  above  50  Miles." 

The  copy  of  the  quarto  pamphlet  which  I  have  examined 
conttuns  the  following  note  in  maniiscript,  which  is  probably  due 
to  the  author  himself: 
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If  any  part  of  this  work  should  Beem  ambigions  and  not  fiilly  com- 
prehended in  BO  short  &  apa«a  tLe  Author  ia  ready  to  iUurterateiuiy  such 

And  it  ia  also  the  Authors  earnest  request  that  if  any  person  a^ 
quainted  vith  the  subject  Judge  it  to  contain  any  Error  to  point  out  the 
Error  and  send  it  me  aa  my  object  in  view  above  althings  la  the 
Truth  of  the  thing  Asserted  and  which  all  the  World  ought  to  be 
acquainted  with,  as  the  Error  arising  in  a  misconception  of  this  Matter 
ia  a  Source  for  many  others. 

989.  In  the  Paris  Mhtwirea  for  1787,  published  in  1789,  will 
be  found  some  articles  bearing  indirectly  on  our  subject,  which  we 
will  briefly  notice. 

On  pages  216. ..222  there  is  a  memoir  by  La  Lande,  ;S^r  la 
mesure  de  la  Terre,  que  Femelpublia  en  1528, 

This  memoir  is  important  in  connexion  with  the  history  of  the 
measurement  of  the  length  of  a  degree ;  but  this  is  a  matter 
which  we  do  not  profess  to  treat  upon  with  any  detail.  Femel 
observed  the  sun's  meridian  altitude  at  Paris ;  and  then  proceeded 
northwards  ibr  one  d^ree.  The  length  was  determined  &om  the 
number  of  revolutions  of  the  wheel  of  a  carriage  by  which  he 
returned  to  Paria  The  length  of  a  degree  thus  deduced  is  usually 
given  as  56746  toises.  La  Lande  however  considers  that  allow- 
ance should  be  made  for  a  change  in  the  length  of  the  toise,  thus 
bringing  Femel's  result  to  57070  toisea,  which  differs  by  only  a 
toise  from  the  received  value  at  the  date  of  La  Laude's  memoir. 
But  there  seems  to  be  a  serious  error  as  to  what  was  really  the 
length  of  a  foot  according  to  Femel,  which  completely  changes 
La  Lande'e  conclusion:  see  Fenny  Cj/clopcedta,  article  Weigkts 
and  Meaaures. 

990.  On  pages  352.. .383  there  is  a  memoir  by  Legendre 
entitled,  M4moire  aur  lea  Op&ationa  trigononUtriques,  doTii  les 
rfytUUUs  dSpendmt  de  la  figture  de  la  Terre. 

This  memoir  investigates  formula  which  are  necessary  for  the 
reduction  and  the  calculation  of  triangles  on  the  surface  of  a 
spheroid.  The  formulae  are  applied  to  the  triangles  formed 
between  Dunkirk  and  Greenwich. 
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The  memoir  contaitis,  I  presume  for  the  first  time,  the  theorem 
which  we  now  call  L^endre'a  theormn;  it  is  not  demonstrated, 
but  only  enunciated  in  these  words : 

Th€ordme  concemaut  lea  triangles  sph^quea,  dont  lea  tb\6a  Bont 
tr^pettts  par  rapport  au  rayon  de  la  sphere. 

Si  la  somme  dus  troiB  tmglea  d'nn  triangle  sphSrique  iufinimeat  petit, 

eft   aappos^   180'' -t-w,   et  que   de  chaque  angle    on   retranclie    «  ■S 

afin  qne  la  somme  des  aogles  reetaoi  soit  pr£cis^ent  de  ISO^,  lee  ainns 
de  oeB  angles  seroDt  entr'eux  comme  lea  v&kfyi  opposes  ;  de  sorte  qae  le 
triangle,  avec  lea  angles  ainai  diminu^  poarra  4tre  ooiuld&r£  et  rteiln 
comme  s'il  etoit  parfaitement  rectilig;ne. 

991.  On  pages  506. ..529  there  is  a  memoir  by  Monge  en- 
titled, Mimoire  gur  quelques  effets  tEaUraction  ou  de  r^ptdaion 
apparente  entre  Us  moUculea  de  matihv. 

This  is  an  account  of  experiments  relating  to  phenomena  of 
the  nature  of  what  is  called  capillary  attraction. 

992-  In  the  Paris  Mimaires  for  1788,  published  in  1791,  will 
be  found  somu  articles  bearing  indirectly  on  our  subject :  we  will 
give  the  titles : 

I.  A  report  made  to  the  Academy  on  the  choice  of  a  unit  of 
measures,  by  Borda,  Lt^^range,  Laplace,  Monge,  and  CondorceL 
The  report  is  dated  19  March,  1791 :  it  occupies  pages  7.. .16  of 
the  historical  portion  of  the  volume. 

II.  An  account  of  the  labours  of  the  Academy  on  the  project 
of  uniformity  in  measures  and  weights :  it  occupies  pages  17. ..20 
of  the  historical  portion  of  the  volume. 

III.  A  memoir  by  Cassini  on  the  connexion  of  the  Observa- 
tories of  Paris  and  Greenwich,  with  a  sketch  of  the  antecedent 
geographical  operations  in  France:  it  occupies  pages  706... 717 
of  the  volume. 

XV.  A  memoir  by  Brisson  on  the  uniformity  of  measures  of 
length,  volume,  and  weight ;  and  on  a  new  method  of  construct- 
ing toises  which  were  to  serve  as  standards:  it  occupies  pages 
722.. .727  of  the  volume. 


mzed  By  Google 


152     HISCELLANEOUS  INVESTIQATIOira  BETWEEN   1781   AND   1800. 

T.  A.  memoir  by  L^ndre  on  the  seriea  of  triangles  which 
serve  to  determine  the  difference  of  longitude  between  the  obeer- 
vatoriee  of  Paris  and  Greenwich,  This  memoir  occupies  pages 
747.  •  -754  of  the  volume :  it  is  a  continuation  of  a  memoir  in  the 
M^moirea  for  1787. 

993.  A  very  important  theorem  with  respect  to  attractions 
occurs  in  a  memoir  on  Electricity,  by  Coulomb,  in  the  Paris 
Mimoira  for  1788,  published  in  1791 :  see  pi^e  677  of  the 
volume.  The  theorem  may  be  thus  enunciated :  Let  there  be  a 
closed  film  of  matter  which  attracts  according  to  the  ordinary 
law  ;  let  the  form  of  the  film  be  any  whatever,  provided  that  the 
resultant  attraction  at  an  iatemal  point  is  zero :  then  the  result- 
ant attraction  at  an  ejitemal  point  which  is  indefinitely  near  any 
part  cS  the  suface  is  47r/>,  where  p  is  such  that  pa  is  the  quantity  of 
matter  in  an  element  u  of  the  film  close  to  the  attracted  point. 

The  proposition  is  not  fonnally  enunciated  in  this  manner  by 
Coulomb ;  but  it  is  substantially  involved  in  his  demonstration. 
The  principle  of  his  demonstration  is  the  same  as  had  been  used 
by  Lagrange  in  1759  :   see  Art.  561. 

Suppose  two  points  P  and  P  indefinitely  doae  to  the  filQ),  on 
a  common  normal  to  the  surface  ;  let  P  be  inside  and  P  outside. 
Through  Pdraw  a  plane  at  right  angles  to  the  normal ;  this  will 
divide  tiie  film  into  two  parts,  an  infinitesimal  part,  say  B,  and 
the  remiunder  of  the  film,  say  S'. 

Now  consider  S  as  an  infinitesimal  plane  circular  area;  its 
action  at  P  will  be  2irp,  along  the  normal :  tbb  follows  from 
elementary  investigations  on  attraction.  The  action  of  iS  at  P 
will  be  ultimately  equal  in  amount  to  the  action  of  S' at  P',  though 
in  an  opposite  direction ;  thus  this  action  is  also  2trp.  Then 
since  a  particle  at  P  would  be  in  equilibrium,  the  action  of  8'  at  P 
must  also  be  equal  to  2vp,  and  be  in  the  opposite  direction  to  the 
action  of  8  at  P,  that  is  in  the  same  direction  as  the  action  of 
S ail''.  Finally,  the  action  of  S'  at  P  will  be  ultimately  equal 
to  the  action  of  S'  at  P,  that  is  to  2wp.  Thus  the  joint  action  of 
SaadS'  BtF  is  *7rp. 
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In  the  particular  case  in  which  the  film  is  bounded  by  con- 
centric spherical  surfaces,  the  proposition  is  an  immediate  result 
of  theorems  given  by  Xewton.  If  I  understand  the  matter  rightly, 
the  order  of  Coulomb's  investigations  in  electricity  with  respect  to 
the  proposition  was  the  following :  the  result  given  by  Newton's 
theory  for  the  spherical  film  was  vrnfied  experimentally;  then 
experiment  shewed  that  the  result  was  true  for  films  of  other 
forms :  and  finally  the  theoretical  demonstration  of  the  general 
proposition  presented  itself. 

Coulomb  fell  into  a  slight  error  in  the  application  of  bia 
theorem :  see  the  Cambridge  and  Duhlin  Maikemaiical  JbumoJ, 
Vol.  I.  page  93. 

994.  The  first  edition  of  a  famous  work  by  Lagrange,  appeared 
in  1788  in  one  volume,  entitled,  Michanique  Anaiitiqiu.  There  is 
nothing  in  this  edition  which  bears  explicitly  on  our  subject.  But 
on  his  page  4<74  Lagrange  gives,  in  fact,  an  integral  in  the  form 
of  a  series  of  the  partial  difierential  equation 

and  from  this  integral,  as  we  shall  see  hereafter,  Biot  drew  im- 
portant inferences  with  respect  to  the  attraction  of  a  body. 

995.  We  next  consider  a  memoir  entitled.  On  the  RegottOion 
of  Attractive  Fbwers.  By  Edward  Waring,  M.D.,  F.RS,,  and 
Lucasian  Professor  of  MatheTnatica  ai  Carnbridge. 

This  memoir  is  contained  in  the  FhHosophical  Transactiont  for 
17S9,  published  in  that  year.  It  occupies  pages  185. ..198:  it 
was  read  May  28,  1789. 

This  memoir  investigates  differential  expressions  for  the  at- 
traction of  a  straight  line,  a  plane  area,  and  a  solid,  the  law  of 
attraction  being  expressed  by  any  function  of  the  distance.  It 
then  passes  to  other  subjects,  as  for  example  the  differential 
expression  for  the  surface  of  any  solid.  I  cannot  understand  on 
what  ground  this  memoir  was  published,  for  it  does  not  appear  to 
contain  the  slightest  novelty. 
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996.  Id  the  Ephemeridea  AgtronomicoB  for  1791,  published  at 
TieDoa  in  1790,  there  is  a  memoir  entitled  Disaeriaiio  de  Figura 
TeUuria  e  Bolts  Edipailma  dedvcta,  a  Frandaco  de  Paula  Tries- 
wcker;  the  memoir  occupies  pagea  387. -.412  of  the  volume. 

This  memoir  helonge  to  practical  astronomy  rather  than  to  the 
suhject  of  which  we  are  tracing  the  history ;  so  that  a  veiy  brief 
indication  of  its  nature  is  all  that  need  bo  given  here. 

If  the  circumstances  of  an  eclipse  of  the  sun  are  carefully  ob- 
served we  may  obtain  the  value  of  the  errors  in  the  moon's  longi- 
tude and  latitude  which  are  recorded  in  the  tables ;  but  this  sup- 
poses that  we  know  the  figure  of  the  earth,  which  is  required  in 
order  to  allow  for  parallax.  If  we  assume  that  the  ratio  of  the 
error  in  latitude  to  the  error  in  longitude  is  sufficiently  known, 
we  can  apply  our  observations  of  an  eclipse  to  yield  information 
as  to  the  ellipticity  of  the  earth. 

Sixteen  eclipses  of  the  sun  are  finally  used  in  the  memoir ; 
th^se   occurred   at  various  dates  between    1706  and   1788:  the 

ellipticity  deduced  is  ^-.     But  the  jM-ocess  is  very  unsati^fiic- 

toiy;  for  it  is  plain  that  the  observations  ue  not  of  sufficient 
accuracy  to  warrant  any  strong  rdliance ;  and  they  are  -treated  iu 
a  very  arbitrary  manner  to  make  them  yield  a  result.  The  chief 
practical  obstacles  consist  in  the  difficulty  of  determining  the 
instants  of  initial  and  final  contact  of  the  sun  and  moon,  and  the 
uncertainty  as  to  the  values  of  the  apparent  diameters  of  these 
bodies.  The  remarks  made  on  these  points  may  be  of  some 
iatereet  to  astronomical  observers ;  but  regarded  as  a  contribution 
to  our  subject  the  memoir  may  be  safely  pronounqed  of  no  value. 

997.  A.  memoir  is  contained  in  the  Fhilosophv^  Transactions 
for  1791,  published  in  that  year,  entitled  Conmderationa  on  the 
Convenietuie  of  measuring  an  Arch  of  the  Meridian,  and  of  the 
Farallel  of  Longitude,  having  the  Observatory  of  Geneva  for  their 
common  Intersection.  By  Mark  Augustus  Pictet,  Professor  of 
Philosophy  in  the  Academy  of  Geneva. 

The  memoir  occupies  pages  106...127  of  the  volume,  and  is 
accompanied  by  a  map. 
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Pictet  considered  that  aa  arc  of  meridian  of  about  1*  24',  and 
an  arc  of  longitude  of  ab6ut  2^,  intersecting  at  Geneva  could  be 
very  advantageously  meaaured ;  and  lie  wished  the  Royal  Society 
to  undertake  the  operation.  He  indicates  on  the  map  suitable 
places  for  the  various  stations. 

998.  A  memoir  by  Waring  On  Injinite  Series  is  contained 
in  the  Philoaophical  TraneaciMna  for  1791,  published  in  that 
year.  On  pages  161. -.164  of  the  memoir  Waring  touches  on  the 
subject  of  Attraction.  He  shews  how  to  calculate  the  attraction 
of  a  solid  of  revolution  at  any  point  of  the  axis,  when  the  attrac- 
tion varies  as  any  power  of  the  distance  ;  he  considers  especially 
the  case  in  which  the  solid  is  a  sphere,  and  gives  the  approximate 
result  when  the  sohd  deviates  but  little  iitim  a  sphere. 

The  invesUgations  contain  nothing  new  or  important. 

999.  In  the  Philoso^ical  Transactions  for  1791,  published  in 
that  year,  we  have  a  memoir  entitled  The  Longitudes  of  Dunkirk 
and  Paris  from  Oreenvnch,  deduced  from  the  Triangular  Measure- 
ment in  1787,  1788,  aw^oaing  the  Earth  to  be  an  Ellipsoid.  By 
Mr  Isaac  Dolby.  The  memoir  occupies  pages  236. ..243  of  the 
volume. 

The  memoir  consists  chiefly  of  numerical  results.  Lengths  are 
assumed  for  the  major  and  minor  axes  of  the  generating  ellipse, 
which  are  nearly  in  Newton's  proportion  of  230  to  229 ;  and  it- 
is  shewn  that  the  various  meaaured  arcs,  neglecting  Beccaria's, 
^pree  remarkably  well  with  the  values  they  would  have  on  the 
assumed  oblatum. 

On  page  240,  a  theorem  is  used  which  is  the  same  with  respect 
to  the  major  axis  of  an  ellipse  as  that  enunciated  in  Art.  479  is 
to  the  minor  axis. 

1000.  A  volume  was  published  in  1791  entitled  Eirpos^dea 
operations  faites  en  France  en  1787,  pour  la  jonction  dea  ohaer- 
vatoires  de  Paris  et  de  Greenwich,  par  M.  M.  Caasini,  Michain 
et  Le  Gendre.  See  La  Lande's  Bibliographic  Astnmomique, 
pt^e  618. 
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I  have  not  been  able  to  consult  this  volume ;  it  is  the  French 
contribution  corresponding  to  tbat  made  by  the  English  under  the 
superintendence  of  Qeneral  Ro;  to  the  determinatioD  of  the  rela- 
tive situations  of  the  two  great  observatories :  see  Art.  986,  I 
presume  this  French  work  embodies  the  memoirs  on  the  subject 
which  we  have  noticed  in  Art  992, 

The  Caasini  here  named  was  the  son  of  Cassini  de  Thuiy ;  and 
is  oflen  distinguished  from  the  other  members  of  his  illustrious 
family  as  Cassini  IV. 

1001.  We  pass  to  a  memoir  entitled  Nuoio  e  stcuro  mezzo 
per  ricoaotcere  la  Jigura  delta  terra-  Del  Sig.  Antonio  Cagnoli. 
This  memoir  is  contained  in  the  Memorie  di  Matemaiica...deUa 
Societd.  Italiana,  Vol.  6/ Verona  1792,  It  occupies  pages  227., .235 
of  the  volume. 

Observations  are  to  be  made  of  the  duration  of  occultations 
of  fixed  stars  by  the  moon;  and  this  duration  is  to  be  compared 
with  that  calculated  on  the  supposition  that  the  Earth  is  spherical. 
The  difference  in  the  duration  will,  according  to  Cagnoli,  amount 
to  86  seconds  under  favourable  circumstances,  or  even  to  130 
seconds.  He  considers  that  in  this  way  the  Figure  of  the  Earth 
may  be  ascertained. 

He  says  on  his  page  234i,  he  has  elsewhere  shewn  that  the 
discordant  results  obtained  in  measuring  degrees  on  the  Earth's 
surface  may  be  explained  by  irregularity  in  the  density  of  the 
upper  strata,     I  do  not  know  to  what  publication  he  here  alludes. 

The  most  interesting  circumstance  connected  with  C^ooli's 
memoir  is  the  attention  which  it  received  from  a  very  eminent 
English  astronomer.  A  pamphlet  was  printed  for  private  cir- 
culation entitled.  Memoir  on  a  new  and  certain  Tnethod  of  ascer- 
taining the  Figure  of  the  Earth  by  means  of  oceultations  of  the 
fixed  Stars,  By  A.  Cagnoli.  With  -notes  a-nd  an  appendix  by 
Francis  Baily,  London,  1819. 

This  is  a  very  interesting  production ;  in  consists  of  44  octavo 
pages,  besides  the  Title  and  Advertisement. 

Baily  urges  private  observers  to  attend  to  the  suggestions  for 
ascertaining  the  Figure  of  the  Earth.     He  also  strongly  recom- 
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meods  the  formation  of  an  Astronomical  Society;  and  thia  was 
soon  afterwards  carried  into  effect. 

Buly  alludes  to  the  diseertation  on  the  Figure  of  the  Earth 
by  Trieanecker,  which  we  have  noticed  in  Art.  996,  But  Baily 
had  not  been  able  to  procure  a  sight  of  the  dissertation. 

Baily  says  in  a  note  on  page  8 : 

I  find  it  difficult  here  to  give  a  &ithful  translation  of  the  aathor's 
words :  ths  original  ruoB  thus,  Senza  che  ci  possiamo  attenere  alia 
OBBerrazioui  pid  sicure :  ed  una  sola  fose,  &o.  &c. 

He  translates  this, 

"Can  we,  indeed,  expect  to  obtmn  more  certain  obserratioufl f 
uDcea  single  obserration..." 

The  fault  is  that  Baily  throwa  into  an  interrogative  fonn  what 
Cagnoli  gives  as  a  statement.  Ct^noli  has  just  been  considering  an 
extremely  unfavourable  case,  and  shews  that  even  there  bis  method 
maintains  its  credit;  and  then  he  proceeds:  Besides  we  may 
obtain  more  certain  observations;  since  a  single  observatiqn... 

1002.  In  the  Pkilosophicai  Tnmxaaions  for  1792,  published 
in  that  year,  we  have  an  Accowat  of  the  Meaxwrement  of  a  Bate 
Line  upon  ihe  Sea  Beach,  near  Porto  Novo,  on  the  Coast  of 
Coromandd,  by  Michael  Topping ;  this  account  occupies  pages  99 
...114  of  the  volume. 

The  base  was  to  serve  for  a  series  of  triangles  carried  &om 
Uadras  down  the  coast  of  Coromandel.  The  base  did  not  form 
one  straight  line,  but  consisted  of  six  portions,  involving  slight 
changes  of  direction  at  five  points.  The  total  length  deduced  for 
the  distance  between  the  extreme  stations  was  11636  yards.  It  is 
plain  &om  the  account  that  the  operations  were  of  a  rather  rude- 
kind  ;  and  the  result  is  not  of  any  importance  in  the  history  of 
our  subject.  The  great  Indian  arc  which  has  since  beea  measured 
does  not  pass  through  the  locality  of  this  early  base,  but  some 
d^rees  to  the  weat  of  it. 

1003.  The  third  edition  of  La  Lande's  Astrotiomie  was  pub- 
lished in  1792,  in  three  volumes  quarto.     The  pages  1...47  of  the 
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third  volume  form  the  15th  Sock,  entitled  De  la  Orandeur  et  de 
la  Figure  de  la  Terre. 

The  p(^es  are  not  very  correctly  printed,  and  contribute  no- 
thing new  to  the  subject  But  they  collect  uBefiil  information 
and  references,  especially  concerning  the  historically  famous  toises 
of  the  North  and  of  Peru,  and  that  which  had  belonged  to  Mairan. 
There  is  also  a  table  of  the  observed  lengths  of  the  seconds  pendu- 
lum with  references. 

1004.  We  have  now  to  consider  a  memoir  by  Lagrange,  enti- 
tled, Bwr  lea  SpMrc/idea  eUiptiqaes. 

This  memoir  is  contained  in  the  volume  for  1792  and  1793  of 
the  Berlin  M^moires,  published  in  1798 :  the  memoir  occupies 
pages  258.. .270  of  the  volume. 

1005.  Let  there  be  an  ellipsoid  whose  equation  is 

i44-' m: 

liSgrange  first  finds  the  value  of 

ifa^i^z''dxdydz. 


///- 


where  m,  n,  I  are  positive  integers,  and  the  integration  is  extended 
over  all  the  elements  of  the  ellipsoid. 

Lagrange  shews  that  the  value  of  this  definite  int^ral  is 

1.8.5-(2m-l)1.3.6...(2n-l)l  .3.5...(2r-  1)  _^^^  _„ 
5...(2m  +  2n  +  2/  +  3> "^^  '^  ■"• 

where  M^^aic. 

This  might  now  be  treated  as  an  obvious  example  of  Dirichlet's 
theorem  in  definite  int^rals :   see  InteffnU  Caladua,  Chapter  xn. 

lAgrange's  own  method  is  very  ingenious ;   it  may  be  under- 
stood fix)m  considering  a  particular  case.   Suppose  that  we  require 
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Ijlx'dxdydz:  denote  it  by  U.    TrajiBform  to  polar  coordiaatee  by 
the  usual  substitatlons, 

ts=r  cos  0,      y  =  r  sin  0  sm  ij>,      x  =  r  aiaO  cos  ift. 

Thtis  we  obtam  llir' aia°0  coB'^d0d^dr.     The  integration 
■   with  respect  to  r  can  be  immediately  effected ;  and  this  gives 
f?"  =  =  Ijr^'  sin'  0coa'^d0  d<f>, 

where  r,  is  given  by  the  foUowing  equation  which  is  deduced 
from  (1) 

,  /sin*  0  cos'  A  .  sin*  0  mq*  d>  ,  cob*  3\     _ 

'■( — ^^-^ — i>-^+-7-J  =  '- 

The  limits  of  the  int^rations  are  0  and  w  for  0,  and  0  and 
2w  for  ^. 

Let  a'  =s  - ,     o"  =  rt ,      *r  =  -,  and  *■/=  -= : 

a  P  -y        ■  ■» 

tken  F.lJj!iE!^i^iy*  (j), 

where        B=Ba  sin'^  cos'^  +  jS  sin* 5  Bin*^  +  7Coe*A 

In  like  manner  if  M  denote  the  voliirae  of  the  eUipeoid,  we 
shall  find  that 

M=ljj^'^^ (3). 

From  (2)  and  (3)  we  find  that 

^-11-^ («■ 

Then  as  we  can  easily  shew  that 
4fr 


we  have  from  (4) 


„    l.SJf      s    „, 
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1006.  It  will  be  observed  that  (4)  is  the  most  important 
equation  in  the  preceding  Article.  In  the  same  manner  as  (4) 
was  established  we  can  shew  that 

f  2  2  2  2  d''*'**M 

1007.  Lagrange  now  proceeds  to  consider  the  attraction  of 
the  ellipsoid  on  an  external  particle.  He  introduces  what  we  call 
the  potential  function,  and  denotes  it  by  V.  If  /,  §,  A  denote 
the  coordinates  of  the  attracted  particle,  the  attractions  in  the  cor- 
responding directions  are  -^r; ,   j- ,  -jj  •   Lf^range  does  not  claim 

these  expressions  for  himself;   and  we  know  that  they  are  really 
due  to  Laplace :  see  Art.  789. 

1008.  Lagrange  says  on  his  page  263  : 

Ia  recherche  de  VattractioD  du  sphfroii^e  depend  done  ^implement  de 
la  dftemunation  de  la  quantity  V  en  fonotion  de  a,  b,  c,  /,  g,  h.  Dans  le 
mfimoire  d^j^  citf  sur  I'attraction  des  BpIi6roideB,  j'ai  r&olu  la  question 
pour  le  cas  od  le  point  attir£  est  dans  l'int6rieur  ou  &  la  surface ;  et  dans 
nne  addition  &  ce  m^moiie,  imprimSe  dans  le  volume  de  I'Ann^e  177ff, 
je  I'ai  r^lue  ausvi  ponr  le  cas  o&  le  point  attir£  eat  sur  le  proloDgement 
d'UD  dea  trois  axes.  Lee  autres  oas  out  £t^  r^lus  d'abord  par  Le 
Gendre  pour  les  seuls  aplifroTdea  de  revolution,  enauite  par  1a  Place  et 
Le  Gtendre  pour  des  Bph6roTdes  quelconques.  On  ne  pent  regarder  leurs 
solutions  que  comme  des  chef-d'oiuvres  d'aualjae,  mais  on  peut  desirer 
encore  uue  aolution  plus  directe  et  plus  simple ;  et  les  progr^  continuela 
de  I'aiialjse  donnent  lieu  de  I'eep^rer.  En  attendant,  voici  I'asage  qu'on 
pourroit  fairs  des  formules  pr^oSdentes  dans  cette  rechei-che. 

By  the  memoir  already  cited,  L^range  means  the  memoir  of 
177s ;  the  attraction  is  there  investigated  without  any  use  of  the 
function  Y.  The  anticipation  which  Lagrange  expresses  respect- 
ing the  progress  of  analysis  has  been  completely  fulfilled ;  for  by 
Ivory's  method  a  most  direct  and  simple  solution  of  the  problem 
is  furnished. 

1009.  The  function  V  is  given  by 
dxdydz 


^-llh 


V((/-x)'+(j-y)"-f(A-«)r 
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Let  k^pcoaX,  ff  —  pBinXaa/t,  /=  p  sin X  cos /t ;  and  sup- 
pose the  radical  in  V  expanded  in  the  form 

P       P         P        P 
then  i*.  will  be  a  homogeneous  function  of  x,  y,  z  of  the  degree  n. 

It  is  obvious  by  the  eymmetiy  of  the  ellipsoid  that  since  the 
integrations  extend  oTer  the  whole  ellipeoid,  all  the  tenns  which 
involve  odd  values  of  n  will  disappear  in  the  expression  for  K;  so 
that  we  shall  have 

y^  ^+',fJIP,<lcdydz+-JjjP,dxd!fdz+... 

1010.  Lagrange  then  considers  in  detail  the  terms  in  V  which 
arise  from  P,,  P^,  and  P,. 

For  instance,  we  must  have 

where  A,  B,  C,  E,  F,  0,aie  certain  quantities  which  are  constants 
with  respect  to  x,  y,  t.  Hence  by  the  general  formula  of 
Art  1006,  we  have 


///^ 


P.eirrfy  de  -  y  (40.*  +  56*+  (V) ; 


for  the  terms  which  depend  oiaE,F,  Q  obviously  vanish. 

But  the  expression  which  is  under  the  integral  sign  in  V 
satisfies  identically  the  well  known  partial  differential  equation. 
Hence  we  see  that 

^P,    ^,^ 
d!t?  ^  dy' ^  <U^     ^ ' 
when  n  is  greater  than  2  this  will  split  up  into  various  equations, 
because  it  is  identically  true.    When  n  =  2  it  reduces  to 
A  +  B+C'^0. 
Thus  we  may  put 


ISP 


P,  <&  rfy  c2b  =  ~  {5(6*  -  o*)  +  C  (o*  -  o*)}. 
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1011.  Lagrange  treata  the  terms  which  arise  from  P,  and  P, 
in  a  similar  manner.  In  hoth  cases  he  obtains  a  resolt  of  this 
character :  one  factor  is  M,  and  the  other  factor  is  a  function  of 
h*  —  a'  and  ^  —  a*.  This,  as  he  himself  observes,  confirms,  as  far 
as  it  goes,  the  important  theorem  due  to  Laplace,  which  we 
express  by  saying  that  the  potentials  of  confocal  ellipsoids  at  an 
external  point  are  aa  their  masses. 

1012.  A  memoir  by  Rumovsky,  entitled,  Meditatio  de  Figura 
Tt^Jwris  exacHus  cognoscenda,  is  contained  in  Vol.  xnL  of  the 
Nova  Ada  Acad....PetropolitancB;  the  volume  is  for  1795  and 
1796 ;  the  date  of  publication  is  1802.  The  memoir  occupies 
pages  407. .  .417 ;-  and  there  is  an  account  of  it  in  pages  74  and  75 
of  the  historical  part  of  the  volume. 

1013.  Kumovsky  says  that  slightly  different  results  aa  to  the 
ellipticity  of  the  earth  have  been  deduced  from  the  same  data  by 
different  writers :  he  attributes  this  to  the  use  of  approximate 
formube,  instead  of  exact  formulae.  Accordingly  he  undertakes 
to  compare  all  the  d^rees  of  the  meridian  hitherto  measured,  both 
with  that  of  Peru  and  with  that  of  Lapland,  and  to  determine  the 
value  of  the  ellipticity  from  every  pair.  But  nevertheless  he  is 
really  content  with  an  approximation,  for  he,  in  fact,  assumes  that 
the  curvature  is  constant  throughout  each  separate  degree. 

Eumovsky  obtfuns  by  his  calculation  various  values  for  the 
ellipticity,  lying  between  —=  and  ^^ .  He  attributes  the  dis- 
crepancies to  the  unavoidable  errors  in  determining  zenith  dis- 
tances ;  and  as  an  example  of  the  difficulty  of  accuracy  in  such 
matters,  he  says  that  the  latitude  of  the  observatory  at  Paris 
is  still  uncertain  to  the  amount  of  two  seconds. 

Bmnovsky  states  that  if  certain  corrections  are  made  in  the 
lengths  of  the  measured  degrees,  they  will  agree  very  closely, 

rejecting  the  Hungarian  arc,  in  giving  ^^  as  about  the  value  of 

the  ellipticity.  The  corrections  he  assigns  for  the  respective 
degrees  in  toises  are  the  following:  —40  Peru,  —105  Cape  of 
Good  Hope,  +  99  Pennsylvania,  -I-  75  Italy,  -H  60  North  of  France, 
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+  48  middle  of  France,  +  20  South  of  France,  0  Piedmont^  +  42 
middle  of  Austria,  —  90  Lapland. 

These  numbers  accord  fairly  with  those  proposed  by  Frisi  for 
bringing  the  measures  into  harmony  with  the  same  value  of  the 
ellipticity:  eee  page  95  of  the  work  named  in  Art.  668.  The 
following  are  some  of  Frisi's  proposed  corrections,  also  in  toises ; 
-50  Peru,  -111  Cape  of  Good  Hope,  +110  Pennsylvania,  -82 
Lapland. 

But  although  the  corrections  proposed  by  Rumovsky  are  not 
extravagant  in  amouDt,  he  agrees  with  the  opinion  which  he 
cites  from  Boscovich: 

qtutestionem  de  magnitudine  et  figura  Telluris  ez  meneuia  gcaduam 
non  solum  absolutam  adhuc  non  esse,  sed  viz  esse  inchoatam. 

Finally  Bumovsky  recommends  the  measurement  of  arcs  of 
parallel  extending  over  six  or  more  degrees,  the  difference  of  lon- 
gitudes being  determined  by  the  aid  of  exact  chronometers.  He 
mfuntains,  E^ainst  the  opinion  of  Bouguer,  that  this  is  a  good 
practical  method  for  determining  the  ellipticity  of  the  Earth ; 
but  it  is  almost  superfluous  to  say  that  the  method  has  never  been 
found  really  advantageous. 

The  memoir  cannot  be  considered  to  be  of  any  importance  in 
the  history  of  oar  subject. 

1014.  In  the  first  number  of  the  SuUeiin  des  Sciences,  par  la 
8oci&4  UiUomati^  de  Paris,  which  was  published  in  April  1797, 
there  is  a  note  on  pages  5  and  6,  entitled  Formitles  pour  d^duire 
le  rapport  des  axes  de  la  terre,  de  la  longtieur  de  deux  arcs  du  vU- 
ridien,  par  le  G.  R,  Prony. 

The  object  of  Prony  is  to  supply  a  formula  more  exact  than 
the  ordinary  approximations;  he  givee  a  result  without  demon- 
stration, but  this  may  be  easily  supplied. 

With  the  usual  notation  the  length  of  an  arc  of  the  meridian 
between  the  latitudes  if>^  and  if>^  is 


B  (1  _  fi«)  (■*•  (1  _  e»  ainV)"*  "^ 
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Let  It  denote  tbia  leogth  ;  put  j3  for  ^  —  0„  and  ff  for  ^, + ^f 
Then  neglecting  powers  of  e*  above' £*  we  find  that 

--/3-^08+38iny9cos7)-j|(|+em/9coB7-gain2i8co827J. 

Let  letters  with  an  accent  apply  to  another  arc  of  the 
meridian ;  then  by  divLaion 

^        /3-^09+38in^cos7)-~(f+8iii/3cos7-|8in2/3coB27) 
^'    /3'-jCi8'+3sin/9'cos70-||7f+8ia^co87'-|Bin2)3'coB27'] 
If  we  neglect  a*  we  obtain  for  a  first  approximation 

3  (A  ein  /S*  cos  7'  -  A'  ain  j3  COB  7)  ■ 
This  agrees  substantially  with  Prony's  fonntila. 
Prony  gives  the  result  which  is  obtained  by  retaining  e*;  it 
may  be  easily  verified.     The  subject  is  fully  treated  in  Puissant's 
TraiU  de  Qiodisie;  see  thfe  third  edition  of  that  work,  Vol  I. 
pages  317.. .320. 

1015.  In  the  Phtloaopkical  Trarisactions  for  1798,  published 
in  1798,  there  is  a  memoir  by  Cavendish,  entitled  Ea^>eri'mejas 
to  determine  the  Density  of  the  Earth.  The  memoir  occupies 
pi^es  469. ..526  of  the  volume:  it  was  read  on  June  21,  1798. ' 

1016.  This  famous  memoir,  although  contributing  nothing  to 
the  theory  with  which  we  are  engaged,  occupies  an  important 
place  in  the  list  of  experiments  and  observations  connected  with 
the  nature  of  the  Earth.  The  attraction  exerted  by  large  balls 
of  lead  on  adjacent  small  bodies  was  observed ;  and  from  the  result 
the  mean  density  of  the  Earth  was  deduced. 

The  memoir  begins  thus : 

Mimy  jears  ago,  the  late  fiev.  John  Michell,  of  this  Society,  contrived 
a  method  of  determining  the  density  of  the  earth,  by  rendering  gensible 
the  attraction  of  small  quantltiea  of  matter  j  but,  as  he  was  engaged  in 
other  pursuits,  he  did  not  complete  the  apparatua  till  a  short  time  before 
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hiB  death,  and  did  not  lire  to  make  any  experiments  'witU  it.  After  his 
death,  the  apparatus  came  to  the  Bav,  Francu  John  H^de  WoUaatou, 
Jackaonian  Profeaaor  at  Cambridge,  who,  not  having  conTeuiences  for 
making  experiments  with  it,  ia  the  manner  he  could  irish,  was  so  good 
as  to  gire  it  to  me.  , 

1017.  The  only  part  of  the  memoir  with  which  we  are  di- 
rectly concerned  is  the  investigation  on  pages  523  and  524  of  the 
attT3«tioii  of  a  rectangular  lamina  on  a  particle  which  is  situated 
perpendicularly  over  a  corner  of  the  lamina.  Cavendish  obtains 
in  finite  terms  the  component  attraction  parallel  to  an  edge  of 
the  lamina.  But  he  says  that  he  knows  do  way  of  finding  the 
component  perpendicular  to  the  lamina  except  by  an  infinite  seriesu 
He  gives  accordingly  two  ezpresaions  involving  infinite  senea. 
I  have  verified  the  correctness  of  his  result.  But  this  component 
can  be  easily  expressed  in  finite  terms :  see  Stages,  page  317. 

Some  formulfe  are  given  on  page  476  relating  to  the  inflaence 
of  a  resistance  which  varies  aa  the  square  of  the  velocity  on  the 
motion  of  a  pendulum :  at  least  they  amount  to  this.  I  have 
verified  them :  but  it  seems  to  me  that  in  the  last  line  but  one 
we  must  read  later  instead  of  earlier, 

1018.  Cavendish  deduces  from  his  experiments  that  the  mean 
density  of  the  Earth  is  about  o'48  times  that  of  water.  He  ad- 
mits that  this  differs  rather  more  than  he  should  have  expected 
from  the  Schehallien  experiment,  which  gave  4'5. 

We  have  sketched  the  later  history  of  this  subject  In  Art.  733. 

1019.  A  memoir  by  Trembley,  entitled  OhsermUions  suir  Vat- 
traUion  et  I'dquUibre  des  Sph&oidea  is  contained  in  the  volume 
for  1799  and  1800  of  the  Berlin  M^moirea  which  was  published 
in  1803.    The  memoir  occupies  pages  68.. .109  of  the  volume. 

1020.  In  my  History  of  the  Theory  of  Probability  I  gave 
an  account  of  several  memoirs  by  Trembley  on  that  subject;  the 
present  memoir  is  of  the  same  character  as  those.  Trembley 
merely  presents  in  another  manner  results  which  are  already 
well  known ;  and  his  methods  in  general  have  no  merit  to  com- 
pensate for  the  want  of  novelty  in  Uie  cooclusionB. 
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1021.  Suppose  a  mase  of  rotating  fluid  in  the  form  of  a 
figure  of  revolution  to  be  in  relative  equilibrium.  Let  r  and  0 
be  the  usual  polar  coordinates  of  a  point  at  the  surface ;  and 
let  ft)  be  the  angular  velocity.  Ijet  V  denote  the  potential  of 
the  mass  for  the  assumed  point ;  «tbeii  we  know  that  for  rela- 
tive equilibrium  we  must  have 

(!)• 

Trembley  investigates  this  equation ;  see  his  page  73. 

1022.  Suppose  V^  to  denote  the  value  of  V  at  the  pole ;  then 
ace  5  ™  0  at  the  pole,  we  have  by  (1) 


.(2). 


Suppose  T^  to  denote  the  value  of  V  at  the  equator,  and  a  the 
equatorial  radius  of  the  earth ;  then  from  (2)  we  liave 


Substitute  the  value  of  m*  in  (2),  and  we  obtain 


Thus  if  we  know  the  values  of  V[  and  V^  we  can  infer  the 
value  of  V;  and  this  may  be  advantageous,  because  the  inte- 
grations required  to  determine  the  special  values  V^  and  V 
may  be  less  complex  than  the  integration  required  to  determine 
V  directly. 

This  result  however  is  not  to  be  supposed  true  for  every  figure, 
but  only  for  such  a  figure  as  is  consistent  with  relative  equili- 
brium. Trembley  does  not  make  the  assertion  explicitly,  but  we 
may  taixlj  suspect  him  of  supposing  that  (3)  is  an  algebraical 
identity  for  every  figure  of  revolution. 
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1023.  Tremblej  detenuiues  the  value  of  F,  for  an  oblatum 
OD  his  pages  74. ..81 ;  hU  method  however  is  most  laborious  and 
repulsive.  He  keeps  the  origin  of  polar  coordinates  at  the  centre; 
if  he  had  imitated  the  method  given  by  Lagrange  in  1773,  and 
put  the  origin  at  the  pole,  the  result  would  have  been  obtained 
with  simplicity  in  a  page. 

The  result  may  he  easily  verified.  Let  f,g,  A  he  the  coordi- 
nates of  any  point  within  an  ellipsoid  or  on  its  surface ;  then  it 
is  known  that  the  resolved  attractions  parallel  to  the  correspond- 
ing axes  are  respectively  Ff,  Og,  Eh,  where  F,  <?,  S"ar6  certain 
constants.     Therefore  if  F  he  the  potential  we  must  have 

F=  constant  -  |  {Ff  +  0/  +  Hh*). 

The  constant  can  he  determined  by  actually  calculating  the 
value  of  Ffor  the  centre  of  the  ellipsoid. 

In  the  case  of  an  oblatum  we  shall  thus  obtain 

r-^°''^f'-'''m.-»-|(Jr+gi^  +  flf), 

where  a  is  the  semiaxis  major,   and  e  the  excentricity  of  the 
generating  ellipse. 

The  values  of  F,  0,  H  are  given  in  elementary  books ;  for  the 
oblatum  two  of  them  are  equal 

Suppose  that  H  refers  to  the  polar  diameter ;  then  .Fand  O 
are  equal :  also 

We  shall  thus  find  that  the  value  of  F  at  the  pole  is 

^  {■    j'     ^-ll.  where  ^-sin-'e. 
sm"  ^  (sm  9  cos  9       ) 

Trembley's  result  is  equivalent  to  this,  but  in  obtaining  it  he 
employs  a  series  which  is  not  always  convergent. 
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1024.  An  algebraical  identity  occuib  in  the  course  of 
Trembley's  iiivestigation,  which  may  deserve  to  be  reproduced. 
He  shews  that 

2n,(^  +  2r)C^  +  2r  +  2)......C^+2r+2m)  =  0, 

where  n,  denotes  the  r"*  term  in  the  ezpaosioD  of  (1  —  1)',  and  S 
denotes  a  summation  with  respect  to  r  from  r  =  0  to  r  =  n  in- 
clusive ;  and  m  is  zero  or  any  positive  integer  lees  than  n  —  1. 
Suppose  m  =  0 ;   then  we  have  to  shew  that 

4-5(^  +  2)+!l^^(4  +  4)-...+(-l)-(^  +  2«).0i 

and  it  is  obvious  that  this  is  true,  for  the  expression  is  equiva- 
lent to  ^  (1  -  1)'  -  2n  (1  - 1)"-'. 

Then  the  general  proposition  can  be  establbhed  by  induction. 
Assume  that  the  expression  vanishes  when  n\  has  a  certain  value. 
Change  m  into  m  + 1 ;  and  let  TJ  denote  the  value  of  the  ex- 
pression thus  obtained :  so  that 

tr-SR,(^  +  2r)(-i  +  2r+2) (^  +  2r+2m+2) (1); 

■while  by  hypothesis 

0  =  2«,(-4  +  2r)(.4  +  2r+2) (^4-2»-  +  2m), 

and  therefore  by  changing  A  into  ^  +  2  we  have 

0-Sji,(.4  +  2r  +  2}(^  +  2r  +  4) (^  +  2r  +  2+2m) (2). 

Multiply  (2)  by  A,  and  subtract  from  (1) ;  then  we  shall 
find  that 

I7=-2nSCn-l),(4  +  2r  +  4)C4  +  2r  +  6) (.4+ 2r+4+2m),. 

and  this  is  zero,  by  virtue  of  our  assumption,  provided  m  is  less 
than  n  — 1  —  1,  that  is,  provided  m  is  less  than  »— 2;  and  this 
by  hypothesis  is  the  case ;  for  we  suppose  fn  + 1  less  than  n  —  1. 

1025.  Trembley  next  obtains  on  his  pages  81.. .83  the  value 
of  V^  for  an  oblatum ;  see  Art.  1022,  With  the  notatioD  used  in 
Art.  1023,  it  will  be  found  that  this  is 

TTO'  cos  ^   (  ,   ,n      .    1    ,  , ,  ,  , 

^,  .  -  -  {^  (2  sin'  0  -  1)  +  Bin  ^  COS  0j. 
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Tremblej'e  result  ia  equivalent  to  this ;   but,  as  before,  in  ob- 
taining it  be  employs  a  series  wMcb  is  not  always  convergent. 


1026.  Ijet  17  stand  for  -7^3 — 5— ' — riTs  ;  tben  we  know  that 

|{a--)f}-^?=» «• 

Ijet  IT  be  expanded  in  a  series  in  the  form 

i|i+P,i;+P,4+P.r;+...U 

then  assumii^  that  in  (1)  the  coefficient  of  each  power  of  r 
vanishes  separately,  we  have 

i{(i-''"'f^}+"("+^)^--'' «• 

This  is  the  way  in  which  (2)  is  universally  obtained.  Trembley 
gives  an  investigation  of  (2),  in  which  he  does  not  make  the  as- 
sumption just  stated,  but  starts  with  the  known  form  of  P.:  see 
Art.  786.  I  have  not  verified  Trembley's  investigation,  which 
occupies  his  pages  84.. .89. 

1027.  Trembley  wishes  to  shew  that  P.  =  1  when  /*  =  1,  and 
he  adopts  the  following  extraordinaiy  method  : 

In  (2)  suppose  /t  =  1 ;  then 

ther^ore  ^^^n(^^  +  l) 

therefore  (P.)' =  S"/i-i-*" 

where  H  is  a  constant.  Thus  when  /i  =  1  we  have  P,  =  i/B";  and 
as  S  does  not  contun  n,  we  see  that  P,  has  the  same  value  when 
fi  =  l,  whatever  be  the  value  of  n.  But  P,  ■- 1  obviously  when 
/t=l;  therefore,  P,  =  1  when /(  =  1, 
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It  would  be  difficult  to  find  worse  reasoning.  We  see  that  /t 
is  made  equal  to  unity,  and  yet  supposed  to  be  a  variable  at  the 
same  time.  And  even  if  the  resulting  value  of  (PJ*  had  'been 
fairly  obtained,  the  constant  S  would  be  merely  constant  wiih 
reapect  fo  ^ ;  to  assume  that  H  is  constant  with  respect  to  n  is  to 
beg  the  whole  quesUon. 

1028.  On  his  pages  90.. .92  Trembley  investigates  some  of 
the  properties  of  Legendre's  coefficients,  which  Legendre  himself 
gave  in  his  second  memoir;  see  Arts.  825. ..827.  Trembley  uses 
equation  (2)  of  Art  1026.  From  this  equation  by  integrating  we 
obtain 

(1  -/**)  j-^  +n  (ft  + 1)  J  P,"^-  coDBtant ; 

then  putting  /«  v  0  to  determine  the  constant  we  have 

(!-"■)  f'+»(»+')/>''=(f-); 

where  the  suffix  0  indicates  the  value  when  /*  =  0. 
Hence  putting  ;i  =  1  we  have 

.(»+i)/V.i^.(^-)_. 

If  n  is  even  -j-^  has  /*  for  a  factor,  and  then  i-r^j  =0. 


(f).=  <- 


2.4...(n-l)' 
Multiply  equation  (2)  of  Art.  1026  by  /»",  and  integrate ;  thus 

Integrate  the  first  term  by  parts,  and  take  unity  for  the  upper 
limit  of  integration,  Thus  when  n  and  m  are  both  even  we  can 
arrive  at  the  result  given  in  Art.  825. 

When  »  is  even  and  m  is  odd  we  can  arrive  at  the  result  given 
in  Ark  826.  Trembley  obtains  this  result,  biit  he  has  a  super- 
fluous ±  before  the  right-hand  member:  nevertheless  he  says  his 
formula  is  what  Legendre  found,  which  is  untrue. 
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1029.  Betum  to  equation  (3)  of  Art  1022,  and  suppose  that 
the  body  is  very  nearly  spheiical :  put  r  =  o  (1  +  ojj)  where  a  ia  a 
small  quantity,  the  square  of  which  may  be  neglected,  and  ^  ia 
some  function  of  0.    Thus  we  obtain  approximately 

r=  F,  COS*  5  +  7,  sin"  6  +  2aij  sin'  0  (F,  -  F,), 
and  as  we  are  sure  that  the  difference  between  V^  and  V^  must  be 
of  the  order  a,  we  have  by  n^lecting  a* 

r-r,co3'^+7,flin»fl-  r,+(r,-r^co8'ft 

See  Trembley's  pages  93  and  96.  He  says  that  as  the  value  of 
Kiuvolves  only  cos*  0  the  meridian  curve  must  be  an  ellipse;  but 
this  is  mere  assertion  and  not  demonstration.     He  adds: 

...On  d6duit  de  I^  le  tbSordme  qu'a  d€montr6  M.  le  Qendre,  que  a 
I'OD  mppoee  qn'une  plangte  en  Iqnillbre  ait  la  figure  d'un  aolide  de 
rJvolntion  pen  difiSrent  d'une  sphere,  et  soit  partagfie  en  denz  partiea 
iffdea  par  son  fqnatenr,  le  m^dien  de  cette  plandte  est  njoeasairement 
elliptiqne. 

But  this  understates  what  Legendre  undertook  to  establish ; 
for  Legendre  did  not  limit  his  figure  of  revolution  to  be  nearly 
spherical ;  see  Art  844 :  at  least  he  does  not  confine  himBelf  to 
the  first  power  of  the  ellipticity. 

Trembley  su^ests  that  probably  the  theorem  of  Legendre  will 
also  hold  if  the  figure  ia  nearly  spherical,  though  not  necessarily 
of  revolution ;  he  seems  ignorant  of  the  fact  that  Laplace  had 
already  established  this  in  his  fourth  memoir :  see  Art.  858. 

1030.  On  his  page  95  Trembley  verifies  JJaplace's  well  known 
equation  for  the  case  of  an  oblatum  of  small  excentricity :  see 
Art  852.  Taking  a  for  the  semiaxis  major  of  the  oblatum 
Trembley  shews  that 

1031.  For  an  oblatum  of  small  excentricity  at  any  point  of 
the  surface  Trembley  finds  that  approximately 


'?}. 


where  M  is  the  mass  and  e  the  excentricity. 
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This  result  is  obtained  on  the  assumption  which  is  mentioned 
in  Art.  1022,  namely  that  the  obhitum  is  a  form  of  relative 
equilibriam  for  a  rotating  fluid ;  eo  that  it  is  not  demonstrated 
by  Trembley,  We  may  accept  the  result  as  true  because  we 
know  that  the  assumed  proposition  is  true. 

Further,  Trembley  tacitly  assumes  that  this  formula  is  true  for 
any  external  point,  when  at  most  all  that  has  been  shewn  by  him 
is  that  it  may  be  accepted  as  true  for  points  on  the  surface. 

Of  course  this  assumption  may  be  justified,  but  Trembley 
himself  says  nothing  about  it.  We  know  that  for  an  external 
point  V  will  be  of  the  form 

where  M  denotes  the  mass ;  and  as  the  expression  may  be  ad- 
mitted to  hold  up  to  the  surface,  the  values  of  the  constants  N^, 
N^,  ...  may  be  determined  by  the  aid  of  the  value  of  V  at  the 
surface. 

The  approximate  value  of  V  which  Trembley  uses  may  be 
easily  verified;  see  Art.  1010. 

1032.  From  the  approximate  value  of  V  given  in  the  pre- 
ceding Article,  Trembley  obtains  immediately  expressions  for  the 
attraction  resolved  in  the  direction  of  the  radius  .vector  and  at 

.  right  angles  to  it.  These  he  applies  on  his  pages  99.  ..105  to  de- 
monstrate various  theorems  given  by  Clairaut ;  namely,  those  on 
Clairaut'a  pages  203,  236,  245,  226,  and  217 :  see  Articles  321, 
335,  336,  327,  and  323. 

1033.  Pages  105. ..109  of  Trembleys  memoir  do  not  relate 
to  oiir  subject,  but  to  a  theo(em  demonstrated  by  Laplace  re- 
specting the  attraction  of  light  by  a  luminous  body,  in  De  Zacb's 
Ephemerides  for  July,  1799.  Trembley  objects  to  Laplace's  de- 
monstration;  I  have  not  examined  the  point. 

1034.  In  the  Memorie  di  Matematica deKa  Soeieid  Italiana, 

Vol  viii.,  Modena,  1799,  we  have  a  memoir  entitled  Sopra  alcune 
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particolarUA  eoncementi  la  Gravitd.  terrestre,  by  Qregorio  Fontann, 
The  memoir  occupiea  pages  124..  .ISl  of  the  volume. 

Fontana  expresaea  himself  diaaatiafied  with  the  demonatratiomi 
given  of  the  proposition  that  the  weight  of  a  body  resolved  along 
the  radius  varies  inversely  as  the  radius,  supposing  the  Earth  to 
be  a  homogeneous  fluid  in  relative  equilibrium ;  see  Art  33. 
Fontana  refers  specially  to  a  demonstration  given  by  Boscovich 
in  his  Be  Litteraria  Expeditione,  page  443.  It  does  not  however 
seem  to  me  that  Boscovich  is  unsound,  though  he  is  biie£  I 
presume  that  the  conaiderationa  which  Fontana  explicitly  fur- 
nishes were  implicitly  understood  by  Boscovich, 

Fontana  demonstrates  the  proposition  correctly.  He  also  shevs 
that  the  weight  of  a  given  body  at  any  point  varies  as  the  normal: 
see  Art.  153.  He  adds  some  easy  propositions  respecting  the 
emgle  of  the  vertical,  that  is,  the  angle  between  the  normal  and 
the  radius  at  any  point  of  the  Earth's  surface. 

The  memoir  seems  to  me  to  have  been  out  of  date  at  its 
appearance.  It  might  have  had  interest  and  value  forty  years 
before,  but  scarcely  at  the  time  of  publication. 

1035.  In  the  MSmoires  de  rinstitut...  Vol.  n.  published  in 
1799,  there  is  a  Report  entitled  Rapport  sur  la  mesure  de  la 
m^ridienne  de  France  et  les  r^ultats  qui  en  ont  (t^  d^uite  pour 
determiner  lee  haaes  du  nouveau  systime  m^trique.  This  report 
occupies  pages  23... 80  of  the  historical  portion  of  the  volume; 
it  was  drawn  up  by  Yan-Swinden. 

This  report  ^ves  an  abstract  of  the  operations  for  determining 
the  unit  of  length  and  the  unit  of  weight  in  the  French  metrical 
system.  It  contains  nothing  of  importance  for  our  subject,  as  all 
tiie  details  connected  with  the  meaaure  of  the  meridian  are  fully 
exhibited  in  the  work  entitled  Baae  du  Systime  Mitrigtie. 

1036.  We  shall  now  notice  the  work  which  gives  an  account 
'  of  the  Trigonometrical  Survey  of  England  and  Wales ;  this  con- 

sista  of  three  quarto  volumes,  published  respectively  in  1799, 
1801,  and  1811.  The  work  reproduces  in  substance  various  papers 
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vhicli  were  origiotdly  published  in  the  Phihsophica.l  Tramaactiona, 
with  lai^  additions  in  the  third  volume :   see  Art.  984. 

The  volumes  are  devoted  almost  entirely  to  practical  details, 
and  records  of  observations,  and  so  they  do  not  fall  within  our 
prescribed  range.  Tery  few  pages  treat  on  theory,  and  these  are 
not  of  an  attractive  character. 

1037.  On  page  138  of  the  first  volume  we  have  the  formula 
which  is  now  usually  called  General  Roys  Rule  for  computing 
the  spherical  excess  in  a  spherical  triangle;  the  Bule  however 
has  been  claimed  for  Mr  Dalby:  see  Spherical  Trigonometry, 
Chapter  X. 

On  page  154  a  section  of  some  importance  is  commenced, 
entitled  Ofihe  horizontal  Angles  on  a  Spheroid;  this  is  probably 
due  to  Mr  Dalby:  compare  the  corresponding  section  in  the 
PhUoaophkal  Transactions  for  1790,  pages  192.. .200. 

The  main  design  of  t)ie  section  seems  to  be  to  establish  the 
following  theorem  :  let  there  be  two  poiots  on  a  suiface  of  revo- 
lution, and  determine  at  each  point  the  azimuth  of  the  other 
point;  then  the  sum  of  the  azimuths  will  be  equal  to  the  sum 
for  two  points  on  a  sphere  which  have  respectively  the  same 
latitudes  as  the  points  on  the  surface  of  revolution,  and  also  the 
same  difference  of  longitude.  But  the  investigation  is  obscure  and 
unsatisfactory,  as  are  also  other  parts  of  the  section.  The  theorem 
about  the  sum  of  the  azimuths  is  however  approximately  true  if 
the  surface  of  revolution  is  nearly  spherical:  see  the  Account... 
of  the  Principal  Triangulation,  in  the  Ordnance  Survey  of  Great 
Britwn,  185S,  page  236;  also  the  article  on  the  Figure  of  the  Earth 
in  the  Bncyeiopcedta  Metropolitajia,  page  214. 

1038.  To  justify  the  unfavourable  opinion  which  I  have  ex- 
pressed, I  will  make  a  remark  which  may  be  of  service  to  a  reader 
of  the  original  investigation.  It  will  be  seen  that  page  155  pro- 
fesses to  establish  some  result  exactly,  that  is  without  approxima^ 
tion ;  but  it  is  difficult  to  see  precisely  which  angles  are  denoted  ' 
by  the  letters  employed.  I  believe  it  will  be  found  that  when  0 
is  the  ipiddle  letter,  the  angle  denoted  should  be  the  angle  between 
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Bome  pair  of  planes  which  intersect  in  the  straight  lioe  OS.  Then 
in  the  sixteenth  line  of  the  page  the  angle  B  OK  mBRos  the  angle 
between  the  plancB  SOS  and  KOS ;  but  in  the  twentieth  line 
of  the  page  the  angle  BOK  is  used  for  the  angle  between  the 
planes  BOS  and  KOS:  these  two  meanings  of  the  angle  BOK 
are  confounded,  and  the  investigation  rendered  unsound. 

On  page  171  the  following  statement  is  made : 
It  has  also  been  oonjectored,  that  the  degree  in  Fern  ia  conBiderabl; 
too  long,  in  coaseqnenoe  of  the  lateral  attractioD  of  the  high  lands 
where  the  measurement  was  performed.   (PhiloB.  Traoa.  1768.) 

I  can  find  no  authority  in  the  PkHoaophicai  H^xtnsacHons  of 
1768  for  this  statement;  and  I  do  not  think  that  there  is  an; 
value  whatever  in  it. 

1039.  It  tnaj  be  observed  that  the  measure  of  an  arc  of  the 
meridian  of  nearly  three  degrees  presented  the  same  result  as  the 
early  French  operations,  namely  that  the  length  of  a  degree  ap> 
peared  to  diminish  as  the  latitude  increased :  see  pt^e  109  of  the 
second  part  of  Vol.  n.  of  the  work. 

For  an  anomaly  as  to  the  latitude  of  one  of  the  stations  see 
the  article  on  the  Figure  of  ths  Earth  in  the  Encsclopcedia  Metro- 
politana,  page  236. 
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LAPLACE,  MSCANIQUB  CELESTE,  Fibot  and  Seoom)  Voloheb. 

1040.  The  first  two  volumes  of  the  Micanique  Celeste  were 
publislied  in  1799.  We  shall  be  principally  occupied  with  the 
second  volume;  but  a  few  pages  in  the  first  volume  are  also 
devoted  to  our  subject.  I  shall  cute  iha  p^;es  of  the  original 
edition. 

1041.  The  second  Chapter  of  the  Second  Book  of  the  Mica- 
niqae  Cileste  is  entitled  Des  ^quatiom  diff^reatieUea  du  mouvement 
ePun  sysUme  de  corps  sovmis  d,  leur  attixiction  mutuelle.  In 
§§  11,  12,  and  13  of  the  Chapter  Laplace  digresses  to  the  sub- 
ject of  attraction.  The  investigations  occupy  pages  135.. .145  of 
the  first  volume. 

1042.  Let  F  denote  what  we  call  the  potential  of  an  attract- 
ing body  on  a  particle  at  the  point  (:t^  y,  z).  Laplace  gives  the 
well  known  equation 

dT    d^    d^ 

d^^  di,'^  dz*      " '•^■'' 

and  then  shews  how  it  is  to  be  transformed  into  polar  coordinates 
by  the  usual  formulae 

IE  =  r  cos  d,      y  =  r  sin  0  cos  ^,      s  =  r  sin  d  sin  ^, 
and  putting  ft  for  cos^:  thus  (I)  becomes 

^ifi-'*^^}  +  n7.d^.+--^=o (2). 

We  have  already  recorded  the  first  appearance  of  these  for- 
mulae, and  stated  that  the  polar  form  was  that  originfdly  given ; 
see  Arte.  851  and  866. 
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1043.    If  the  attracting  body  be  a  spherical  shell,  it  is  obvious 
that  V  will  not  iDvolre  0  or  ^,  so  that  it  will  be  a  function  of  r 
only.     Thus  the  partial  differential  equation  for  V  reduces  to 
({•rV     „ 


Therefore  V^A  +  - 
r 

dV 
stants.     And  the  attraction,  being  —  -j-  towards  the  origin,  is 

equal  to  -;. 

Now  suppose  the  attracted  paitide  to  be  at  the  centje  of  the 
spherical  eheil ;  then  it  is  obvious  that  the  resultant  attmotion 
must  be  zero:  thus  B  =  0,  when  r^O,  and  therefore  S  must 

always  be  zero.    Hence  -3-  -i  0  for  all  points  within  the  shell. 

Next  suppose  the  attracted  particle  to  be  outside  the  shell; 
then  it  is  obvious  that  when  the  particle  is  at  an  indefinitely 
great  distance  the  attraction  must  be  the  same  as  if  all  the  at- 
tracting mass  were  collected  at  its  centre.    Thus  denoting  by  M 

the  mass  of  the  shell,  we  must  have  -^  =  -^  when  r  is  indefinitely 

great.  Hence  -5=  J/  when  r  is  indefinitely  great,  and  there- 
fore B  =  M  alwa^  Therefore  the  attraction  of  a  spherical  shell 
on  any  external  particle  is  the  same  as  if  the  shell  were  collected 
"  at  its  centre. 

1044.  The  investigation  of  the  preceding  Article  is  unsatis- 
foctory,  because  no  reason  presents  itself  for  the  change  in  the 
form  of  F  in  passing  &om  the  hollow  part  of  the  shell  to  the 
space  outside  the  shell.  The  fact  is  that  Laplace's  fundamental 
partial  differential  equation  for  Y  is  not  true  when  the  attracted 
particle  is  a  constituent  particle  of  the  attracting  body.  It  was 
shewn  by  Poisson  that  instead  of  zero  on  the  right-hand  side 
of  (1)  we  must  then  have  '—  inp,  where  p  is  the  density  of  the 
attracting  body  at  the  point  considered.  The  ciroimstance  that 
two  different  determinations  of  the  value  of  the  constant  B  are 
■    T.  M.  A.     VOL.  IL  12 
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reqtiired,  migbt  have  suggested  that  the  fundamental  equation 
for  V  could  not  hold  eanftnuous2y  from  the  centre  of  the  shell 
to  an  infinite  distanca  For  then  we  should  have  no  meatu  of 
knowing  at  what  point  one  form  of  V  should  be  given  up,  and 
the  other  form  taken. 

1045.  Laplace  now  proceeds  to  determine  the  laws  of  attrac- 
tion which  make  the  resultant  attraction  of  a  spherical  shell  on 
an  external  particle  the  same  aa  if  the  shell  were  collected  at  its 
centre.  The  prohlem  was  first  discussed  by  Laplace  in  his  Figure 
des  Planetes... :  see  Art.  817 ;  the  discussion  has  now  passed  into 
the  elementary  booka  In  his  F^we  des  Planetes  Laplace  em- 
ployed the  expansion  of  functions  in  a  series  by  Taylor's  theorem; 
in  the  M&sanique  Celeste  he  does  not  employ  these  expansions: 
the  earlier  method  has  been  adopted  in  our  elementary  books. 

1046.  It  has  been  observed  that  Laplace's  solution  of  the 
problem  involves  rather  more  than  it  explicitly  enunciates ;  see 
SchlSmilch's  Zeitsohri/t  fwr  MatkematSi:  und  Phyaik,  Tol.  v. 
page  438.  We  may  put  the  problem  thus :  find  what  must  be 
the  law  of  attraction  of  the  particles  in  order  that  the  resultant 
attraction  of  a  spherical  shell  on  an  external  particle  may  be  the 
same  as  if  this  shell  were  collected  at  its  centre,  and  attracted  ac- 
cording to  some  law  depending  on  the  dbtance.  In  this  enuncia- 
tion we  do  not  assame  that  the  law  of  the  resultant  action  is  to  be 
the  same  as  the  law  of  the  mutual  action.  We  will  solve  the 
problem  as  thus  enunciated  in  the  manner  of  the  Jftcantjue 
Colette,  that  is  without  expansions. 

Let  r  be  the  radius,  Sr  the  thickness  of  a  shell,  p  the  density. 
The  attraction  of  this  shell  on  an  external  particle  at  the  distance 
c  from  the  centre  may  be  expressed  in  the  form 

'^       do  c 

This  is  shewn  in  the  Mdeaniqite  Cdleste;  see  also  Statics,  Chap- 
ter xni. 

Let  us  suppose  that  the  shell  is  collected  at  its  centre,  and 
that  it  attracts  according  to  the  product  of  its  mass  into  a  certain 
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fonctioQ  of  the  distance,  which  we  will  deoote  by  ^(o).     TtieD, 
equating  the  two  expressions  of  the  attraction,  we  get 

^^Sri  tfctd^+fc^  =1.^&-XW «■ 

Integrate  with  respect  to  o ;   thtis 

+(c  +  r)-'^(c-r)-2cr  JxWdc+Pc  (*), 

where  IT  is  a  constant  with  respect  to  c,  so  that  it  may  possibly 
involve  r. 

If  we  represent  -^{o+r) —^(c-r)  by  B  we  obtain  by  differ- 
entiating (4) 

^-4rx(e)  +  2orx'W, 

d-S       d-U 

'S'"  di'- 

Bat  by  the  nature  of  the  fiiiictioQ  R  we  bare 

lie"  "  dr"  ' 
tberefoni  *nci')  +  ^^(.'')"-j;f'> 

Since  the  first  member  of  this  equation  is  independent  of  r, 
and  the  second  member  is  independent  of  c,  each  member  mnst 
be  equal  to  some  constant,  which  we  will  denote  by  3J.  Hence 
l^  integration, 

where  Bib  a  new  constant. 

This  gives  the  law  of  the  resultant  attraction.  We  have  now 
to  find  the  law  of  the  mutual  attraction.    We  have  &om  (3) 

^'(c  +  r)-^'(e-r)     ^(c  +  r)-^r{c-r)  ^  ^ /^       B\_ 
c  ?  V         r/    ' 

12—2 
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therefore 

c(^'(c  +  r)— ^'<C-r)l-(^(c  +  »')~^(c-r)} 

=  2{A<^  +  B)r (5). 

Bifierentiate  with  respect  to  c ;  thuB 

therefore  ^"(c  +  r)-^"(c-r)  =  6Acr (fl). 

Differentiate  tvice ;  thus 

^'"(c  +  r)-- ^"'(c-r)=:6^r.._ (7), 

^""  (c  +  »■)  -  f""  {c-r)=  0. 

This  shevfl  that  '^""(c)  muBt  he  confltant  whatever  c  may  be. 
Denote  this  by  E;  then 

■f"'(c)=Eo  +  E^, 

where  E^  is  another  constant     Hence  by  the  wd  of  (7)  we  get 
£-3.^;   and  then 

where  E,  is  another  constant 

By  comparing  thia  with  (6)  we  see  that  E^  =  0. 

jiff 
Thus  f{c)=-^  +  Efi  +  E„ 

and  ^(fl)  =  :^  +  ^+^_^c  +  J^ 

where  ^,  and  J^,  are  constants. 

Comparing  these  with  (5)  we  find  that 
E,  =  -B. 

Thus 

that  is  eU  (c)  dc  -  ^  +  .^.c  -  B, 
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where  ^(c)  is  the  function  of  the  distance  which  determines  the 
law  of  mutual  action. 


Hence  U{c)dc«~-  +  E^- ~, 


and  therefore  ^{c^-^Ac+j. 

Thus  the  law  of  mutual  action  coincides  with  the  law  of 
resultant  action. 

The  same  result  will  follow  much  more  rapidly  if  we  employ 
expansions.  For  take  (3);  expand  i^{c  +  r)  and  ^{c  —  r).  b; 
TayWs  theorem,  and  equate  the  coefficients  of  r' ;  thus 

that  is  *(c)=x(<')- 

And  with  this  value  of  -^'(c)  all  the  other  powers  of  r  wiH 
disappear  from  (3). 

1047.  Laplace  now  proceeds  to  determine  the  law  of  attrac- 
tion which  makes  a  spherical  shell  attract  an  internal  particla 
equally  in  all  directions.  This  problem  occurs  here  for  the  first 
time ;  and  it  has  since  passed  into  the  elementary  books.  Laplace 
does  not  use  the  expansion  of  functions.  With  the  notation  of 
the  preceding  Article  we  have  now 

do  c  ' 

therefore  '^{r  +  e)  —•^(r-c)='Uc, 

where  E7  is  a  constant  wi^L  respect  to  c    Differentiate  twice  with 
respect  to  c ;   thus 

^"(r  +  c)-- ^"(*'-c)-0. 
Since  this  relation  holds  for  all  values  of  r  and  c,  we  must 
have  ^"(c)  constant,  whatever  c  may  be;  and  therefore  •y'{e) 

must  be  sero.    But  -^'{c)  =c  J^(o)(ic;  thus 
2^(c)  +  c^'(c)-0; 
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this  gives  <^{e)  =  -i,  so  tliat  the  only  law  of  attraction   which 

satisfies  the  proposed   condition  is  the  law   of  nature.      See 
Art.  705. 

1048.  Laplace  retams  to  the  general  equation  (2) ;  he  eaja 
that  the  integration  is  not  poBGible  except  in  certain  cases,  as  for 
instance  that  of  a  sphere.  The  integration  is  also  possible,  he 
says,  when  the  solid  is  a  cylinder  of  infinite  length  on  a  closed 
carve  as  base.  In  this  case  if  we  take  the  axis  of  s  parallel'to  the 
generators  of  the  cylinder  we  see  that  7  cannot  contain  z.  Hence 
(1)  reduces  to 

i"-g=« («)^ 

therefore  F-^faj+y  V~l)+/»C«-y  V- 1).  wtere /,  and^  de- 
note arbitrary  Wctions. 

Lajdace  himself  arrivee  at  this  result  in  a  leas  simple  way,  by 
using  (2)  instead  of  (1). 

The  condition  that  the  curve  is  to  be  closed  secures  that  the 
differential  coefficients  of  F*  shall  be  finite;  but  F  itself  becomes  in- 
finite for  a  cylinder  of  infinite  length :  Laplace  does  not  notice  this. 

1049.  If  we  put  X'-pcos<p  and  y^paiu^,  we  shall  find 
that  (8)  transforms  to 

.JF^d'F^    dV     .  ,„, 

PW^-d^'^P-Tp'^ t^^- 

If  the  cylinder  is  a  circular  cylinder  V  will  be  independent  of 
^  and  (9)  becomes 

dp*        dp 
_dV^E 
'dp      p* 
where  £  is  an  arbitrary  constant. 

To  determine  the  constant  H  Laplace  supposes  that  the  at- 
tracted particle  is  so  remote  tliat  the  cylinder  may  be  considered 
to  be  an  infinite  rod.    Let  A  denote  the  base  of  the  cylinder; 


Hence 


LJ,y,l,z=^uy  Google 


SECOND  VOLCXE  OF  THE  M^CANIQUE  CELESTE.  183 

then  the  attractioD  of  the  cylinder  on  a  particle  at  the  distance  p 

from  the  axis,  when  p  is  very  great,  ia  thus  found  to  he  — . 

Thus   S*t2A,   when    p   is   very  great,   and  therefore   S=2A 
always. 

1050.  Suppose  the  attracted  particle  is  within  a  circular  cylin- 
drical shell  of  constant  thickness  and  infinite  length ;  then  also 

we  have  — 5-  =  — .     And  aa  the  attraction  is  zero  when  the 
dp      p 

attracted  particle  is  on  the  axis  of  the  cylinder  we  most  have 

H  zero  then ;  and  thus  H  is  zero  for  all  internal  points.    See. 

however  Art,  1044. 

1051.  The  pages  from  the  first  volume  of  the  Micamqae- 
aUste  which  we  have  heen  considering,  contiun  valuable  matter, 
which  may  all  be  ascrihed  to  Laplace  himself. 

We  have  seen  in  Art.  1048  that  Laplace  considers  that  tiie 
general  integration  of  (2)  is  not  possible.  It  must  however  be 
remarked,  that  if  we  suppose  V  expanded  in  powers  of  r,  we 
obtain  from  (2)  the  following  equation  for  determining  the  co- 
e£Scient  of  r",  which  we  will  denote  by  u., 

General  symbolic  forms  have  been  given  in  recent  times  for 
the  integral  of  this  equation :  see  Boole's  Diffgrea^al  Eqitationir 
third  edition,  p^es  433... 436. 

1052.  We  now  pass  to  the  second  volume  of  the  Mioaniqae 
Create. 

The  Third  Book  of  the  Micanique  Celeste  ia  entitled  Be  la 
figure  dea  corps  celestes:  this  work  is  composed  of  seven  Chapters 
and  occupies  pages  1...170  of  the  volume. 

1053.  The  first  Chapter  of  the  Third  Book  is  entitled  Des 
ttttractiotis  dea  aph^roidea  homoghiea  terminus  par  dea  aurfacea  du 
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The  word  spheroid  is  used  by  Laplace,  as  io  bis  Second  Boob, 
Trithout  any  definition.  It  does  not  mean  necessarily  a  nearly 
spherical  body,  for  Laplace  usually  adds  this  restriction  when 
it  is  required.  In  fact  spheroid  with  Laplace  seems  to  include 
every  thing  which  is  not  exactly  a  sphere,  or  at  least  every  thing 
ot  which  the  surface  can  be  determined  by  one  equation  between 
the  usual  polar  variables.  So  also  Lagrange  and  Poisson  uss  the 
term  spheroid  with  the  like  generality. 

The  Chapter  contains  a  full  account  of  the  attraction  of  a 
homogeneous  ellipsoid  on  a  particle  whether  external  or  internal. 
The  Chapter  is  substantially  reproduced  from  Laplace's  fourth 
memoir.     See  Chapter  xxili. 

1054.  Let  r,  0,ifi  he  the  polar  coordinates  of  an  element  of 
the  attracting  mass,  the  origin  being  the  attracted  particle.  Let 
A,  B,  G  denote  the  resolved  attractions  parallel  to  the  axes 
towards  the  origin.  Then,  the  law  of  attraction  being  that  of  the 
inverse  square  of  the  distance,  we  have 


A  -  [[[sin  e  cos  e  dr  d8  d^, 
S='jjLm'eQoeif>drd0d^ 
C  =  [//sin*^  sin  ^  dr  (W  d^ ; 


the  limits  of  the  integrations  are  to  be  taken  so  as  to  include  every 
element  of  the  attracting  mass.  These  formulEe  are  now  familiar 
to  ns  from  elementary  books.  Laplace  obtains  them  by  transfor- 
mation from  the  formube  referred  to  rectangular  axes ;  and  he  also 
indicates  the  direct  method  of  obtaining  them. 

1055.  Let  a,  &,  c  be  the  semiaxes  of  an  ellipsoid.  Let/  g,  h 
be  the  coordinates  of  an  attracted  particle,  parallel  respectively  to 
these  semiaxes,  the  centre  being  the  origin.  Then  if  the  attracted 
particle  be  inside  the  ellipsoid,  or  on  its  surface,  the  resolved  at- 
tractions parallel  to  the  seiuiaxes  are  determined  by  the  formulce 
ZfM  J  „  _  ^M  dXL  „  3hM  dX'L 
o*      '        "  a*     dX  '  o*     d\'  ' 
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-where  JIf  denotes  the  mass  of  the  ellipsoid,  and  L  ia  put  for 

V^ ^ffe 

J,V{l  +  X.V)(l  +  XV)j' 

aiHo  \'- — J — ,    X^— — ^— . 

Laplace  pats  the  attractions  in  the  above  form,  though  be 

does  not  use  quite  the  same  letters  as  we  do.     He  uses  a,  b,  c  for 

k       k 
the  coordinates  of  the  attracted  particle :  and  k,  ^-  ,  —r-  for  the 

semiaxes  of  the  ellipsoid. 

1036.  The  definite  int^^  L  iuTolves  all  the  difBcuIties  of 
indefinite  int^ration.  For  denote  it  by  ^  (X',  X"*).  Then  if  we 
require  the  int^ral  between  the  limits  0  and  f  instead  of  between 
the  limits  0  and  1,  we  see  that  by  changing  x  into  u^  the 
required  result  ia  f*0{X*f*,  X^f). 

1057.  LaplaCb  asserts  that  the  integral  L  cannot  be  ex- 
pressed by  means  of  algebraic,  logarithmic,  or  circular  functions. 
This  apparently  means  that  he  had  demonstrated  this  result  to 
his  own  satisfaction ;  but  he  never  published  the  demonstration  .- 
see  Art  805. 

However,  the  researches  of  Abel  and  Liouville  in  more  recent 
times  may  be  considered  to  have  established  the  point.  See  the 
Jowrval  de  SEcole  Polytechniqve,  Cahier  23,  pt^es  37,  39,  67 ;  also 
Bertrand's  Cidcul  Integral,  pages  89. -.110. , 

1058.  Laplace  gives  the  well-known  expresedons  for  the  at- 
traction in  the  special  case  in  which  the  ellipsoid  becomes  an 
oUatum.    We  may  then  put  &  »  c,  so  that  X'  =  X",  and  if  «  be  the 

eicentricity  of  the  generating  ellipse  we  have  X*  =  j — j .    The 

results  will  be  found  in   the  elementary  books:    see  Statics, 
Chapter  xiii. 

1059.  Laplace  proceeds  to  consider  the  case  of  the  attraction 
of  an  ellipsoid  on  an  external  particle ;  see  bis  pages  13.. .19.  It 
amounts  to  developing  what  we  now  call  the  potential  in  a  series 
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-which  will  be  very  coavergent  when  the  ellipticities  of  the  pria- 
cipal  sections  are  SDoall,  but  is  not  tdways  convergent.  The 
process  however  ia  tedious,  aud  requires  a  reader  to  perform  much 
work  for  himself,  or  to  have  recourse  to  Bowditch's  notes  in  the 
translatioD  of  the  M^canique  Celeste. 

1060.  Laplace  draws  from  his  expansion  the  remarkable  re- 
sult that  the  attractions  of  different  ellipsoids  which  have  the  same 
centre,  the  same  position  for  their  axes,  and  the  same  foci  for  their 
principal  sections  are  as  their  masses.  Laplace  himself  uses  the 
phrase  ths  »ame  wseenirtciiies;  the  word  excentricity  denotes  with 
bim  the  distance  between  the  centre  and  a  focus,  not  as  in  modern 
books  Ibe  ratio  of  this  distance  to  the  semiaxis  major. 

The  result  just  stated  we  have  called  Laplace's  theorem ;  it  is 
the  complete  theorem  of  which  Maclaurin  gave  a  special  case :  see 
Art  254  Laplace  himself  first  obtained  the  theorem  in  bis 
Figure  des  Planetea :  see  Art.  806. 

I  do  not  reproduce  Laplace's  method,  because  it  would  occupy 
a  great  space,  and  it  is  now  superseded  by  Ivory's  method.  As  I 
have  already  indicated,  Bowditch's  notes  may  be  consulted  with 
advant^e.  Also  Burckbardt  tn  his  Genoan  translation  of  the  first 
two  volumes  of  the  M^canique  Celeste  has  commented  on  Laplace's 
method.  A  paper  on  Laplace's  method  by  Professor  Cayley 
will  be  found  in  the  Quarterly  Journal  of  Matkematwe,  Vol,  i. 
pages  285... 300. 

1061.  I  will  place  here  some  remarks  which  will  not  be  quite 
intelligible  independently  of  tbe  MAxmique  Celeste,  but  may  be 
of  interest  to  the  student  of  that  work,  or  of  Professor  Cayley's 
paper. 

Laplace  gives  in  Livre  lll.  §  5  a  certun  partial  difierential 
equation  which  subsists  between  V  and  the  resolved  attractions. 
Profeflsor  Cayley  uses  a  more  symmetrical  notation  than  Laplace 
used ;  and  shews  that  the  partial  differential  equation  resolves 
itself  into  two.  In  his  Figure  des  Hanetes,  where  Laplace  first 
gave  this  process,  he  started  with  three  partial  differential  equa- 
tions ;  and  as  this  book  is  very  scarce,  it  may  be  useful  to  notice 
here  tbe  earlier  form.    Laplace  takes  for  the  equation  to  the  elHp- 
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Boid  a?  +  m^  +  nz*  =  ifc*.  I  follow  ProfeBsor  Cayley  in  using 
h?  +  mt^  +  nz*  —  k.  The  coordinates  of  an  attracted  extemaL 
particle  are  a,h,c;  also  A,  B,  C  are  the  resolved  attractions  parallel 
to  the  axes  towai;ds  the  origin ;  and  V  is  the  potential,  so  that 

da'  db'  dc 

Then  each  of  the  three  partial  differential  equations  of  Laplace's 
euiier  work  may  be  reaolved  into  two.  The  two  which  spring 
from  his  first  are 

dk        dl         dm        dn        da        db        do  ' 

I  ^.v^^jr,^^^    dV^ldV^dAdAdA 

\l  da  m  db  n  dc) 
These  equations  are  true  not  onl;  for  the  whole  definite  inte- 
grals which  constitute  A  and  V,  but  also  for  every  element  taken 
separately ;  should  there  be  found  any  difficulty  in  verifying  them 
it  will  be  removed  by  consulting  Bowditch's  notes,  or  Professor 
Cayleys  paper.  The  other  two  of  Laplace's  equations  give  rise 
to  similar  pairs  of  equations,  which  involve  B  and  C  in  the  same 
manner  as  the  first  pair  involves  A. 

Now  put  F  ioT  aA +  hB -^  cC  SB  Laplace  does.  Multiply  the 
first  equation  of  the  first  pMT  by  a,  the  first  equation  of  the  second 
pair  ^yj  h,  and  the  first  equation  of  the  third  pair  by  c.  Then  by 
addition  we  shall  obtain 

,dF    ,dF       dF       dF ,     dF.dF,     dF     -    ^ 

This  constitutes  one  of  the  two  parts  into  which  Professor 
Cayle/s  first  equation  may  be  resolved.  The  other  part  of  his 
first  equation  will  consist  of 

This  equation  like  the  other  holds  for  every  element  taken 
separately  of  the  definite  int^crals. 
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Again,  treat  the  second  equation  of  each  pair  in  the  sa 
manner  as  we  have  treated  the  first;  thus  hj  addition  we  get 

_bfdF    IdT    „\     cfdF_ldV_^ 
m\^''idb  "^j  ~n\dc      2  dc      ^) 

This  is  Professor  Cayley's  second  equation.  It  may  be  abbre- 
viated by  putting  for  A,  B,  C  their  values  as  differential  coeffi- 
ciento  of  V. 

1062.  Laplace  arrives  at  the  following  equation  on  his  p^e  20, 

jfe'*  if* 

K  0  and  V  are  p^sitivei,  and  all  the  quantities  are  given  ex- 
cept k',  Laplace  shews  that  there  is  only  one  real  positive  value 
of  if*.  A  simpler  method  than  his  will  be  to  put  the  equation  in 
the  form 

It  is  obvious  that  the  left-hand  member  decreases  continually 
as  J^  increases,  and  so  cannot  have  the  same  assigned  value  for 
more  than  one  value  of  k". 

1063.  The  first  Chapter  of  the  Third  Book  of  the  iUeanique 
GelesU  may  be  siud  to  contain  two  very  important  contributions 
by  Laplace  himself  to  our  subject.  One  of  these  is  the  expression 
by  means  of  a  single  definite  int^ral  of  the  attraction  of  an  ellip- 
soid on  an  internal  or  superficial  point ;  this,  as  we  have  said, 
actually  presented  itself  to  D'Alembert,  but  was  rejected  by  him  : 
see  Art.  805.  The  other  contribution  is  the  theorem  which  we 
have  called  Laplace's,  respecting  the  attraction  of  an  ellipeoid  on 
an  external  particle.  As  we  have  already  stated,  the  Chapter 
substantially  dates  &om  the  memoir  in  the  volume  of  the  Paris 
Academy  for  1782. 

1064.  The  second  Chapter  of  the  Third  Book  is  entitled 
Dti  d^vdoppmimt  en  sSrie,  det  attractions  dea  sph^oides  qudeonqu«9. 
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This  Chapter  introduces  the  functioDS  which  we  call  Laplace's 
fuDctions ;  nearly  the  whole  of  the  Chapter  is  suhstantially  repro- 
daced  from  the  memoir  of  1782  :  see  Chapter  xxiii, 

1065.  Let  r,  d,  ^  he  the  polar  coordinates  of  the  attracted 
point ;  r',  9,  ^  the  polar  coordinates  of  an  element  of  the  at- 
tracting hody,  p  the  density  of  the  attracting  body ;  put  /*'  for 
C06  8.    Then  the  potential 

[[[  p^^d^d^'d¥ 

where  t  stands  for  cos  9 cos  ^  +  ein  d sin 0*  cos  (^  —  ift).  The  limits 
of  the  integrations  are  to  he  so  taken  as  to  include  the  whole 
attracting  body. 

We  have  already  given,  in  Art  1042,  the  partial  differential 
equation  which  V  satisfies.     Now  suppose  the  attracted  particle 
outside  the  attracting  body,  and  so  far  o£f  that  r  is  greater  than 
any  value  of  r*.     Let  (r*  —  2tt'(  +  r"*)"*  be  expanded  in  a  series 
P  r*  r' 

r         'r*        'r* 

Substitute  in  (2)  of  Art.  1012  and  equate  the  coefficient  of 
each  power  of  r  to  zero.  Thus  we  obtain  equations  of  which  the 
type  is 

The  quantity  P,  Is  called  Laplace's  coeffidenl  of  the  tth  order. 
Thus  Laplace's  coefficient  of  the  ith  order  satisfies  the  differential 
equation  (10).  Any  other  function  of  6  and  0  which  satisfies  the 
equation  may  be  called  a  Laplace's  Junction  of  the  tth  order.  It 
is  of  course  conceivable  that  we  may  have  a  Laplace's  function 
of  the  ith  order  which  is  more  simple  or  more  complex  than  the 
coefficient  of  the  tth  order. 

1066.  With  respect  to  the  names  by  which  these  celebrated 
functions  have  been  called,  a  few  remarks  are  necessary.  The 
name  Laplace's  coefficients  appears  to  have  been  first  used  by  the 
late  Dr  WheweU:  see  Monthly  Notices  of  the  Royal  Astronomical 
Societtf,  Vol.  XXVII.  page  211. 
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The  distinction  betveeu  the  coefficients  and  funetiona  ia  ^ven 
for  the  first  time  to  my  knowledge  in  Pratt's  Figure  of  Ute  Eaaih 
1860,  page  2L 

When  i^  is  contemplated  as  a  function  of  the  single  variable  t 
it  should  be  more  justly  called  Legendre's  coefficient ;  see  Art.  783. 
It  is  only  when  contemplated  as  a  function  of  the  two  variables 
6  and  ^  that  Laplace's  name  is  appropriata  The  Germans  call 
the  functions  Kugelfunctionen.  The  name  foncUont  ephiriquet  is 
used  1^  Besal.  Finally  the  name  tpherical  luirmonics  is  used  by 
Sir  W.  Thomson  and  Professor  Tait. 

1067.  The  first  property  of  Laplace's  functions  which  pre- 
sents itself  to  our  notice  is  this :  any  fumitum  of  ft  and  ij>  can  be 
expanded  in  a  aenee  of  Laj^ace'a  functions.  Laplace  arrives  at  an 
indirect  demonstration  of  this  theorem  in  the  course  of  his  inves- 
tigations on  attraction :   we  will  explun  bis  method. 

Li^lace  establishes  his  favourite  equation  ;  see  Art  852 : 
dV    2ira*     Ip.  .„, 

here  the  density  is  denoted  by  tmity.  Lajdace,  without  saying  so, 
now  b^ins  to  restrict  himself  to  the  case  of  hcunogeneous  bodies. 
And  by  Art  1065  we  have 

r.  5^5,5.. (lA 

where  P.  '='jjjpr'***P,dfL'  d<f,'  dr"; 

thus  ^^  is  a  Laplace's  function  of  the  n^  order,  for  every  element 
of  it  satisfies  (10),  and  therefore  the  whole  satisfies  (10). 
From  (12)  we  have 

_dV_U,     2^     SU, 

Let  a  (I  +  ay)  denote  the  radius  vector  of  the  spheroid  at  the 
point  to  which  Prefers,  a  being  a  very  small  fraction,  the  square 
of  which  may  be  neglected,  fuid  y  any  function  of  /t  and  ^    If  we 

n^lect  quantities  of  the  order  o  we  shall  have  F"  -5— ,    Hence 
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it  will  follow  that  P",  must  be  eqnal  to  — ^  increased  by  a  quan- 
tity of  the  order  a,  which  we  will  denote  by  U\;  and  also  that 
U„  U^,  ...  are  all  email  quantities  of  the  order  a.  Substitute 
a  (1  +  a^)  for  r  in  (1 1)  and  (1 2),  and  Delect  the  square  and  h^ber 
powers  of  a.     Thus  for  a  point  at  the  Burface  we  hare 

1  ^    Swo* ,,  s  ,^,,    V,        V,   . 

2r»-5-(l-.3,)  +  ^  +  ^+^-  +  ... 

-*»  5;^ ' -r  ^^-2"^^+-^ +-?" + ^+ - 

Substitute  these  values  in  (11) ;  then  we  have 

,     .     r.   3K    5P;,7tr- 

iavary'= — -'  +  — r'  +  -V  +  — .   +  •■• 
"       a        a         a         a 

Thus  we  have  obtMned  for  y,  which  is  any  arbitraiy  function 
of  ft  and  ^,  au  equivalent  series  of  Laplace's  functions. 

1068.  Jjaplace  gives  ia  his  pages  31  and  32  the  important 
proposition  that  if  Y^  and  Z^  are  two  Laplace's  functions  of 
different  orders,  the  variables  being  6  and  ^ 


r  J''r^,(i/trf^  =  0. 


See  Arts.  857  and  951. 

1069.  In  order  to  complete  the  matter  upon  which  we  are 
engaged  we  must  pass  on  to  Laplace's  pi^e  43 ;  we  may  remark 
that  the  Chapter  does  not  seem  well  arranged  by  LapUce. 

We  have  in  Art.  1067 


F.  "///p^'**A  ^/^'  <**'  *■'• 


.  Suppose  the  spheroid  homogeneous,  and  take  p  =  l;  and  let 
the  spheroid  differ  but  little  from  a  sphera  Let  a  (1  +  ay')  be 
the  radius  vector  of  the  suriace  correeponding  to  the  coordinates 
ff  and  ^'.    Then 
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Now  we  have  shewn  in  Art.  1067  that  y  can  be  expanded  in  a 
series  of  Laplace'a  functions ;  let  then 

y=y;+r,  +  r,+ (i4), 

and  in  like  manner  we  shall  have 

y'=r,+  y'.+  r,+... 

where  y.  ifi  the  same  function  of  /*'  and  ^'  that  F,  is  of  /i  and  ^ 

Substitute  the  value  of  y  in  (13} ;  neglect  the  square  of  a, 
and  make  use  of  Art.  1068.     Thus  we  obtain 

But  by  Art.  1067  we  have 

therefore  ^^  =  jjrj'.d^'  d<f>'. 

Hence  (14)  may  be  written  thus 

where  S  refers  to  n,  and  implies  a  summation  from  n  =  0  to 
n—  00. 

By  Art.  1068  we  may  if  we  please  put  the  result  thus 

1070.  Such  then  constitutes  Laplace's  process  for  espand- 
ing  any  function  in  a  series  of  Laplace's  functions  In  Art  1067 
it  was  shewn  that  a  function  could  be  bo  expanded,  and  then  in 
Art.  1069  the  last  two  formuhe  give  the  required  expansion 
explicitly.  The  demonstration  is  rather  indirect  in  appearance, 
and  ia  founded  on  Laplace's  favourite  equation,  which  has  been 
the  subject  of  some  controversy.  An  examination  of  the  value 
and  extent  of  the  demonstration  would  be  more  appropriate  in  a 
treatise  on  liaplace's  functions  than  in  our  history.    Other  inves^- 
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g&tiuQB  have  since  been  given  by  Poifison,  Dirichlet  and  Bonnet ; 
also  in  England  we  Iiave  an  investigation  by  O'Brien  and  two  by 
Pratt,  one  founded  on  O'Brien's;  see  Pratt's  Figure  of  the  £!arth. 
These  investigations  are  quite  different  from  Laplace's.  Resal,  in 
his  Traits  El^mentaire  de  Mecanique  Celeste,  has  given  a  process 
resembling  Laplace's,  but  more  elaborate  in  two  respects :  Resal 
supplies  a  fuller  investigation  of  Laplace's  &vourite  equation,  and 
also  he  notices  and  allows  for  the  circumstance  that  when  a 
particle  is  placed  near  the  surface,  r  may  be  really  less  than  some 
of  the  values  of  r, 

1071.  Laplace  shews  that  a  function  can  only  be  expanded 
in  one  way  in  a  series  of  Laplace's  functions ;   see  his  page  32. 

1072.  Laplace  shews  that  if  a  be  the  radius  of  a  sphere  of 
equal  volume  with  the  spheroid  the  term  T^  will  disappear  from 
the  value  of  y.  Also  if  the  origin  be  taken  at  the  centre  of 
gravity  the  term  Y,  disappears.     See  his  pages  33  and  34. 

1073.  Hitherto  we  have  treated  of  the  value  of  V  for  a  par- 
ticle outside  the  body,  or  on  the  surface.  Now  we  have  to  6nd 
the  value  of  V  for  an  internal  particle.  This  Laplace  gives  on  his 
pages  So. ..37  for  a  homogeneous  body. 

We  have  indicated  the  nature  of  the  formulae  in  Art.  925 ; 
and  we  have  also  remarked  that  Laplace's  investigation  is  not 
quite  satisfactory :   see  also  Art.  792. 

1074.  Having  thus  discussed  the  attraction  of  hom<^neous 
spheroids  differing  but  little  from  spheres,  Laplace  proceeds  to 
the  case  in  which  the  density  varies,  being  some  function  of  the 
parameter  a,  by  which  each  stratum  is  particularised :  see  his 
pages  37. ..39.  The  method  is  obvious,  being,  in  fact,  that  which 
Claifaut  had  employed :   see  Art  323. 

1076.     Laplace   having  thus  completed    his    theory   of  the 

attraction    of    spheroids   which   are  nearly  spherical,    says  (m 

his  page  39:  "Consid^rons  pr&entement,  les   sph^roldes  quel- 

conques."    This  practically  means  that  he  intends  to  develope  the 

T.  M.  A.     YOL.  II.  13 
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valae  of  P^,  which  is  the  Laplace's  coefficient  of  the  n*"  order, 
and  to  shew  how  a  rational  function  of  ft,  ^(1  — ^')coa^,  and 
V(l— ^')sin^  may  be  most  easily  transformed  into  a  aeries  of 
Laplace's  functions:  see  his  pages  39. ..43. 

1076.  The  last  section  of  this  Chapter  of  the  Mdcanique 
Celeste,  which  occupies  pi^es  43. ..49,  contains  matter  which  was 
not  in  the  memoir  of  1782. 

On  bia  page  44  Laplace  gives  the  remarkable  formula 

where  P,  is  the  n""  coefficient,  and  F,  is  any  function  of  f*  and  ^ 
of  the  n""  order,  and  F'.  is  the  same  fiinction  of  f*  and  ^' :  see 
Art.  857. 

On  hie  page  47  Laplace  shews  that  in  the  case  of  a  solid  of 
revolution  if  we  know  the  value  of  V  for  all  the  external  pointB 
which  are  on  the  axis  of  revolution,  we  know  it  for  all  external 
points.  This  important  theorem  was  first  given  by  Legendre : 
see  Art.  791. 

Laplace  extends  this  theorem  and  arrives  at  the  following 
result ;  if  the  solid  be  not  of  revolution,  but  be  divided  into  two 
equal  and  similar  parts  by  the  plane  of  the  equator,  then  if  we 
know  the  value  of  V  for  all  external  points  which  are  on  the  axis, 
and  also  for  all  which  are  in  the  plane  of  the  equator,  we  know 
the  value  of  V  for  all  external  points.  See  bis  page  48.  We 
shall  see  that  this  result  has  been  generalised  by  Biot. 

It  is  correctly  remarked  by  Bowditch  on  page  176  of  hia 
translation  of  the  Mcond  volume  of  the  Micanique  Celeste,  that 
-  we  may  omit  Laplace's  first  condition,  namely  that  V  is  known 
for  all  points  on  the  axis ;  it  is  sufficient  that  V  should  be  known 
for  all  points  in  the  plane  of  the  equator.  Biot's  generalisdtion 
agrees  with  this- remark. 

This  Laplace  says  will  hold  for  the  ellipsoid.  His  own  words 
should  be  examined.  He  seems  to  imply  that  for  an  ellipsoid  V 
can  be  determined  with  respect  to  any  external  point  on  the  axis 
or  in  the  plane  of  the  equator.    One  integration  can  be  effected. 
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and  80  FezpresHfid  as  a  single  definite  integral  But  the  second 
integTatioit  could  not  be  effected  in  Gtiite  terms ;  though  it  might 
be  in  the  form  of  an  infinite  series.  Laplace  must  mean  this,  but 
it  seems  to  me  that  he  has  not  expressed  faimBelf  very  carefully. 

Laplace  in  this  manner  obtains  another  demonstration  of  the 
theorem  which  I  call  by  his  name :   see  Art.  1060. 

1077.  The  second  Chapter  of  the  Third  Book  of  the  M^niqM 
Celeste  may  be  attributed  for  the  moat  part  to  Laplacef himself; 
like  the  first  Chapter  it  substantially  dates  from  the  memoir  in  the 
volume  for  1782.  The  Chapter  is  distinguished  by  two  important 
features;  we  have  the  potential  function  ^'extensively  used,  and 
we  have  also  the  theory  of  Laplace's  functions.  The  function 
V  was  first  introduced  by  Laplace  himself,  as  we  have  seen  in 
Art,  789.  The  I^place's  coefficients  owe  their  origin  to  Legendre, 
but  Laplace's  extension  of  their  range  justifies  the  use  of  his  name 
in  connexion  with  them :   see  Art.  783- 

The  Chapter  cannot  be  considered  well  arranged.  The  pure 
analysis  and  the  physical  application  of  it  are  not  kept  sufficiently 
distinct,  but  this  is  very  characteristic  of  lAplace,  with  whom 
analytical  processes  seem  of  little  interest  apart  firom  the  problems 
in  natural  philosophy  which  called  them  forth. 

1078.  The  third  Chapter  of  the  Third  Book  is  entitled  De  la 
figure  tPune  masse  fiuide  homogine  en  iquUibre,  et  dtm^  (fun 
mouvement  de  rotatuM. 

The  title  does  not  correspond  very  closely  with  the  subject  of 
the  Chapter.  liaplace  does  not  profess  to  investigate  what  the 
figure  must  be  in  the  circumstances  proposed ;  he  contents  him- 
self with  shewing  that  an  oblatum  is  an  admissible  figure. 

1079.  Li^lace  shews  that  there  cannot  be  more  thaa  two 
oblata  corresponding  to  a  given  angular  velocity ;  that  there  will 
be  only  one  oblatum  if  the  at^pitar  velocity  has  a  certain  assigned 
value ;  and  none  at  all  if  the  angnlar  velocity  exeeed  this  limit : 
see  his  pi^^  56  and  57.  An  oblongum  is  not  a  possible  fonn  of 
relative  equilibrinm:   see  his  page  59.      Finally  ho  shews  that 

18—2 
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oorrespondii^  to  a  given  initifil  moment  <^  rotation  there  will  be 
one,  and  only  one,  oblatum  ;  the  phrase  mometU  of  rotation  is  not 
Laplace's,  it  is  used  by  Besal :  see  his  page  198.  Lf4>lace'8  inves- 
tigationa  had  all  appeared  substantially  in  the  Figure  det  Planetet : 
eee  Arts.  810.. .813. 

1080.  In  this  Chapter  Laplace  inherited  much  irom  his  pre- 
decessors.  The  fact  that  an  oblatum  is  a  possible  figure  of  rela- 
tive equilibrium  was  first  rigorously  established  by  Maclaurin: 
see  Art.  249.  That  more  than  one  oblatum  might  correspond  to 
a  given  angular  velocity  was  implicitly  shewn  by  Thomas  Simpson, 
and  ezpUciUy  by  B'Alembert :  see  Art  580.  Laplace  himself 
first  shewed  that  there  could  not  be  more  than  two  such  oblata: 
see  Art.  585.  D'Alembert  gave  another  demoostration  whidi 
however  is  not  satisfactoiy :  see  Art.  657.  Cousin  also  gave  a 
demonstration :  see  Art.  976-  Finally,  in  the  Micanitjue  Celeste, 
Laplace  gave  a  demonstration  different  from  his  first,  and  rother 
simpler.  Laplace  himself  also  first  formally  shewed  that  an  ob- 
longum  is  not  a  pos^ble  form  of  relative  equilibrium,  though  this 
result  came  quite  within  D'Alembert's  reach :  see  Art.  601. 

1081.  Laplace  gives  expressions  for  determining  approxi- 
mately the  excentricities  of  the  two  oblata  which  correspond  to 
the  same  angular  velocity,  supposed  emalL  With  respect  to  the 
oblatum  which  is  nearly  spherical,  an  equivalent  to  Laplace's 
expression  had  already  he&a  given  by  Maclaurin  and  Thomas 
Simpson:  see  Arts.  262  and  283.  With  respect  to  the  oblatum 
which  deviates  much  from  a  sphere,  D'Alembert  had  given  the 
first  term  of  the  expression  :  see  Art  584. 

1082.  Laplace,  as  we  have  sud,  shews  that  an  oblongnm  is 
not  a  poamble  figure  of  relative  equilibrium.  Plana  gives  a  con- 
venient form  to  the  demonstration :  see  the  Aatronomisehe  A'acA- 
richten,  YoL  XXXTI.  page  161. 

The  fact  that  an  oblongum  camiot  be  a  possible  form  of 
relative  equilibrium  may  be  readily  seen  by  the  aid  <^  a  dia- 
gram. 
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Let  P  be  any  point  on  an  ellipse,  FG  the  normal  and  PT 
the  tangent  at  P;  let  CA  be  the  sumiaxiB  major.    Suppose  an 


oblongum  generuted  b;  the  reTolotion  of  this  ellipse  around 
its  m^or-axis. 

The  attraction  of  the  oblongam  at  P  will  be  in  a  direction 
which  w  on  tKe  same  side  of  PO  as  PC  is ;  this  is  obvious,  for 
the  oblongum  may  be  cut  np  by  planes  parallel  to  the  tangent- 
plane  at  P  into  slices,  which  alt  have  their  centres  on  the  diameter 
through  P.  The  so-called  centrifugal  force  at  P  will  be  in  a 
direction  at  right  angles  to  AG  outwards.  Hence  the  attraction, 
and  the  so-called  centrifugal  force,  will  give  rise  to  a  component 
along  FT',  and  so  the  fluid  cannot  be  in  relative  equilibrium. 

1083.  We  may  observe  that  on  Laplace's  page  68  we  have  • 
*!.„  «„  t-  27X+30X.'  +  7X' 


(l  +  \')(3  +  X*)(9  +  ^') 


which  might  be  reduced  to 


X(9+7X5_ 


Poisson  also  uses  t^e  unre- 


duced  form  :  see  his  Traits  de  M^nique,  Tol.  ii.  Tp&ge  542. 

1084.  If  the  angular  velocity  exceeds  a  certain  limit  the 
oblatnm  is  not  a  possible  figure  of  relative  equilibrium.  Laplace 
mi^es  an  important  remark  with  respect  to  this  on  his  page  69  : 
he  says  that  it  might  have  been  supposed  that  this  limiting  case 


o.„„.„,Googlc 


198  BKOOND  TOLUHE  OF  THB  M^CAITIQUE  CELESTE. 

is  that  in  whioh  the  fluid  would  begin  to  fly  off  by  reason  of  the 
too  rapid  rotatory  motion,  hut  it  ifl  easily  found  that  tliis  is  not 
the  fact 

Poisson  alludes  to  the  matter  in  the  Connaisaance  dee  Terns 
for  1829 ;  he  says  on  page  375,  after  remarking  that  within  a 
certiun  limit  the  ellipsoid  of  revolution  is  a  solution: 

8i  rellipsoide  €tait  la  seule  figure  qui  eAt  cette  propriSt^  il  en  r&ul- 
terait  cette  oonaSquence  singalidre  que  I'^quilibre  serait  impoHaiUe  pour 
une  r^idit£  de  la  rotation  qui  n'est  pas  cependant  celle  ou  le  fluide 
ocmmencerait  &  ee  disBiper. 

1085.  Lapkce'a  theorem  that  there  is  only  one  oblatum  cor- 
responding to  a  given  moment  of  rotation  will  be  found  with  a 
different  demonstration  in  Resal's  work :  see  his  page  198.  An 
interesting  point  of  analysis  is  involved. 

The  problem  is  reduced  to  this  equation 

i-(n.v)'''+'^''y^-°\ 

where  f  is  a  given  positive  quantity,  and  X  has  to  be  found.  Then 
it  is  demonstrated  that  there  is  one,  and  only  one,  value  of  X 
between  0  and  infinity  which  satisfies  this  equation. 

It  is  easily  shewn  that  there  is  one  value  of  X  which  satisfies 
the  equation;  for  the  right-hand  member  vanishes  when  X 
vanishes,  and  is  infinite  when  X  is  infinite. 

Put  tan.0  for  X;   then  the  right-hand  member  becomes 
^  (1  +  2  cos'  g)  -  3  sin  g  cos  g , 
(oos  6)'  sin'  8 
we  will  denote  this  by  u.    It  will  be  found  that 

rf»  ^  9  sin  g  cos  g  (1  +  2  cos*  g)  -t-  g  (I  -  20  oos'  g  -  8  cos*  g) 
^  3  (cos  g)*  sin' g 

Kow  Kesal  in  effect  puts  this  expression  in  the  following  form  : 
du_        1        f.     9(2+co.'0)  rH-2co3'^.._^       "ll 
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2  +  coe'fl 

po^tive ;  and  the  difTerential  coefficient  of  the  last  expression  is 
found  to  he  positive,  bo  that  as  the  expression  vanishes  with  8  it 

must  always  be  positive  as  0  changes  from  0  to  5 . 

Thufr  u  increases  with  d,  and  so  can  only  once  have  an  as- 

mgned  value  as  $  changes  from  0  to  ^ . 

The  point  of  interest  which  is  involved  is  the  following:  if  a 
and  b  are  positive  quantities,  deterinine  under  what  conditions 

tan  6        ,   — f-^  —  6ia  always  positive  while  $  changes  from  0 


It  will  be  found  that  the  differential  coefficient  of  the  last 
expression  is 

(3a-3A+l)  tao'g+(at  +  3a-6-&')tan'g  +  afttan'g 
Cl+Jtan'^* 
Thus   the    required    result    is    secured    if   3a  —  36  + 1     and 
ab  +  3a~b  —  b*  are  both  zero  or  positive.     Thus  a  must  not 

he  less  than  6  —  « >   and  b  for  perfect  security  not  less  than  = . 
Therefore  if  a  is  not  leas  than  r^  then  tan  0 -—  ■  "  '■'  ™ 


^hl) 


is  BTeater  than  0,  or  tan  0  is  irreater  than  0  +  t:  = — =-s . 

°  s  I  +  a  tan  (/ 

1086.  I  may  remark  that  Bowditch's  notes  on  this  Chapter 
bring  before  the  reader  the  peculiar  notions  which  Ivory  held 
as  to  fluid  equilibrium.  Like  every  other  person  Bowditch 
objects  to  these  notions ;  but  some  of  his  language  in  his  account 
of  the  matter  seems,  to  want  precision,  estimated  from  our  modem 
notions.  Thus  on  his  page  206  he  speaks  of  the  "  forces  which 
act  upon  the  {mint  /" :  if  by  a  point  he  means  a  small  element  of 
the  fluid  we  should  require  to  know  the  form  of  that  element. 
Again  on  pi^  SOS  he  speaks  of  "the  e£Fort  of  the  fluid to 
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lise  in  the  branch..."    FerfaapB  he  had  fallen  a  little  under  the 
influence  of  Ivoiy. 

A  note  by  Bovditch  on  hiB  page  222  should  be  obeerred.  A 
reader  of  Laplace  might  &il  to  recollect  that  he  uses  the  revolu- 
tionaiy  mode  of  reckoning  hours,  minutes,  and  seconds. 

1087.  Laplace  seems  to  have  attached  considerable  import- 
ance to  the  proposition  that  there  is  only  one  oblatum  correspond- 
ing to  a  given  moment  of  rotation.  See  the  Micanique  C^legte, 
YoL  V,  page  10, "  mais  le  veritable  problfeme  k  r^udre,. . ."  Laplacb 
had  been  to  some  extent  anticipated  b;  Thomas  Simpson :  see 
Art.  286. 

1088.  The  fourth  Chapter  of  the  Third  Book  ia  entitled  Be  la 
figure  d'wi  sph^rdide  tr^-peu  different  d!une  sphere  et  recpuvert 
d'une  couche  defiuide  en  dquilibre. 

The  title  of  the  Chapter  seems  inadequate ;  for  Laplace  dis- 
cusses not  only  the  case  in  which  a  solid  b  covered  by  a  film 
of  fluid,  but  also  the  case  in  which  the  body  is  supposed  entirely 
fluid. 

The  Chapter  is  mainly  composed  of  matter  which  Laplace  bad 
previously  published  in  memoirs.  The  §§  22.. .28  are  from  the 
fourth  memoir;  the  §§  29  and  30  are  from  the  seventh  memoir; 
the  §§  31  and  32  are  from  the  fifth  memoir ;  §  33  is  from  the 
fourth  memoir,  with  the  exception  of  the  examination  of  Boaguer's 
hypothesis  on  pages  97. ..99  which  ia  new ;  §§  34  and  35  are  new ; 
§  36  is  substantially  in  the  Figure  dea  Planetea;   §  37  is  new, 

1089.  Laplace  in  his  §§  22. ..25  treats  the  case  of  a  homoge- 
neous body  which  is  nearly  spherical  and  fluid,  or  covered  with  a 
film  of  fluid  ;  when  this  body  rotates  with  uniform  angular  velocity, 
Laplace  shews  that  for  relative  equilibrium  the  external  surface 
of  the  fluid  must  be  that  of  an  oblatum.  He  docs  not  assume 
that  the  body  is  a  figure  of  revolution.  The  demonstration  de- 
pends  on  the  use  of  laplace's  functions.  The  demonstration  is 
substantially  reproduced  by  Resal:   see  his  pages  209. ..211. 

Laplace  gives  in  his  §  26  another  demonstration,  very  curious, 
and  not  employing  Laplace's  functions ;   it  does  not  seem  to  have 
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been  reproduced  in  an  elementary  book.  Some  remarks  on  it 
will  be  found  in  Liouville's  Journal  dt  Math^matiqua  for  June 
and  August  1837,  and  April  1839.  J^aplace'a  method  in  &ct 
has  been  shewn  to  be  unaatinfactory ;  and  we  shall  consider  the 
matter  in  a  later  Cfa^t«r. 

It  will  be  remembered  that  Legendre  first  discussed  a  case  of 
this  problem  in  his  second  memoir :  see  Chapter  xxii. 

1090.  Laplace  in  his  §§  27  and  28  considers  the  case  of  a 
homogeneous  fluid  which  surrounds  a  spherical  nucleus  of  a 
density  different  from  that  of  the  fluid.  A  small  part  of  the  in- 
vestigation is  reproduced  in  Besal's  pages  212  and  213. 

1091.  Laplace  in  his  §§  29.. .31  discusses  the  figure  of  the 
Earth  considered  as  a  heterogeneous  fluid.  We  have  already 
stated  in  Art.  908  that  Laplace  made  no  substantial  addition 
to  the  results  obtained  in  Legendre's  fourth  memoir. 

1092.  The  most  important  point  in  these  §§  29.. .31  is  the 
demonstration  that  in  the  expression  of  the  radius  vector  of  any 
stratum  of  the  body  in  terms  of  I^place's  functions,  the  functions 
of  a  higher  order  than  the  second  must  vanish. 

I  have  discussed  the  various  investigations  on  this  important 
point  which  have  been  given  by  Legendre,  Laplace,  O'Brien,  and 
Pratt,  in  a  memoir  to  which  I  have  referred  in  Art.  933. 

1093.  Laplace  in  his  §  32  examines  the  conditions  -which 
follow  from  supposing  that  the  axis  of  rotation  is  a  principal 
axis.    See  Art.  953. 

1094.  Laplace's  §  33  is  important  He  obtains  expressions  for 
the  force  of  gravity,  the  length  of  the  seconds  pendulum,  and 
the  length  of  a  degree  of  the  meridian  at  an  assigned  latitude. 
He  says  on  his  page  97 :  "  Ces  trois  expressions  out  I'avantage 
d'Stre  ind^pendantes  de  la  constitution  int^rieure  de  la  terre, 
c'est-il-dire,  de  la  figure  et  de  la  density  de  ses  couches;..."  He 
means  that  he  has  only  assumed  the  strata  of  equal  density  to 
be  very  nearly  spherical. 
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In  this  section  he  shews  it  is  impossible  to  admit  Bonguer'g 
hypothesis  that  the  variation  in  the  length  of  a  degree  of  the 
meridian  is  proportional  to  the  fourth  power  of  the  sine  of  the 
latitude.  For  tiaa  hypothesis  see  page  298  of  Bouguer's  Figure 
de  la  Terre.    See  also  Art.  924. 

1095.  In  his  §  34  Laplace  considers  the  particular  case  in 
which  the  hody  is  formed  of  elliptical  strata.  This  case  is  that 
which  holds  if  the  body  is  assumed  to  he  entirely  fluid,  as  appears 
from  the  §§  29. ..31.  Laplace  moreover  shews  that  this  must  be 
the  case  if  we  assume  all  the  strata  to  be  similar  and  covered 
with  a  film  of  fluid ;  this  case  was  discussed  by  Legendre ;  see 
Art  902. 

This  section  reproduces  important  results  given  by  Clairaut. 
Thus  on  lAplace's  page  101  we  have  what  we  find  on  Clairaut's 
page  227:  see  Art.  329.  On  I^place's  p&ge  102  we  have  what 
we  find  on  Clairaut's  page  217 :  see  Art  323.  Also  on  Laplace's 
pf^e  102  we  have  Clairaut's  theorem,  as  on  Clairaut's  page  250: 
see  Art.  336. 

1096.  Laplace  in  his  §  35  shews  how  to  calculate  the  attrac- 
tion exerted  on  an  external -particle  by  a  spheroid,  the  surface  of 
which  is  a  film  of  fluid  in  relative  equilibrium.  Laplace  assumes 
still  that  the  strata  of  equal  density  are  nearly  spherical. 

1097.  Laplace  in  his  §  36  finds  an  expression  for  the  force  of 
gravity,  on  the  supposition  that  the  law  of  attraction  is  that  of  the 
t^  power  of  the  distance,  and  that  the  body  is  nearly  spherical 
and  homogeneous,  and  rotates  with  uniform  angular  velocity:  see 
Art  816. 

1098.  lAplace  in  his  g  37  shews  how  to  extend  the  approxi- 
mation to  the  square  and  higher  powers  of  the  small  quantity  a. 
This  matter  is  more  fully  discussed  by  Poisson  in  a  memoir  in  the 
Connaiascaic4  dea  Tems  for  1829. 

A  misprint  at  the  beginoing  of  this  section  runs  throughout 
it    The  first  equation  should  be 


constant  = 
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Laplace  omits  the  term  ^gi*.   It  should  be  remarked  that  on 

bia  suppositiona  the  varuAle  part  of  5^  may  be  considered  aa  of 

the  second  order ;   but  then  he  is  here  retaining  terms  of  the 
second  order.     The  mistake  is  pointed  out  by  Bowditcb. 

1099.  The  fourth  Chapter  contains,  aa  we  aee,  much  that  is 
important.  The  §§  22. -.28  are  Laplace's  own,  and  very  valuabla 
With  respect  to  the  figure  of  the  Earth,  considered  aa  a  heteroge- 
neoua  fluid,  we  have  aeen  in  Art.  891  that  L^endre  claims  the 
priority. 

1100.  The  fifth  Chapter  of  the  Third  Book  is  entitled  Com- 
paraiwm  de  la  th^orie  pricidmtt,  avec  les  observations. 

This  Chapter  ia  principally  from  I^place's  seventh  memoir ; 
but  the  following  pages  are  new:  113.. .125,  141. ..146, 151. ..153. 

The  Chapter  consists  of  two  parts ;  first  we  have  geometrical 
iuvestigationa  mainly  relating  to  geodesic  lines  on  a  spheroid 
which  difiers  but  little  from  a  sphere ;  and  next  we  have  numeri- 
cal calculations  to  determine  the  figure  of  the  Earth  from  the 
measured  lengths  of  degrees  at  various  points  of  the  Earth's  sur- 
face, and  from  the  observed  lengths  of  the  seconds  pendulum.  Both 
these  subjects  have  been  much  developed  since  Laplace's  time. 
The  geometrical  inveatigationa  would  now  he  studied  to  most 
advantage  in  some  work  on  Geodesy;  see  for  instance  the  sixth 
Book  of  Puissant's  TraUi  de  Giod^sie,  third  edition,  in  two  quarto 
Tolumee,  1842.  The  practical  measurement  of  degrees  on  the 
Earth's  surface  has  been  carried  on  with  so  much  energy  in  recent 
times,  that  the  data  for  numerical  computation  are  now  far  more 
extensive  than  those  accesaihie  to  I^place.  See  for  instance  the 
modem  works  on  the  English,  the  Russian,  and  the  Indian 
surveys. 

I  may  observe  that  Resal  on  his  pages  244... 262  gives  geo- 
metrical investigations  of  about  the  same  extent  as  Laplace's, 
bnt  by  a  difieteut  method :  these  would  be  interesting  if  they 
were  not  so  inaccurately  printed  as  to  be  scarcely  intelligible. 
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1101.  Z^place's  p^es  109. ..Ill  consist  of  geoeralitieB  about 
geodesio  lines ;  they  might  with  advantage  be  put  into  a  more 
modem  ahtipe. 

Pages  112.. .114  contain  fonnulse  suited  to  the  case  of  a  nearly 
spherical  body. 

Pages  115. ..Ill  treat  of  the  special  case  in  which  the  geodesic  ' 
line  starts  by  being  parallel  to  the  corresponding  plane  of  the 
celestial  meridian. 

Pi^s  118.. .122  treat  of  the  qtecial  case  in  which  the  geodesic 
line  atarte  by  being  at  right  angles  to  the  corresponding  plane  of 
the  celestial  meridian. 

Pages  123.. .126  treat  of  the  radius  of  curvature  of  a  geodesic 
lina 

1102.  We  may  observe  that  there  is  a  misprint  on  liiplace's 
page  119.    He  twice  puts  a  before  j.  ,'   when  it  ought  not  to  be 

there.  The  misprint  was  pointed  out  by  Bowditch  on  his  page  394, 
The  misprint  is  preserved  in  the  national  edition  of  Laplace's 
works :  see  the  page  139. 

Another  misprint  occurs  on  Laplace's  page  125,  and  on  the 
corresponding  page,  namely  146,  of  the  national  edition. 
Ijaplace  takes  for  the  radius  vector  of  a  certain  ellipsoid 
1  -  a  sin*  ■^  [1  +  A  cos  2  (^  +  j8)), 
when  it  should  be 

l-asin*i/r{l+  Aco8  2(^  +  j3))+aAco8  2(^  +  j9); 
and  in  consequence  he  gives  erroneous  expressions  for  the  lengths 
of  a  d^iree.    For  example,  he  gives  for  the  degree  measured  per. 
pendicular  to  the  meridian 

r+l°.a{l+Aco82(^+/3))8in'if-  +  4''aAtan'^cos2(^  +  y3), 
when  it  should  be 

l*  +  l*.oll  +  Aco8  2(^  +  >^)8in*^-3*cAco8  2(0  +  ;9). 

The  corrections  were  pointed  out  by  Bowditch  on  his  pages 
412...416. 
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The  coirections  are  adopted  by  Puissant :  see  Vol.  ii.  pages 
893.. .395  of  the  work  cited  in  Art.  1100. 

1103.  We  now  proceed  to  the  second  of  the  two  parts  which 
compose  Laplace's  fifth  Chapter ;  namely,  the  numerical  calcula- 
tions as  to  the  figure  of  the  Earth.  The  various  measured  lengths 
of  d^rees  do  not  agree  in  giving  precisely  the  same  value  to  the 
numerical  elements  of  the  figure  of  the  Earth ;  so  it  ia  a  subject 
of  enquiry  to  determine  the  best  method  of  treating  the  data 
which  are  fumiahed  by  observation. 

Laplace  proposes  two  different  methods  for  treating  discordant 
observations,  neither  method  being  that  which  is  known  as  the 
method  of  least  squares.  The  first  method  is  given  in  bis  §  39 
and  the  second  in  his  §  40. 

1104.  Let  us  first  consider  the  method  of  §  39.  Suppose 
a,,  a„  a,,  ...  measured  lengths  of  a  degree  in  different  latitudes, 
and  Pj,  p^,  p^,  the  corresponding  squares  of  the  sines  of  the 
latitude.  If  the  Earth  were  accurately  an  oblatum,  and  there 
were  no  errors  of  observation,  we  should  have  a  aeries  of  equa- 
tions of  which  the  type  would  be,  neglecting  the  square  of  the 
ellipticity, 

o,  —  z  — yp,  =  0 (IS)' 

But  as  there  will  be  errors  of  observation  we  shall  have  instead 
of  zero  on  the  right-hand  side,  an  unknown  error,  which  we  will 
denote  by  e^.  So  that  the  general  type  of  the  equations  will  be  ' 
o,.-«-Kp,-e,  (16). 

Laplace  proposes  that  we  should  determine  y  and  «  by  the 
condition  that  the  numerically  greatest  of  the  quantities  «,,  «,,.., 
should  have  the  least  numerical  value.    See  Arts.  960  and  961. 

Laplace  sketches  a  general  process  of  solution  which  would 
apply  if  there  were  more  than  two  quantities  to  be  found  like 
y  and  « ;  and  then  he  discusses  with  greater  detail  the  solution 
for  the  actual  case. 

The  problem  may  be  stated  verbally  thus :  to  determine  the 
elliptic  Sgare  of  the  Earth  so  that  the  greatest  deviation  from 
observation  may  have  the  least  possible  value. 
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From  examinitig  equations  (15)  and  (16)  we  see  that  the  pro- 
blem which  Laplace  solves  Doay  be  put  in  the  followiog  geome- 
trical form  ;  a  system  of  straight  lines  in  a  plane  is  given, 
required  to  find  the  point  which  has  the  least  possible  value  for 
the  relative  distance  from  the  straight  tine  which  is  most  remote 
from  it.  By  the  relative  distance  is  here  meant  the  distance 
measured  in  a  direction  which  is  fixed  for  each  straight  line,  though 
iu  general  not  the  same  for  any  two  straight  lines. 

1105.  Laplace's  §  40  is  devoted  to  another  method  of  treat- 
ing the  obaervationa.  He  now  proposes  to  determine  the  genera- 
ting ellipse  of  the  Earth's  figure  by  the  two  conditions  that  the 
sum  of  all  the  errors  is  zero,  and  that  the  sum  of  all  the  errors 
taken  positively  is  a  minimum.  Laplace  calls  this  the  most 
probable  ellipse.     The  method  is  due  to  Boscovich :  see  Art.  962. 

1106.  Bowditch  thinks  that  the  method  of  Boscoyicb  "is 
not  now  BO  much  used  as  it  ought  to  be" :  see  page  4<34-  of  the 
second  volume  of  his  translation  of  the  M^canique  Colette. 
Bowditch  objects  to  the  method  of  least  squares  as  commonly 
applied  to  the  problem,  and  proposes  a  modification  of  iL 

I  presume  that  neither  of  the  two  methods  which  Laplace 
discusses  would  now  be  practically  used  in  such  calculations, 
but  the  method  of  least  squares. 

1107.  Laplace's  §  41'gives  numerical  application.  He  takes 
seven  measures  of  degrees,  and  calculates  a  result  by  both  the 
methods  he  has  explained :   see  Art.  961. 

Laplace  comes  to  the  conclusion  that  the  errors  which  are 
thus  found  in  the  observations  are  too  targe  to  allow  us  to  adopt 
the  supposition  that  the  figure  of  the  Earth  is  an  oblatum. 

Laplace  corroborates  his  opinion  that  the  Earth  ia  not  an 
oblatum,  by  considering  especially  the  results  of  operations  which 
had  been  recently  carried  on  by  Delambre  and  M^bain,  for  mea- 
suring an  arc  of  the  meridian  between  Dunkirk  and  Barcelona. 
He  applies  the  method  of  his  §  39 ;  and  arrives  at  an  ellipticity 

of  ^77 ,  which  cannot  be  reconciled  with  the  phenomena  of  gra- 
vity and  of  precession  and  nutation. 
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Laplace  finds  the  length  of  a  quarter  of  the  terrestrial  meri- 
dian.    He  uses  the  ellipticity   qST.  which  he  obtaina  by  com- 

binii^  the  French  measure  of  an  arc  of  the  meridian  with  the 
measure  of  the  arc  in  Peru.      He  also  settles  the  length  of  a 

metre,  defined  to  be  ^^^^^^  of  a  quarter  of  the  meridian,  in 

terms  of  the  toise  of  Bbtu. 

1108.  Laplace  in  his  §  42  discusses  the  observed  lengths  of 
pendulums;  he  takes  fifteen  cases:  see  Art.  965. 

1109.  Laplace's  §  43  is  devoted  to  Jupiter.  Assuming  that 
the  planet  is  a  homogeneous  fluid  he  determines  the  ellipticity; 
he  finds  that  the  equatorial  diameter  would  then  be  to  the  polar 
diameter  as  110967  is  to  1. 

By  a  weak  analogy  from  the  form  of  Jupiter  Laplace  infers 

that  the  Earth's  ellipticity  is  less  than  -— , 

1110.  There  are  numerical  mistakes  on  Laplace's  pages  139, 
142,  148,  and  150;  the  corresponding  pages  of  the  national 
edition  are  163,  166,  173,  and  175  respectively,  where  the  mis- 
takes are  reproduced :  the  corrections  are  given  by  Bowditch  on 
his  pages  447,  459,  471  and  477  respectively. 

1111.  Laplace  on  his  page  140  considers  that  an  error  so 
great  as  486  double  toises  cannot  have  occurred  in  the  arcs  mea- 
sured in  Pennsylvania,  at  the  Cape  of  Qood  Hope,  and  in  I^p- 
land ;  and  again  on  his  page  141  he  considers  that  an  error  of 
.86*26  double  toises  in  the  Lapland  d^ee  is  much  too  great  to 
be  admitted. 

If  we  accept  Svanberg's  measurement  of  the  arc  in  Lapland, 
the  error  in  the  original  determiuation  of  the  length  of  a  cente- 
simal dogres,  which  Laplace  here  uses,  is  about  200  toises,  which 
exceeds  that  which  Laplace  pronounced  too  great  to  be  admitted : 
see  Art  197. 

Aa  to  the  arc  in  Pennsylvania,  Bowditch,  himself  an  American, 
proposes  to  reject  it :  see  his  page  444 
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1112.  I  do  not  quite  follow  some  remarks  made  by  Laplace 
on  his  page  143.  He  uses  four  meaaured  arcs  of  meridian  from 
the  recent  French  operations ;  and  from  these  b;  the  application 

of  his  §  39  he  deduces  an  ellipticity  of  about  v??-     Then  fae 

shews  that  this  also  agrees  well  with  an  arc  measured  perpendi- 
cular to  the  meridian  in  England.  So  that  on  the  whole  the 
result  ma;  be  said  to  depend  on  /our  French  arcs  of  meridian, 
and  ons  English  arc  perpendicular  to  the  meridian. 

Now  Laplace  says : 

Mais  il  est  trda-remarquable,  que  lea  meaureB  fikites  nonvellement  en 
Fnuioe  et  en  Angleterrfl,  avec  one  grande  prScisiou,  duu  le  sena  dea 
m^diena,  et  danfi  le  sens  perpendiculaire  anx  meridiena,  se  i-^UQiBsent 

^  indiqaer  un  elUpaoide  oaculateur  dont^'eUipticitJ  est 

On  this  I  remark  that  Laplace's  words  would  seem  to  suggest 
that  to  get  this  result  he  had  used  both  French  and  English  arcs 
of  the  meridian,  and  both  French  and  English  arcs  perpendicular 
to  the  meridian ;'  instead  of  what  he  really  did  use.  And  again 
he  now  seems  to  consider  this  as  the  most  probahle  result  of  the 
obeerrations,  whereas  he  has  himself  in  his  §  40  given  that 
name  to  a  different  result  and  obtoiued  on  different  prindples. 
This  may  be  illustrated  by  his  calculations  with  respect  to  the 
se7en  selected  degrees  of  §  41.     By  the  method  of  §  39  Laplace 

obtwns  an  ellipticity  ^== ,  which  should  hare  been  ^^  as 
Bowditch  shews :  by  the  method  of  §  40  Laplace  obtains  an  ellip- 
ticity ^j-s ,  which  is  very  different  from  the  former. 

1113.  On  his  page  147  Laplace  notices  fifteen  pendulum 
observations.  Of  these  he  seems  to  make  two  divisions,  one  con- 
taining nine  and  the  other  eight :  it  seems  to  me  that  his  second 
division  contains  only  six. 

1114.  On  his  page  151  Laplace  incautiously  makes  the  length 
of  the  seconds  pendulum  vary  as  the  square  of  the  latitude.     It 
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should  be  that  the  increment  of  the  length  varies  ae  the  square  of 
the  sine  of  the  latitude. 

1115.  The  geometrical  investigatioue  which  constitute  §  38 
of  this  Chapter  ueem  to  be  Laplace's  own;  at  least  I  have  not 
discovered  them  in  any  preceding  writer.  The  method  of  §  39 
seems  also  his  own.  The  method  of  §  40  is  due  to  Boscovicfa,  as 
we  have  seen  in  Ari,.  9Q2.  The  §  38  is  the  only  part  which  can 
be  considered  now  to  constitute  an  essential  part  of  the  subject ; 
it  consists  of  the  geometrical  investigations  which  we  noticed  in 
Art,  1100.  The  numerical  calculations  which  form  the  latter  part 
of  the  Chapter  by  their  nature  could  only  haveatemporaiy  value; 
and  they  are  now  superseded  by  more  elaborate  work  founded 
on  a  more  estensive  supply  of  measurements  and  observations. 

1116.  The  sixth  Chapter  of  the  Tliird  Book  is  entitled  Be  la 
figure  de  Vanveau,  de  Satuime. 

The  §  44  of  this  Chapter  differs  from  the  corresponding  part 
of  Laplace's  sixth  memoir ;  but  the  §§  4i>  and  46,  which  constitute 
the  ToaxQ  part  of  the  Cliapter,  are  substantially  the  same  here  as 
in  the  memoir. 

We  may  observe  that  a  sketch  of  the  history  of  the  subject,  so 
for  as  we  have  gone  up  to  the  end  of  the  fifth  Chapter,  is  given 
by  Laplace  himself  in  the  pages  1...11  of  the  fifth  volume  of  the 
Mecanique  Celeste:  on  pages  288. ..291  he  gives  a  sketch  of  the 
labours  of  Astronomers  and  Geometers  as  to  the  ring  of  Saturn ; 
we  may  notice  especially  the  top  of  page  290.  It  is  stated  on 
page  288  that  Herschel  saw  only  two  rings.  This  is  contrary  to 
what  Laplace  had  anticipated  in  his  sixth  memoir. 

1117.  Laplace  says  towards  the  beginning  of  bis  §  44  that 
he  will  consider  a  thin  stratum  of  fluid  spread  over  the  surface  of 
the  rings  to  be  in  equilibrium;  and  he  says  at  the  banning  of 
§  43  that  he  will  consider  the  ring  to  be  a  homogeneous  fluid  mass. 
However  the  two  hypotheses  come  to  the  same  thing ;  for  if  wo 
regard  the  ring  as  fluid,  then,  the  forces  being  such  as  occur  in 
nature,  if  the  condition  for  the  equilibrium  of  the  surface  is  satis- 
fied, the  mass  will  be  in  equilibrium  throughout. 

T.  M.  A.  VOL.  n.  14 
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1118.  Laplace  does  not  say  distinctly  That  ia  the  order  of 
approximatioD  which  he  adopts.  The  fact  is  that  he  replaces 
a  ring  by  an  infinite  right  cylinder ;  and  he  gives  no  investigation 
by  vhich  we  can  judge  of  the  amount  of  error  which  this  in- 
volves.    The  suggestion  he  makes  that  we  should  put 

F-7'  +  -  V"  +  Xr"  +  ..., 
a  or 

where  a  is  the  distance  between  the  centre  of  Saturn  and  the 

centre  of  the  generating  curve  of  the  ring,  and  thus  get  F  in  a 

series,  seems  of  no  practical  value. 

1119.  Laplace  then  really  determines  the  attraction  of  an 
infinite  cylinder  on  an  external  particle.  Take  the  axis  of  s 
parallel  to  the  generating  lines  of  the  cylinder.  Then  the  poten- 
tial Kmust  satisfy  the  equation 

'dj?       dy'        ' 
therefore  r=/(a:  +  y  V- 1) +-f  (x-y  V-1). 

where/and  Jfdenote  functions  at  present  arbitrary. 

Suppose  that  from  symmetry  we  know  that  a  change  in  the 
sign  of  y  will  not  change  V;  then 

F./(«r_j,V-l)  +  -F(a'  +  yV-l). 
Therefore  by  addition 

=  ^{x-{-y^-\)+4>{x-y^-\)  say. 

Hence  if  we  find  the  value  of  V  for  the  case  in  which  y  =  0, 

we  can  infer  the  general  value  of  V.     Or  if  we  find  the  value  of 

dV 

-J-  when  y  =  0,  we  shall  in  fact  determine  ^  (t)  when  <  =  a: ;  then 

we  can  deduce  the  value  of  0'(O  when  (  =  «  fyV— 1. 
See  the  last  paragraph  of  Art.  1048. 

1120.  We  may  thus  confine  onrselves  to  estimating  the 
attraction  of  an  elliptic  cylinder  on  an  extenial  particle,  which 
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IB  ia  one  of  the  principal  planes  that  contain  the  axia  of  the 
cylinder.  Suppose  the  cylinder  decomposed  into  rods,  parallel 
to  the  generating  lines,  of  inBDitesimal  section.     The  attraction  of 

an  infinite  straight  line  we  know  is  represented  by  - ,  where  p  is 
the  perpendicular  firom  the  point  on  the  line. 

Let  the  diagram  represent  a  section  of  the  cylinder  by  a  plane 
at  right  aisles  to  the  axis,  and  passing  through  the  attracted 


particle  P,  which  is  on  one  of  the  axes  of  the  elliptic  section  pro- 
duced. Let  0  be  the  centre  of  the  ellipse,  OP  =  «.  The  attrac- 
tion of  the  rod  corresponding  to   Q  may  be  denoted  by  — prj- ', 

this  is  along  PQ.  Resolve  this,  and  we  obtain  for  the  attraction 
along  the  axis  of  x 

2dx  dy  (m  —  x) 

Hence  the  resultant  attraction  of  the  cylinder  is  along  the  axis 
of  X,  and  its  value  is 

the  integration  is  to  extend  over  the  whole  area  of  the  ellipse, 
the  equation  of  which  may  be  denoted  by  2^  +  X'y*  ~  i". 

Laplace  integrates  with  respect  to  y,  and  then  states  what  the 
integration  with  respect  to  a^  will  give, 

14— a 
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1121.    We  may  conveniently  use  polar  coordinates  in  evalu- 
ating the  definite  integral  of  the  preceding  Article.    Let 
u  —  x^r  coa0,        y  =  rBinft 
Then  the  definite  integral  becomes 

2  (I— — "i .  that  18  2ljcoa0drd0; 

and  the  limits  are  to  be  found  from  the  equation 
(«  -r  COB  ey  +  W  sin'  d  =  if, 
that  is    r*  (coa*  0  +  \'  sia*e)  -2ur  ame  +  u*-Ji?  =  0 (17). 

Integrate  first  Trith  respect  to  r,  and  use  the  limits  which  will 
be  furnished  by  the  last  equation,  tiios  we  obtain 

-A^fX'Bin'g  +  coB'g)lrfg 


^j-cosgyK 


h  CO80 rf0 


X'  sin'tf +  c 
Denote 'this  by  4v.     Then 

dv     r  k  c 

5ft""JVl'*"cOB'f'-(M'-(f)(X'8ia"^  +  C0B'tf)} 

_  f    kcoBed0 
iv(f-c'8in'^)' 

where         c*  ^  X*m'  +  (1  —  \*)  k\ 

The  limits  of  0  are  the  values  of  0  for  which  the  two  values  of 
r  furnished  by  (17)  become  equal;  it  will  be  found  that  these  are 
such  as  make  /^  —  c*  sin'  0  =  0. 


dk      c       Vli^V+(l-X')J?l" 

Hence  we  can  obtun  v ;  and  as  v  obviously  vanishes  with  k 
we  have 

V  =  j~i  [V[XV  +  (1  -  x")  Fl  -  x«]. 

And  the  required  attraction  is  +v. 

1122.     We  have  in  fact  in  Arts.  1119.. ,1121  a  complete  ac- 
count of  the  attraction  of  an  infinite  cylinder  on  an  external 


I  .y  Google 


SECOND  VOLUME  OF  THE  H^CANIQUE  C^LBSTB.  S13 

particla  Aa  to  the  action  of  a  cylindrical  shell  it  may  he  shewn 
b;  the  aid  of  Art.  215  of  the  Statics  that  if  the  surfaces  are 
Bimilar  and  fiimilarly  situated  elliptical  cylinders,  with  a  common 
axis,  the  attraction  on  an  internal  particle  Ls  zero. 

1123.  Laplace  however  really  requires  the  attraction  of  an 
infinite  cylinder  only  for  a  point  at  its  surface ;  and  this  may  he 
found  more  briefly.  Resolve  the  cylinder  as  before  into  rods, 
parallel  to  the  generating  lines,  of  infinitesimal  section.  Take  the 
point  on  the  surface  as  the  origin  of  polar  coordinates.  Then  for 
the  resolved  attractions  in  two  directions  at  right  angles  to  each 
other  in  a  plane  at  i-ight  angles  to  the  axis  of  the  cylinder  we 
have  the  expressions 

X=  2Jjdrd0  cos 5,         Y=2  {{drdesia  ff. 

Suppose  the  cylinder  an  elliptic  cylinder.  Let  ^  it  be  the 
coordinates,  referred  to  the  centre  as  the  origin,  of  the  point  on 
the  surface  at  which  the  attraction  is  required ;  let  2a  and  26  be 
the  corresponding  axes  of  the  ellipse.  Then  the  integration  with 
respect  to  r  is  to  be  taken  from  >■  =  0  to 

2A  cos  9  ,  2iE:  sin  8 


cos*  6     sin' tf 


The  limits  with  respect  to  (?  are  5,  and  0,  +  v,  where  0^  i 
such  that 


Hence  we  i 


6" 
4,hb'  cos*  0  dd 


Therefore 


Jo*  sin'^  +  i*  cos'ff' 
y_      f     4Ag*sin'g<Jg 

J  o'  ain'  0  +  V  cos'  0 ' 

+  ■^=-4/       d0  =  ~inr. 


X  .   Y 
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And        — ;—  +  — ;—  =  —  4a  o  I        .  ■  .  »    'li va 

h         h  it,     a*  am' &  +  b' cos*  0 


=  — 4o6ir. 
Hence,  finally, 

„  inrbh  -r        iirak 

^ i+i'  ^ ;+6- 

Therefore    ^^Y'.{^!-^(\f\' -faW)-!^^: 

thua  the  resultant  ia  constant  for  all  points  of  the  surface  of  the 
cjlinder, 

I  cannot  find  that  this  simple  remark  has  been  made  before, 
though  many  petsoDS  give  the  formulie  for  X  and  Y;  as  for 
instance  Laplace  in  17S7,  and  Plana  in  1819:  s^e  also  Resai, 
page  155,  and  Price's  InfLmi^mol  CalcuiiiS,  Vol.  ui.  page  289. 

The  direction  of  the  resultant  attraction  at  any  point  of  the  sur- 
face can  be  readily  assigned ;  the  tangent  of  the  angle  which  this 

direction  makes  with  the  axis  of  a:  is  equal  to  ^,  that  is  to  jj-. 

Hence  the  direction  is  parallel  to  the  corresponding  radius  of  the 
auxiliary  circle. 

1124.  The  substance  of  Laplace's  Chapter  on  Saturn's  ring  ia 
reproduced  by  Reeal  in  his  pages  239. ..243. 

1125.  The  Chapter  devoted  by  Laplace  to  Saturn's  ring  is 
original  and  interesting;  but  it  does  not  discuss  the  subject 
very  fully.  The  reader  who  desires  to  obtain  information  on  this 
matter  will  consult  the  essay  by  Professor  Maxwell,  entitled 
On  the  Stability  of  the  Moti&ii  of  Saturn's  Rings,  Cambridge, 
1859 :  for  an  account  of  this  essay  see  the  Monthly  NoHces 
of^  Boyal  Astronomical  Society,  VoL  XIX.  prige  297. 

1126.  The  seventh  Chapter  of  the  Third  Book  is  entitled  i>e 
la  figure  des  atmoiphkres  des  corps  celestes. 

This  occupies  little  more  than  three  pages  of  the  Micanique 
C4leate.  Laplace  really  adds  nothing  to  wKat  was  previously  known. 
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and  which  ma;  be  found  in  the  sixth  volume  of  D'Alembcrt's 
Opasadea  Mathimatiquea :   see  Art.  639. 

It  does  not  seem  to  uie  that  the  Chapter  ie  very  clearly- 
written.  I^place  for  instauce  says  that  at  the  exterior  surface 
n  =  0 ;  this  would  be  true  if  the  atmosphere  were  an  incom- 
pressible fluid,  but  for  an  atmosphere  we  cannot  have  11  =  0,  for 
as  long  as  there  is  density  there  will  be  pressure.  In  what 
follows  Laplace  gives  the  equation 

c^-  +  t>T'  sill*  6 

T 

as  the  equation  to  the  surfiuce  of  the  atmosphere;  hut  thia  is 
really  the  equation  to  any  surface  of  equal  pressure. 

Laplace  afterwards  says  that  the  greatest  value  which  the 
radius  vector  can  liave  is  that  where  the  centrifugal  force  is 
equal  to  the  attraction;  and  this  is  true,  and  gives  a  limit  to 
the  extent  of  the  surface. 

The  subject  is  treated  by  Besal  in  his  pages  263.. .289 ;  he 
follows  the  method  and  principles  of  E.  Koche  to  whom  he  refera. 
The  substance  of  Laplace's  Chapter  is  reproduced  in  Pratt's  Me- 
ckanical  Philoaopky,  second  edition,  pi^es  d52...554'. 

1127.  Here  we  finish  our  Account  of  the  contributions  to  our 
subject  which  are  contained  in  the  first  two  volumes  of  the 
M4canique  dleate.  They  consist  of  the  investigations,  collected 
and  improved,  which  Laplace  made  during  the  last  quarter  of  the 
eighteenth  century.  Their  illustrious  author  combined  the  high- 
est mathematical  ability  with  unwearied  energy ;  and  he  availed 
himself  of  the  labours  of  his  predecessors,  and  of  his  eminent 
contemporary  Legendre.  He  may  be  stud  to  have  received  the 
theories  of  Attraction  and  of  the  Figure  of  the  Elarth  immediately 
from  the  hands  of  D'Alembert ;  and  he  transmitted  them  to  bis 
successors  stamped  with  the  permanent  impression  of  his  own 
genius.  Although  more  than  seventy  years  have  elapsed  since 
the  publication  of  the  earlier  volumes  of  the  Micaniqae  Celeste, 
they  still  emboily  in  their  pages  the  standard  treatise  on  those 
parts  of  Physical  Astronomy  of  which  our  history  treats. 
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CHAPTER  XXIX. 

LAPLAC£'S  THEOREM. 

1128.  We  Bhall  now  proceed  to  give  an  account  of  investi- 
gations which  bare  appeared  since  the  puhlicatioa  of  the  second 
Volume  of  the  M^canique  Celeste.  We  shall  consider  in  separate 
Chapters  the  various  important  points  which  have  been  thus  dis- 
cussed The  present  Chapter  is  devoted  to  Laplace's  theorem 
respecting  the  attractions  of  confocal  ellipsoids 

1129.  We  have  already  noticed  Laplace's  own  demonstra- 
tion, which  first  appeared  in  his  treatise  of  1784,  was  improved 
in  his  fourth  memoir,  and  finally  introduced  in  the  MAmnigve 
Cdeste:  see  Arts.  804  and  850.  Legeudre  in  his  third  memoir 
arrived  at  the  result  by  a  laborious  investigation  which  does  not 
employ  infinite  series :  see  Chapter  xxiv. 

1130.  We  have  first  to  consiSer  a  memoir  by  Biot,  entitled 
Secherehee  but  le  calcul  aux  diffirencea  parHeUee,  et  &ur  lea  aWrac- 
tiona  des  sphSrcndes ;  this  is  contained  in  the  sixth  volume  of  the 
Mimoires  de  VInxtitut...V&Tia  1806:  the  memoir  occupies  pages 
201...218  of  the  volume. 

1131.  Biot  refers  to  the  researches  on  the  subject  of  the  at- 
traction of  spheroids  by  Laplace,  Lagrange,  and  Legendre,  before 
he  develops  his  own  method.  Let  V  be  the  potential  of  a  given 
body  on  a  particle  whose  coordinates  are  a,  h,  c.  Biot  starts  with 
the  eqiution 

d*V    d'V    d*r    „ 

^+d6-  +  ^-0 (!)• 

He  seems  to  describe  his  own  method  by  saying  that  insteod 
of  trjring  to  integrate  this  partial  differential  equation  he  inter- 
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pcetn  the  differeatial  form  directly.  I  should  describe  it  by  saying 
that  instead  of  tFying  to  Int^rate  this  differeDtial  equation  in 
finite  terms  he  uses  an  integral  in  the  form  of  an  infinite  series. 

1132.  We  may  transform  (1)  by  substituting  three  new 
variables  a,  b',  c'  which  are  connected  with  a,  b,  c  by  the  arbitrary 
equations 

a'  =  Fia,b,c),    b'^F,{_a,b.c).    c'  =  F,(a,J,c) (2). 

Let  V  denote  the  form  which  V  assumes  when  for  a,  b,  c  we 
substitute  their  values  in  terms  of  a',  b',  c'  given  by  (2).    Then 


.(3). 


dV^dV  da'     dV  db'  ^  dV  dc 
da      da'    da      db'  da      dc'   da" 

and  similar  expressions  bold  for  tj-  and  -^ . 

o-    .,    ,  ■     d'F   d*V        ,d^V 

Similarly  we  can  express  ■  j-g ,  -ti  ,  ,  and  -3-5- . 

Then  sulistitute  in  (1)  and  we  have  a  partial  differential  equa* 
tion  of  the  second  order  which  we  will  denote  by 

i-O (4). 

The  equation  (4)  like  (1)  will  be  linear. 

Suppose  the  value  of  V  which  satisfies  (4)  to  be  expanded  in 
powers  of  a';  say 

r  =  *  +  a'^,  +  ^V,  +  g*.  +  ^'*,+ (5), 

where  ^,  ^,,  ^y.. .denote  functions  of  b'  and  0'  which  do  not  con- 
taio  a'. 

da'  '  dh'  '  d7  ' 

tial  coefficients  of  V  of  the  second  order,  and  substitute  these 
in  (4).  Equate  to  zero  the  coefficients  of  the  various  powers 
of  a'.  Thus  we  shall  have  equations  which  will  determine  tj)^  <p^ 
^^...in  terms  of  ^  and  ^^,  but  these  will  remain  quite  arbitraiy. 

This  is  the  main  part  of  Biot's  investigation.     It  is  obvious 
that  it  is  not  quite  satisfactory.     For  possibly  exceptions  might 
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arise  when  special  forms  are  assigned  to  the  functioua  denoted 
by  the  F,  J*,,  F^  of  equation  (2).  Moreover  there  is  nothing  to 
ensure  the  convei^ence  of  (5). 

1133.    IVom  equation  (5)  we  bare 

dv 


d^-*.  +  «>.  +  ||*.  +  |3* 


dV     diti        ,  d<t>      a^  d^     a*  d^ 

rfA'  "'d?+'*  ^'  +  [2  d6'"*"[3  db-'*' 

dV'      d^        '^.^  #!j.?!   #«4. 

dc'  ""(fc'"*""  dc'  "'"[2  rfc'"'"[3  dc'"*" 

But  in  the  values  of  ^  ^^  0^,. . .  we  shall  find  that  the  function 
0  itself  does  not  occur  but  only  the  differential  coefficients  of  0 ; 
this  arises  from  the  fact  that  V  itself  does  not  occur  in  (4)  but 
only  the  differential  coefficients  of  V. 

Hence  the  three  series  just  given  will  be  completely  deter- 
mined, tchen  the  first  terms  ore  known,  that  is  when  the  values 


But  these  values  are  connected  with  the  values  of  t-  ,  --tr,  and 

--,-  by  (3)  and  two  similar  equations ;  so  we  shall  have  the  values 

of  -r-7  ,  -frr,  and  — rr  when  o'=0,  provided  we  know  the  values 
da      db  '  dc  '  '^ 

.dV   dV        ,dV    ,         .    ^ 
of  -^ ,  -jr .  aiid  -^  when  a  =  0. 
da     do  do 

—r-r  I  -JK" .  and  ttt  when 
da       at)  (to 

a'sO,  suffice  to  determine  the  general  values  of  these  differential 
coefficient^  it  follows  also  that  the  general  values  o'  ^  >  -jt  <  <uid 

-.-  are  determined  as  soon  as  we  know  the  particular  values  which 
correspond  to  a'  ^  0. 
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BTit  the  equation  i/  ■=  0  will  represent  any  BUiface  whatever 
by  giving  the  proper  form  to  F{a,  b,  c).  Hence  we  obtain  the 
following  very  general  theorem  : 

In  order  to  know  the  attractions  of  a  spheroid  at  any  exterior 
points  it  will  be  sufGcient  to  know  the  attractions  of  this  spheroid 
at  all  the  points  of  any  exterior  surface  taken  at  pleasure. 

I  have  inserted  the  word  exterior  in  Biot's  enunciation  be-- 
cause  we  now  know  that  (1)  is  not  true  for  internal  points. 

1134.  As  an  example  we  may  take  for  a'  =  0  the  equation 
to  the  surface  of  the  attracting  spheroid  itself. 

Biot  conaiders  that  this  includes  as  a  particular  case  Laplace's 
theorem  respecting  ellipsoids.  But  this  becomes  more  obvious 
after  some  developments  to  which  Biot  now  proceeds.  See 
Art.  1136. 

1135.  If  we  wish  the  arbitrary  surface  to  be  a  plane  we  may 
take  1  =  0  for  its  equation.  Then  it  will  not  be  necessary  to 
transform  (1)  by  the  introduction  of  the  new  variables  a',  b',  c'. 
The  general  value  of  V  derived  from  (1)  will  be 

this  may  be  verified  by  substituting  in(l);  or  it  may  be  obtained  as 
in  Boole's  Differential  Equations,  third  edition,  pages  401  and  402. 

Biot  says  that  this  was  first  given  by  Lagrange  in  the  Mica- 

niipie  AnatytiguBy  p,  474 ;  this  means  the  first  edition  of  Lagrange's 

work :  see  Art.  994. 

dV 
From  the  above  value  of  V  we  can  immediately  deduce  -f-  , 


Biot's  result  includes  that  of  Laplace  relative  to  symmetrical 
spheroids  :  see  Art.  1076. 
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1136.  The  preceding  developmenta  apply  to  all  kinds  of 
spheroids ;  for  each  particular  spheroid  the  values  of  tf>^  and  -,. 

and  -J--  will  in  genera]  be  different. 

Suppose  vie  take  an  ellipsoid;  the  attraction  for  any  point 
in  the  plane  of  the  equator  can  be  obtained,  as  was  shewn  in 
Legendre's  third  memoir.     We  have  in  this  case 

^  =  MU,  ^,=0, 
where  M  is  the  mass  of  the  ellipsoid,  and  17  is  a  function  which 
involves  the  coordiDates  of  the  external  point  and  the  e^centficitiea 
of  the  ellipsoid ;  see  Art.  1060.  The  result  ^,  =  0  follows  from 
the  (act  that  the  ellipsoid  is  symmetrical  with  respect  to  its 
equator,  and  so  for  any  point  in  that  plane  the  attraction  parallel 
to  the  axis  of  a  must  vanish. 

Thus  for  an  ellipsoid  we  obtain  from  (6) 


Hence  if  there  be  a  second  ellipsoid  with  the  same  exc^airici- 
tieg,  the  value  of  U  will  be  the  same  for  both  ;  thus  if  M'  be  the 
mass  and  V  the  potential  for  the  second  ellipsoid,  we  have 

r  z 

This  constitutes  the  proof  of  Laplace's  theorem, 

1137.    Results  analogous  to  those  which  have  been  given,  but 
more  simple,  hold  for  the  case  of  spheroids  of  revolution. 
For  a  spheroid  of  revolution  we  may  put 
6'  +  c*  =  r», 
and  V  will  be  a  function  of  r  and  a. 
Thus  (1)  is  transformed  into 

IdV    <PV,fPV 
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Hence  by  the  same  method  r8  before  we  arrive  at  this  result : 
the  attraction  of  a  spheroid  of  revolution  will  be  known  for  any 
external  point  whatever,  if  it  is  known  for  every  point  of  any 
arbitrary  external  curve  whatever,  described  in  the  plane  of  the 
meridian.  If  we  suppose  this  arbitrary  curve  to  be  the  prolonga- 
tion of  the  axis  we  have  the  result  first  given  by  Legendre :  see 
Art.  791. 

Biot  himself  says :  "  ...et  de  1&  r^sultent,  comme  cas  pazticii- 
lier,  les  beaux  th^rfemes  d^montr^  pour  la  premiere  fois  par 
M.  Legendre."  I  do  not  know  what  other  theorem  Biot  has  in 
view  beudes  that  to  which  I  have  referred. 

1138.  I  must-  cite  another  sentence  from  Biot's  memoir;  he 
says  on  page  208,  alter  introducing  the  function  V, 

M.  Lagrange  a  d^montr£  que  lea  coeffiuiena  diflEretitielB 

dV     dV     dV 

da'    db'    de' 
pris  n^&tivement,  exprimeut  lea  attractions  exero6e9  par  le  spli^roide 
SOT  ce  m^me  point,  parall&Umeut  aux  trois  axes  rectuugidaircB.     M. 
Laplace  a  fait  voir  ensuite  que  la  fonction  F  est  assujetiu  ft  1' Equation 
difiereutielle  partielle 

da**  db'*  d^ 
I  do  not  know  on  what  authority  the  above  expressions  for 
component  attractions   are  assigned   to  Lagrange ;   to  me  they 
appear  due  to  Laplace :   see  Art  789,  and  also  pages  70  and  133 
of  Laplace's  Figure  des  I^Tietes. 

1139.  Biot's  memoir  may  be  said  to  belong  more  properly  to 
the  subject  of  partial  differential  equations  than  to  that  of  attrac- 
tions ;  and  its  interest  for  us  is  rather  of  a  speculative  .than  of  a 
practical  character,  for  it  does  not  really  determine  the  attraction 
of  any  spheroid.  So  far  as  Laplace's  theorem  is  concerned,  we 
see  that  the  investigation  is  not  quite  independent,  for  it  borrows 
one  of  the  main  results  of  Legendre's  abstruse  third  memoir. 

1140.  We  arrive  now  at  the  remarkable  simplification  .ef- 
fected by  Ivory.     A  memoir  by  him  entille<l  Oit  the  Attractions 
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of  homogeneous  SUipsoids,  was  read  before  the  Royal  Society  on 
15tli  June,  1S09 ;  and  is  printed  in  the  PhUosojAical  Trcmeac- 
tions  for  1809;   it  occupies  pages  345. ..372. 

1141,  Thia  memoir  is  famous  for  containing  the  enunciation 
and  demonstration  of  the  theorem  which  is  usually  called  Ivory's 
theorem ;  but  which  would  be  more  justly  called  Ivory's  dem<m- 
stration  of  Laplace's  theorem.  The  memoir  is  the  first  communi- 
cated by  Ivory  to  the  Royal  Society ;  and  is  I  think  the  best  of 
all  his  memoirs  which  relate  to  our  subject.  The  memoir  forms  a 
good  treatise  on  the  attractions  of  homogeneous  ellipsoids,  and 
may  be  read  at  the  present  day  with  interest  and  profit  There 
are  two  improvements  which  our  modem  books  present  to  ue; 
Ivory  makes  frequent  use  of  the  process  of  transformation  of  the 
variables  in  a  definite  double  integral,  and  this  process  is  now 
found  to  be  unnecessary ;  he  treats  the  attraction  on  an  internal 
particle  by  the  method  of  series,  not  always  convergent,  and  we 
now  employ  the  simple  method  like  that  given  by  Lagrange  in 
1773,  and  which  is  adopted  in  the  M^canique  Cileste.  It  is  diffi- 
cult to  see  what  induced  Ivory  to  use  the  method  of  series,  when 
Laplace  had  solved  this  part  of  the  problem  so  much  better. 
The  essence  of  the  treatment  proposed  by  Ivory  for  the  attraction 
of  an  ellipsoid  on  an  external  particle  remains  in  our  elementary 
books ;  and  thus  it  is  unnecessary  to  enter  into  particulars  re- 
specting it. 

1142.  Ivory  gives  a  brief  sketch  of  the  history  of  the  subject 
in  hia  introductory  pages.  He  refers  to  the  pafticular  cases  dis- 
cussed by  Maclaurin  and  L^endre,  and  then  passes  on  to  the 
more  general  problem  which  Laplace  attacked.     He  says: 

The  method  of  investigation,  which  La  Place  has  employed  for  sar- 
roouatiog  the  difQcultiea  of  this  last  case,  although  it  is  entitled  to  every 
praise  for  its  )ng«Guity,  and  the  mathematical  skill  which  it  diiiplaya, 
IB  certiiinly  neither  bo  simple  nor  bo  direct,  aa  to  leave  no  room  for 
perfecting  the  theory  of  the  attractiona  of  ellipsoids  in  both  these 
respects.  It  cousiate  iu  shewing  that  the  expressions  for  the  attractions 
of  an  ellipsoid,  on  0117  external  point,  may  be  resolved  into  two  factors  ; 
of  wliich,  one  is  the  man  of  the  ellipsoid,  and  the  other  involves  only 
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the  Axcentricities  of  the  solid  and  the  co^rdinatea  of  the  atbacted 
point:  whence  it  followe,  that  tvo  ellipsoida,  -which  have  tiie  aauie 
oxcentricities,  and  their  principal  Bectiona  in  the  same  planes,  will 
attract  the  same  external  point  with  forces  proportional  to  the  tDOfisea 
of  the  solida.  Thia  theorem  includes  th«  extreme  case,  when  the  sur- 
face of  ene  of  the  solids  passes  through  the  attracted  point :  and  by 
this  meaoB  the  attraction  of  an  ellipsoid,  upon  a  point  placed  without 
it,  ia  made  to  depend  upon  the  attraction  which  another  elli[)soid, 
having  the  rame  excentricitiea  as  the  former,  exerts  upon  a  point  placed 
in  the  anrface.  Le  Gendre  haa  given  a  direct  demonstration  of  the 
theorem  of  La  Place,  by  integrating  the  fluzional  expressions  of  the 
nttractive  forces ;  a  woi^  of  no  small  difficnlty,  and  which  ia  not  accom- 
ptished  without  complicated  calculations. 

It  will  be  seen  that  Ivory  speaks  of  "the  theorem  of  La 
Place"  as  I  do. 

1143.  Ivory's  own  enunciation  of  his  result  is  contained  in 
the  following  words: 

If  two  ellipsoids  of  thb  same  homogeneous  matter  have  the  same 
excentricities,  and  their  prinoipal  sections  in  tiie  same  planes;  the 
attractions  which  one  of  the  ellipsoids  exerts  upon  a  point  in  the 
surface  of  the  other,  perpendicularly  to  the  planes  of  the  principal 
sections,  will  be  to  the  attractions  which  the  second  ellipsoid  exerts 
upon  the  corresponding  point  in  the  surface  of  the  first,  perpendicularly 
to  the  same  planes,  in  the  direct  proportion  of  the  Burfaces,  or  areas, 
of  the  principal  sections  to  which  the  attractions  are  perpendicular. 

The  theorem  is  really  the  combination  of  two  results  both  due 
to  Laplace.  One  result  may  be  thus  expressed :  the  potentials 
of  confocal  ellipsoids  at  a  given  point  external  to  both  are  as 
their  masses.  The  other  result  is  the  expression  for  the  attraction 
of  an  ellipsoid  on  a  particle  at  its  surface.    See  Art.  1063. 


1144.  A  peculiarity  in  Ivory's  memoir  is  his  frequent  ose  of 
the  process  of  transformation  of  the  variables  in  a  definite  double 
intt^ral.  Although,  as  we  have  seen  in  Arts.  710  and  877, 
Lagrange  and  Legendre  had  treated  of  this  process,  yet  I  do  not 
think  any  good  account  of  it  had  been  given  at  the  time  of  Ivory's 
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memoir;     However  tho  cases  in  which  he  uses  the  method  would 
not  present  any  great  difficulty. 

1145.  On  the  whole  we  may  say  that  Ivory's  memoir  goes 
over  the  same  extent  of  ground  as  the  first  Chapter  in  the  Third 
Book  of  the  M^ntque  CfUstet  obtaining  results  equivalent  to 
Laplace's  but  in.  a  more  simple  manner. 

We  may  observe  that  Ivoiy  refers  to  Laplace's  memoir  of  1783 
by  mistake,  instead  of  1782 ;  see  Ivory's  page  347 :  the  mistake 
is  the  same  as  Legendre  makes  in  his  memoir  of  1788.  Perhaps 
iTOiy  copied  it  from  Legendre :   see  Art.  876. 

1146.  The  merits  of  Ivory's  process  were  clearly  recognised  in 
France.  Thus  Legendre  says  on  page  158  of  the  M^moires  de 
rinstitut  for  1810 : 

Les  difficult^a  cTaDalyse  que  prSsentait  ce  problSme  traits  par  tant 
de  moyens  difi^rena,  difpanuKBi-nt  aiosi  tout  d'un  coup,  par  le  proc€d6 
de  M.  Yvory,  et  une  th^orie  qui  appartenait  &  I'aaalyBe  la  plus  abstrase, 
pent  muutenant  dtre  ex(K>e6e  dans  touts  sa  g^n^ralit^  d'une  manidi-e 
preeque  euti^rement  €l£menture. 

This  seems  the  passage  which  Dr  Thomas  Young  has  in  view 
though  I  do  not  understand  his  reference  involved  in  the  words ; 
"...say  Legendre  and  Delambre  {M.  Inst.  1812J."  See  Young's 
Works,  Vol.  IL  page  681. 

1147.  A  memoir  by  Plana  entitled  Sulla  teoria  deW  attrazione 
degli  sferoidielittici  is  contained  in  the  Memorie  di  Matematica 
...della  Societd  Italiana,  Vol.  xv.  Uodena,  1811.  The  memoir 
occupies  pages  370. ..390  of  the  first  part  of  the  volume.  It  was 
communicated  on  the  24th  November,  1810. 

I  have  already  stated  that  Laplace's  proof  of  his  theorem  was 
published  by  him  in  the  fourth  section  of  his  treatise  De  la  Figure. . . 
des  Planetes ;  and  afterwards  given  in  an  improved  form  in  the 
firat  Chapter  of  the  Third  Book  of  the  Micanique  Celeste ;  see 
Arts.  804  and  lOGO.  Plana's  memoir  is  simply  a  reproduction  of 
the  section  from  the  ix^Xisa  De  la  Figure.,. des  PtaTvetea,  6.  \iii\e 
expanded  by  giving  the  steps  of  the  work  in  some  cases  where 
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lAplace  osly  records  the  reaalt.  Plana  probably  regarded 
Laplace's  earlier  form  of  the  ai^meDt  aa  the  more  oatoral, 
though  the  later  form  is  briefer. 

Plana's  memoir  adds  nothing  to  the  knowledge  of  the  subject ; 
though  it  might  save  some  trouble  to  young  mathematicians  in 
their  study  of  Laplace's  method. 

I  may  draw  attention  to  the  following  words  which  occur  on 
Fkna's  page  376: 

...bellissimo  teorema  dd  Sig.  Legendre  mediante  il  quale,  I'attra- 
zione  di  un  eliasoiile  sopra  an  punto  esteriore  alia  saa.  roperficie  dipenile 
in  ogni  caso  da  quella  dei  punti  situati  Bulla  superficia 

I  cannot  admit  the  propriety  of  calling  this  theorem  by 
Legendre's  name ;  Legendre  really  established  only  a  part  of 
this :  see  Art.  782.  The  extension  of  the  theorem  to  the  gener- 
alily  thus  ascribed  to  it  by  Plana  is  really  due  to  Laplace,  being 
in  lact  involved  in  the  theorem  which  I  call  by  his  name. 

1148.  A  note  by  Biot  entitled  Swr  FaHTaction  dea  l^th^^ea 
is  ^ven  in  the  Nouveau  BaUetin...la  Soci^t^  Hiilomaiique  for 
Haich  1812j  pages  44.. .48.  This  note  may  be  considered  aa  an 
appendix  to  the  memoir  of  1806.       , 

In  the  memoir  Biot  had  shewn  that  the  attraction  of  an  ellip- 
soid at  any  external  point  might  be  deduced  by  simple  differen- 
tiations from  s  particular  expression,  which  is  theoretically  known 
when  the  attraction  is  known  for  all  points  situated  in  the  plane 
of  one  of  the  principal  sections. 

Now  he  says  that  the  demonstration  would  cease  'to  be  appli- 
cable in  the  case  in  which  the  projection  of  the  external  point  on 
the  assigned  plane  falls  within  the  principal  section  of  the  ellip- 
soid. For  the  expressions  which  give  the  values  of  the  attractions 
are  different  according  as  the  point  is  within  or  without  tbe  ellip- 
soid, and  BO  the  results  cannot  be  comprehended  in  the  same 
formula. 

Biot  proposes  to  surmount  the  diSSculty  by  a  transformation 
of  the  coordinates. 

Let  a;,  y,  «  be  the  old  coordinates  of  the  external  point,  where 
te  and  y  refer  to  the  ass^ed  jHrincipa)  plane.  Let  x',  y',  /  be  the 
T.  M.  A.    VOL.  11.  15 
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new  coordinates  of  the  point,  connected  with  tiie  old  coordinates 
by  the  equations 

a/  =  ir  +  2  tan  a  cos  j8,      y'  =y+f  tan  a  sin  j3,      c'  =  z  sec  a. 

Then  the  equation  (1)  of  Art  1131  transfonns  into 

JITT  jip 

(1  +  tan' «  cob' /9)  ~  +  (1  +  tan*  o  Bin' /3)  ^, 

dxdy 

+  2  tan  .  sec  a.^coe  ^  ^jy  +  rin  ^  ^^,j  -  0. 

This  is  still  a  linear  equation.  Hence  as  in  Art.  1132  yre 
find  that 

r^A.  +  A^+A,'^  +  A.'^  +  .... 

where  A^  A,,  A,,  ...  are  functions  of  x  and  y'.  Then  the  infer- 
ence is  of  the  same  kind  as  in  Art.  1133. 

We  may  take  a  and  0  so  that  (x',  jf)  falls  without  the  ellip- 
soid, for  the  caee  of  any  assigned  external  point.  Thus  the 
difficulty  is  surmounted. 

Although  Blot's  method  in  his  memoir  and  in  this  note  is 
interesting,  yet  the  use  of  infinite  series  of  which  the  converg- 
ence is  not  secured,  cannot  he  accepted  as  rigorous. 

1149.  We  have  next  to  consider  a  memoir  by  Legendre 
entitled  Mimoire  Bur  raitraction  des  eUiptotdes  KomogiMa.  This  is 
published  in  the  M^oires  de  rinetitiU  for  1810,  second  part :  the 
date  of  publication  is  1811.  The  memoir  occupies  pages  155... 183 
of  the  volume.    The  memoir  was  read  on  the  5th  October,  1812. 

1150.  Legendre  begins  by  an  historical  sketch  of  the  subject. 
He  says  that  the  problem  of  the  attraction  of  an  ellipsoid  on  an 
internal  particle  had  been  completely  solved  with  much  elegance 
by  Haclaurin  in  bis  priM  eesay  on  the  Tides.  Haclaurin  how- 
ever,  aa  we  have  seen,  explicitly  considcffed  only  the  case  of  an 
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ellipaoid  oS  revolution,  though  his  methocb  ftdmitte^  cA  obvious 
eztentioD  to  the  ease  of  the  geseral  ellipsoid. 

With  regard  to  the  attractiou  of  an  ^lipsoid  on  an  external 
particle  Legendre  adverts  to  the  theorem  of  Maclaurin;  to  the 
extension  which  he  himself  gave  of  it  in  the  memoir  which  I 
have  called  his  first ;  to  the  further  extension  given  by  I^aplace ; 
and  to  his  own  investigations  in  the  memoir  which  I  have  c^ed 
his  third.    He  says  of  the  second  part  of  this  memoir : 

J'avoue  nfianmoias  <}n«  celte  partie  de  mon  MAaoire  n'a  que  le 
mJrite  d'etre  direote,  «t  de  moA^er,  dte  I'abord,  la  poBsibilit^  de  la 
■olntion,  mais  que  d'ailleurs  I'analyse  en  eat  d'uue  exti&De  complication. 
II  6tait  done  il  deairer  qn'oa  d^oouvrtt  one  route  pine  fitdle  pour  paiv 
venir  an  m€me  rSsuItftt 

Legendre  tiien  refers  to  Biot  for  his  happy  idea  of  applying  to 
the  equation  of  the  atttaction  the  ibtegral  which  Lagrange  had 
given  for  Mother  object.  Legendre  says  that  Blot's  result  joined 
to  the  first  j»rt  of  his  o^  memoir,  the  third,  completed  in  a 
satisfactory  manner  the  theory  of  the  attraction  of  homogeneous 
ellipsoids ;  and  ao  there  was  little  hope  of  acquiring  any  new  degree 
<of  petf ecftioa. 

But  Ivory,  whom  Legendre  calls  Tvory,  had  thrown  &  &esfa 
light  on  the  subject  by  an  ingenious  transformation.  Accordingly 
Legendre  proposes  to  avail  himself  of  Ivory's  discovery  in  order  to 
present  the  whole  theory  of  the  attraction  of  ellipsoids  in  its 
simplest  form.  This  he  effects  by  combining  Ivoiy's  demonstra- 
tion  with  the  mode  of  solution  for  an  internal  particle  givCT  by 
Lagrange,  this  mode  being  simpler  than  that  adopted  by  Ivory, 
which  depends  on  development  in  a  series. 

1161.  Legendre's  memoir  forms  a  very  good  account  of  the 
attraction  of  homogeneous  ellipsoids;  it  is  clear,  simple,  and 
comprehensive,  sad  might  be  reprinted  at  the  present  time  as  an 
'riementary  treatise  on  thfe  subject. 

Although  there  is  nothing  really  new  in  the  methods  em- 
ployed, yet  there  are  some  subordinate  results  of  interest  which 
^ipear  for  the  first  time,  and  these  We  will  indicate. 

15—2 
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1152.  What  we  call  Ivory'a  theorem  is  given  by  Zi^endre 
subBtantially  in  Ivory's  manner,  though  slightly  improved.  We 
need  not  delay  on  tbi^  hut  pass  to  the  case  in  which  the  attracted 
particle  is  within  the  ellipsoid  or  on  its  surface. 

Let  a,b,c  be  the  semiazes  of  the  ellipsoid  ;  let  ^ ^,  A  be  the 
cotresponding  coordinates  of  an  attracted  particle;  let  A,  B,  Che 
the  corresponding  resolved  parts  of  the  attraction.  Then  Legendre 
shews  that 


'-'t 


Bin  g  cos*  g  d$d4, 


cos*d  +  nnn'dcos*^+-^  sin*  0  sin'^ 
sin*  ff  cofl*^  d0  d4> 


7f 


c- 


'coB*  6  +  ^8mVco8"^+-5  sin*  0  ain'  ^ 


t 


|jco8*5  +  pBin*5coB'^+-j  Bin*  8  sin'^ 

The  liioitB  for  both  0  and  ^  are  0  and  ir. 

Consider  the  expreaaion  for  A;  the  integration  with  respect 
to  0  can  he  egected ;  thna 

.     „  .    C ainHcoe'^cW 

I  i/ (coa*  tf  +  s  sin' ^  ^  (cos*  fl  +  ^  ain*  tf) 


Alao  put  X  for  coa  0.      Thus  we  get 

i»*<b 


A 


,/(a*  +  Ci*  -  .*)  i*)  VK  +  (<?  -  a*)  aCJ  ■ 


1153.  Now  instead  of  making  use  of  the  formuhe  given  above 
for  £  and  C,  we  may  if  we  please  deduce  values  of  B  and  C  fnaa 
the  value  of  A,  by  appropriate  changes  of  the  lettei-s.  Thus  we  have 

6    Jo  Vi**  +  (c*  -  *')  «•)  Vlfc'  +  (a'  -  6")  a^l ' 
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SMI' afie 

'"   c  J,  Vl»"  + (»■-■!■)•')  V(«"  +  (i"-0«T 

All  this  of  course  was  well  known. 

Legendre  however  observes  that  if  we  do  make  use  of  the 
foimulffi  given  in  Art  1162  we  shall  obtain 

_S%_ro      fV(»'  +  (e'-»')a^)di.1 
■°"o(c--J^L'     J.     Vl<'"  +  (*'-»')i"l  J' 

''"o(o'-4')L"o'^Jo     V(»' +  («■-«■)  "'I   ]■ 

LegeDdre  adds  that  it  is  easy  to  convince  ourselToa  that  the 
different  formulee  agree  in  value.    I  will  supply  the  process. 

1154.    We  have  in  fact  by  integration  hy  parts 

f^/^o'+(B'-q■)a!^J   _x^[a*  +  (<f~a')a?} 

_[ a?(<^-a')ilx 

J  >/[a'  +  (c-  -  «■)  ar\  VK  +  (6"  -  o-)  a^} 

^  ra-'{&'-fl')V[J+(o'-a')a^l^ 

^gVfa'  +  (e'-g')ai'J      f a^  (t^  -  (^  a?  dx 

"  Via*  +  (4*  -  a")  a^l      J  {a«  +  (c*  -  a*)  as")*  (a'  +  {ft*  -  a")  «•}•  ' 

Take  the  integrals  between  the  limits  0  and  1 ;  thus  ve  get 
bom  Art.  1153 


this  is  another  form  for  B. 


r  form  for  B. 


Now  pat  -,ry.-,a    --n-ZK^Ti  ^^ 
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■°"""  *-TrJ.vl4'+(»--iVWii'+(«'-»')j-r 

which  was  to  he  shewn, 

1153.  If  th«  elUpBoid  (Bffers,  but  little  from  a  sphere  we  may 
obtuu  an  approximation  by  a  series.  Take  the  expression  for 
A  in  Art  1152  as  an  example. 

Let 'u>° — i — ,  and  v= — i— •     Then 
a  a 

We  should  expand  before  inieffration.     Let 


(1  - /«J^-*  (1  -  w!^-*  =  1  +  Py  +  PX  +  i'X  +  •• 
Then  it  is  easy  to  sb&w  l^at 


„      1.3.6.T,  .^  „  ^1.3.5  1      ,,^.^1.3  1.3,, 


The  law  ia  obvious. 


1166.  If  howerer  we  wish  to  avoid  series,  or  ifthe  series  are  not 
.nvei^ent,  it  is  convenient  to  have  recourse  to  ellipfeic  fouctiona. 

Let  m*=¥  —  a*,    »*  =  &'  —  »',     J^  —  l =  . 
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In  the  expressioB  for  A  given  at  tba  end  of  Art  115%  put 
a;  a  -  tan  ^ ;  then  we  get 

,     SMf  J"**     taa'.^d^ 
^"irjo  ^(1-4"  Bin'*)' 

whero  A,  is  eucli  that  ein  6, »  - ,  coe  ^,  »  - ,  tan  ^,  ~  - . 

Again,  in  the  expression  for  £  given  at  the  b^inning  of 

Art.  1163  put  •«  =*  — rn — it   •  t  .^  ;  then  we  cet 
*^  »\'(l-"8in'0) '  * 


»'    Jo  (l-i^Bin'^)** 


Lastly,  in  the  ezpression  for  O  given  at  the  beginning  of 
Art.  1153  pat  x  — ;  then  we  gei 


„_3m  r*-     Bin*  0  # 


,  VCl-jf  sin**)' 
L^[endre  states  the  results  which  are  obtained  b;  expressing 
the  int^rals  now  left  ia  A,  B,  G  by  elliptic  integrals :  he  r^era 
for  the  formal»  required  to  his  Exereices  de  Galcul  Inti^cd,  1" 
partie.  No.  138.  Poisson  works  out  the  transformations  in  his 
memoir  of  1835,  to  which  I  have  referred  in  Art.  887. 

Thus,  to  take  the  simplest  ctf  the  three  expressions  for  example, 

1157.  L^ndre  gives  an  algebraical  relation  between  A,  B, 
and  C,  which  he  deduces  in  three  ways  ^m  his  formulas :  we  will 
take  the  simplest  way.  From  the  formube  of  Art  1152  we 
see  that 

Legendre  speaks  of  this  result  aa  an  "  Equation  qui  ne  paralt 
pas  avoir  6i4  remarqu^  jusqu'k  present,  et  qui  doit  dtre  regard^ 
e  un  tfa^irdme  nouveau." 
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1168.    Le^ndre  gives  aootheF  result  Boia«vhat  like  tbat  of 
the  preceding  Article  ;  namely 

/    +    <,+*        n    JaVa-A'sin'^)- 

this  he  obtains  from  the  values  which  he  has  found  for  A,  B,  and 

C  in  terms  of  elliptic  integrals. 

It  is  easy  to  verify  this  result ;  for  the  formulae  of  Art.  1152  give 

Aa*  ,Bb*C<*     ^  ,  /-,  rv an0dSd<f> 

-T-+— -  +  -T-  =  2a  J    1  -  ^i — — "^r-; 

J         3  I    I  coe'5  +  ja8in*5co8'^+ j8m'5sin*0 

-     ,  r»  «m6d9 

]„  a/(<»«*^+  ^>q'^  A/(coB*fl+  ^  sin'fl) 

=  ®^"  J,  Via'  +  (i*  -  a")  A  v/io'  +  (c'  -  a'J^I  ■ 
Then,  as  in  Art.  1156,,  put  a:  =  -  tan  0,  and  the  int^ral  be- 


'/: 


1159.  L^endre's  memoir  is  reproduced  in  bis  Exercices  de 
CaiaU  Integral,  Vol  n.  1817,  pages  512.. .531,  and  also  in  his 
Truiti  dex  Fonctiotu  EUipti^ues,  Vol  L  1825,  pages  639... 556. 
The  historical  sketch  is  omitted,  and  some  slight  changea  occur  in 
the  notation,  bnt  the  memoir  remains  aubatantially  as  it  was 
originally.  All  that  is  added  in  these  later  editions  of  the  memoir 
consists  of  two  remarks,  of  which  we  will  give  the  substance. 

(1)  The  expressions  for  A,  B,  and  C  m  Art.  1166  have  an  m- 
convenience  when  the  ellipsoid  differs  but  little  from  a  sphere; 
R*  is  then  very  small,  and  as  this  occurs  in  the  denominators,  the 
numerators  must  be  calculated  with  great  accuracy.  This  also 
holds  with  respect  to  the  Sarm  of  these  expressions  when  two  (^ 
the  axes  of  the  ellipsoid  are  equal 
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(2)  The  definite  integrala  in  the  expressions  for  A,  S,  and  O 
depend  on  only  two  quantities,  namely  k  and  ^,,  although  in 
general  there  are  six  elements  involved  in  the  problem,  namely 
the  three  semiazes  and  the  three  coordinates  of  the  attracted 
particle. 

1160.     An  account  of  Ivory's  memoir  by  Foisson  is  ^ven  in 

the  Nouveau  Buff^n la  SocUti  Philomaiiqae  for  Kovember, 

1812,  pages  176...180,  and  for  January,  1813,  page  216. 

This  is  a  clear  and  satisfactory  exposition  of  the  essence  of  the 
memoir  of  Yvory,  as  Foisson  here  spells  the  nama  The  following 
incidental  points  may  be  noticed. 

Foisson  says  that  Maclaurin  demonstrated  his  proposition  for 
points  situated  on  the  prolongations  of  the  axes  in  Uie  case  of 
solids  of  revolution.  Foisson,  like  other  eminent  French  mathe- 
maticians, here  underestimates  what  Maclaurin  really  effected. 
See  Art.  260. 

Foisson  observes  that  Ivory  treated  the  attractiiKi  on  an  inter- 
nal particle  by  the  method  of  series;  but  that  it  would  be  better 
to  adopt  the  method  of  direct  integration  after  the  manner  of 
Lagrange.  A  few  days  previously  L^endre's  memoir  had  been 
presented  to  the  French  Inetitat,  in  which  Foisson's  suggestion 
was  anticipated. 

Foisson  extends  the  range  of  Ivory's  theorem,  by  shewing  that 
it  is  true  whatever  may  be  the  function  of  the  distance  which  ex- 
presses the  law  of  attraction ;  this  is  now  famiHar  to  ua,  for  it  has 
passed  into  the  elementaiy  books. 

Foisson  observes  that  Qauss  had  recently  sent  to  the  IniHiut 
an  extract  from  a  memoir  on  the  subject ;  and  that  he  had  made 
use  of  the  same  transformation  as  Ivoiy  for  expressing  the  coordi- 
nates of  a  point  at  the  surface  of  an  ellipsoid  in  terms  of  two 
independent  coordinates;  see  Art.  1141.  Foisson  says:  "Cette 
transformation  est  le  point  principal  de  I'analyse  de  U.  Yvory,  et 
c'est  aussi  celui  de  I'analyse  de  M.  Qanss,  qui  ne  paratt  pas  avoir 
eu  connaissance  du  H^moire  du  g^m^tre  anglais," 
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Tbe  transformation  to  whicli  Foiaaon  ref»a  is,  that  tbe  equa- 
tion T+^  +  T"!  18  satisfied  by  putting 

m^acoeB,    jr  —  i  sin  ^  sin  ^,    z  =  c  sin  0  cob  ^ 

It  may  be  doubted,  however,  if  we  can  call  this  transformation 
the  principal  point  in  the  analysis  either  of  Iroiy  or  of  Gauss. 
The  modem  exhibitions  of  Ivory's  theorem  do  not  employ  this 
transformation. 

1161.  FoLBSOD,  as  We  have  just  seen,  was  the  first  to  p(»nt 
out  that  Ivory's  theorem  holds  when  the  law  of  attraction  is 
expressed  by  any  function  of  the  distance,  as  well  as  when  the 
attraction  varies  inversely  as  the  square  of  the  distance.  The 
theorem  is  now  demonstrated  with  Foisson's  extension  in  elemen- 
tary works.  Moreover,  as  I  have  shewn  in  my  StaHes,  in  treating 
on  Ivory's  theorem,  the  demonstration  establishes  rather  more 
than  the  enunciation  states. 

The  extension  which  Poisson  gave  to  Ivory's  theorem  does  not 
apply  to  what  we  call  Laplace's  theorem ;  that  is  to  say,  it  is  not 
true  for  any  law  of  attraction  that  the  potentials  of  ooafocal  ellip- 
soids at  the  same  external  point  are  as  their  masses. 

Let  a^,  h^,  and  c,  be  the  semiaxes  of  an  ellipsoid ;  let  Oy  h^, 
and  c^  be  the  semiaxes  of  a  second  ellipsoid  confocal  with  the 
former.  Let  P  denote  a  point  external  to  both.  Let  a  third  ellip- 
soid confocal  to  the  former  two  have  the  point  P  ou  its  surface. 
Let  P,  denote  the  point  on  the  first  ellipsoid  which  corresponds 
to  P,  and  let  P,  denote  the  point  on  the  second  ellipoold  which 
corresponds  to  P. 

Let  E^^  E^  and  E  denote  the  ellipsoids. 

Then  for  any  law  of  attraction  we  hav^  estimating  the  attnc- 
tions  parallel  to  the  third  axes. 

Attraction  of  E^  at  P     a,&, 
Attraction  of  £  at  Pg      ah  ' 

Attraction  of  jF,  at  P     a^. 
Attraction  of  £  at  P,      ab  ' 
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Thca-efore 

Attraction  of  g,  at  P        ^  o,&, 
AttnictioD  of  £^  at  P  a,I>,* 

where  X  deootes  the  ratio  of  the  attraction  of  £  at  i^  to  Ita  attrao- 
tioD  at  P,.     According  to  the  ordinary  law  of  attraction  we  6nd 

that  >.=  ■-';  this  depends  on  the  fact  that  the  attraction  t£  an 

ellipsoid  on  a  particle  at  the  surface,  estimated  perpendicnlar  t«  a 
principal  plane,  varies  as  the  distance  from  that  plane :  this  fact 
however  does  not  bold  for  all  laws  of  attraction.  It  does  hold  as 
we  know  for  the  law  of  the  inverae  square ;  and  it  also  holds  for 
the  lav  erf*  the  direct  distance. 

1162.  We  now  arrive  at  a  memoir  by  Qauss  entitled  ITieoria 
attractioras  corjx^Ton  apkaeroidicorum  ellipticorum  homogeneorum 
methodo  nova  tractata. 

This  memoir  was  communicated  to  the  Royal  Society  of 
Gottingea  on  the  18th  of  March,  1813,  and  published  in  the 
Comm,  Sodetat.  Reg....QoU.  Tol.  IL  1813.  The  memoir  occn- 
pies  pages  1...22  of  Tol.  v.  of  the  collected  works  of  Gauss;  and 
I  have  studied  it  in  this  reprint.  A  notice  of  the  memoir  by 
Qauss  himself  occupies  pages  279.. .286  of  the  volume,  being 
reprinted  &om  the  GoUiagiache  gelehrte  Ameigen  of  April,  1813. 

This  notice  is  also  reprinted  in  De  Zach's  Motuttlich«  Cor- 
re^oadens,  ToL  xxni. ;  and  there  is  a  German  translation  of 
Gauss's  memoir  in  Vol.  XZTin.  of  the  same  seriea.. 

1163.  An  account  of  Gauss's  method  for  the  attraction  of  . 
ellipsoids  hy  Professor   Cayley  will  be  found  in  the   Quarterlg 
JowrmU  of  Jifathmattcs,  Vol.  L  pages  162... 166. 

1164.  Gauss's  writings  are  distinguished  for  the  combination 
of  mathematical  ability  with  power  of  expression :  in  his  hands 
Latin  and  German  rival  French  itself  for  clearness  and  precision. 

1165.  Gauss  ^ves  a  short  sketch  of  the  history  of  the  pro- 
blem of  the  attraction  of  ellipsoids.    He  begins  with  ipte  aummus 
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Newton,  and  then  passes  to  tagaat  ifadaurin;  he  does  not  make 
the  mistake  of  D'Alembert  and  others ;  see  Art  260.  He  refers 
to  Lagrauge'e  memoirs  of  1773  aai  1793,  to  the  first  and  the 
third  of  L^endre's  memoirs,  to  the  writingB  of  Laplace,  and  to 
the  memoirs  by  Biot  and  by  Plana,  which  we  have  already  noticed 
in  this  Chapter.  He  does  not  here  refer  to  Ivory,  nor  to  the 
memoir  by  Legendre  c^  1812 :  but,  as  we  shall  see,  he  became 
acquainted  with  Ivory's  memoir  after  bis  own  was  finished. 

1166.  I^place's  proof  of  his  theorem  was  ia  the  opinion  of 
Gauss  an  elegant  specimen  of  analytical  skill ;  but  left  with 
geometers  a  desire  for  a  more  dmple  and  direct  method.  The 
efforts  made  by  Biot  and  Plana  to  simplify  the  discussion  must 
also  be  considered  very  intricate  applications  of  analyras. 

1167.  Then  with  respect  to  hie  own  solution  Qauss  says : 
Qratam  itaque  analystis  atque  aatrouomis  fore  speramus  solutionem 

noram  problematis  eelebratissimi  per  yiam  plane  diTeraam  procedent^n, 
et  ni  fiJlimur  ea  cdmplicitate  gaudentem,  nt  nihil  amplina  deuderaodum 
linqnat. 

Certainly  he  succeeds  completely  in  his  design:  his  solution  is 
both  simple  and  elegant 

1168.  Qauss,  before  be  proceeds  to  the  actual  problem,  gives 
various  theorems  which  may  be  useful  on  other  occasions  and 
which  he  therefore  develops  more  fully  than  was  absolutely  necea- 
saiy  for  the  purposes  of  immediate  application.  We  will  repro- 
duce some  ot  these  theorems,  without  retaining  his  order. 

1169.  This  is  his  fifth  theorem :  let  (!a  be  an  element  of  the 
surface  of  a  body,  r  the  distance  of  the  element  &om  a  fixed  point) 
^  the  angle  between  r  and  the  normal  to  the  surface  measured 

outwards :  then  the  volume  of  the  body  is  equal  to  —  =  /  r  oos  ^td$, 
the  int^ration  being  extended  over  the  whole  surface  (d  the  body. 
It  is  obvious  that  this  theorem  holds  for  such  a  body  as  the 
ellipsoid,  where  there  are  no  singularities,  like  folds,  in  the  sur- 
face; for  we  can  cut  the  body  up  into  infinitesimal  cones  having 
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iheir  Tertices  at  the  fixed  point :   and  —  ^  r  006  ^ds  expresses  tbe 

Tolume  of  an  element.  Qauss  however  ^ves  a  very  careful  in- 
veetigation  of  this  and  other  theorems  which  he  enunciates,  so  us 
to  shew  that  thej  hold  even  when  the  surface  has  folds. 

1170.  This  ia  Gauss's  fourth  theorem:  with  the  notation  of 
the  preceding  Article  the  integral  I  ~—^  ds,  extended  over  the  en- 
tire surfiuie,  is  equal  to  0,  —  Stt,  or  —  iir,  according  as  the  fixed 
point  ia  outside  the  hody,  on  the  surface,  or  within. 

The  demonstration  is  the  same  as  that  which  is  now  well 
known  of  a  similar  proporation  in  the  theory  of  Potentials ;  see 
Statics,  Arts.  243  and  244-.  It  depends  on  the  fact  that  if  we 
describe  a  sphere  of  radius  unity  round  the  fixed  point  as  centre, 

the  element       .da  is  niunerically  equal  to  the  corresponding 

element  for  the  surface  of  this  ^here. 

1171.  Now  we  will  give  Qauss's  third  theorem ;  this  consists 
of  a  general  expression  for  the  resolved  attraction  in  a  ^ven 
direction  of  a  given  body  at  a  given  point. 

Suppose  the  law  of  attraction  to  be  denoted  by  f(r),  where  r 
denotes  the  distance.  Let  a,  b,  c  be  the  coordinates  of  the  given 
point ;  dien  the  attraction  of  the  element  dscdydz  at  the  point 

(ai,^,^)  resolved  parallel  to  the  axis  oi x  will  be— — f{r)dxdy^. 

Int^rate  with  respect  to  x ;  thus  we  obtain  dy  dx  {F(rJ  —  ^iXiil' 
where  F{r)  is  the  integral  of  /  (r),  and  r,  and  r,  are  the  limiting 
values  of  r.  Thus  we  have,  in  fact,  an  expression  for  the  re- 
solved attraction  parallel  to  the  axis  of  x,  produced  by  a  strip  of 
the  body  parallel  to  the  same  direction.  Hence  the  attraction  in 
this  direction  of  the  whole  body  will  be  found  by  int^;rating  this 
expression  with  respect  to  y  and  z. 

Let  .Y  denote  the  angle  made  with  the  axis  of  x  by  the  normal 
to  the  surface  drawn  outwards  at  the  point  x,  y,  t.  Then  instead 
of  integrating  dyds  [^(O— -^WI  ""^  ^^^J  integrate  (i»  ^(r)  cos  J?' 
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over  the  Trbole  surface  of  the  body.  In  fact  if  ^  and  N,  denote 
the  valuea  of  N  correspoadiog  to  the  pointa  to  which  r,  and  r, 
reeptetively  belong,  v«  get 

d«  cos  JT,  =  —  &!  dy 

and  dt  cos  N^  =  dx  dxf. 

As  we  have  said  in  Art.  1169,  it  is  easy  to  see  at  once  that 
the  theorem  is  true  for  such  a  body  an  an  ellipsoid ;  but  Gauss 
shews  alBO  that  it  is  true  for  other  bodies,  fur  example,  for  a  body 
in  which  a  straight  line  parallel  to  the  axis  of  x  meets  the  sur- 
face/our times  instead  of  twice. 

The  theorem  then  ia  that  die  resolved  attotctioa  paralld  to 

the  axis  of  le  is  equivalent  to  jd$F{r)  caaN,  where  the  integration 

is  to  extend  over  the  whole  eorface  of  the  body. 

Similar  ezpressions  may  be  found  for  ihe  resolved  attracti<HU 
parallel  to  the  other  axes. 

1172.  We  will  now  give  Gauss's  mxth  theorem,  for  the  parti- 
cular case  in  which  the  law  of  attraction  is  that  of  nature.  The 
object  of  the  theorem  is  to  find  a  new  expression  for  the  resolved 
attraction. 

Let  the  attracted  particle  be  the  vertex  of  an  indefinitely  thin 
cone  which  cuts  the  body.  Iiet  dv  be  the  element  of  the  surface 
of  a  sphere  of  radius  unity,  having  its  centre  at  the  particle,  which 
thia  cone  intercepts.  We  may  take  for  an  element  of  the  body 
r*  dr  d<r,  bo  that  tbe  resolved  attraction  of  the  element  parallel  to 
the  axis  of  x  will  be  drdir  cos  j(,  where  j^  is  the  tingle  betweoi  the 
direction  of  r  and  the  axis  of  x.  Suppose  for  facility  of  concep- 
tion that  the  attracted  particle  is  outside  the  body.  Integrate 
widi  respect  to  r ;  thus  we  get  (r,  —  r,)  do-  cos  Xt  ^bere  r,  and  r, 
are  the  limiting  values  of  r.  The  resolved  attraction  of  the  whole 
body  will  be  found  by  integrating  this  expression  with  respect 
to  <r  over  limits  corresponding  to  the  part  of  the  surfkce  of  the 
sphere  which  we  have  to  consider. 
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Thb  integral  we  may  transform  to  I  — ^  cos  Q  cob  ^  that  is  to 

I  — cos  Q  cos  ;^  where  Q  is  the  angle  between  the  direction  of  r 

and  that  of  the  normal  to  da  measured  outwards :  the  integration 
is  to  extend  over  the  whole  surface  of  the  body. 

If  the  attracted  particle  is  inside  the  body  we  shall  amve  at 
the  same  resulL  As  before,  Gauss  shews  that  the  theorein  is 
true  for  bodies  of  every  form. 

Similar  ezpressiona  may  be  found  for  the  resolved  attntctiooB 
parallel  to  the  other  axes. 

1173.  We  can  now  apply  these  general  formulie  to  the  case 
of  the  attraction  of  an  ellipsoid. 

Let  the  equation  to  the  ellipsoid  be 

Let  the  coordinates  of  the  attracted  point  be  a,b,  c.  Gauss 
now  introduces  two  new  variables,  p  and  q,  which  are  ^ven  by 
the  following  relations : 

a  =  Aooap,      y^Banpcosq,      *'■■  C  tanp  sin  j, 
We  need  not  follow  Gauss  in  his  transformation  <^  da  into  an 
expression  in  terms  of  the  new  variables,  because  by  a  process 
now  familiar  to  students  of  the  Integral  Calculus  it  is  easy  to 
shew  that 

de^ABOifr  ainpdpdq, 


where  ■+  stands  for  \-ji  +  oi  +  ^j  • 


Let  X  denote  the  attraction  parallel  to  the  axis  of  x  towards 
the  origin.    Then,  by  Art.  1171, 


Put  X  =  ASC^;  thus 

up  cotpdpdq 


f-\ll^ 


..(1). 
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Agun,  by  Art,  1172,  we  have 

And  from  Art.  1170  we  have,  Buppcmng  the  attracted  particle 
external  to  the  body, 

•  0-//^{^^+fc»ij'  +  '-^}dny<ip,Jj....(3). 

Now  suppose  we  pass  &om  the  ellipsoid  considered  to  another, 
having  its  principal  axea  coincident  in  direction  with  those  of  the 
former,  hot  infinitesimaUy  different  in  magnitude.  Let  8^,  BB, 
SC  denote  the  chai^ee  then  made -in  A,  B,  C  respectively. 
Moreover  let  these  chaageB  be  consistent  with  the  conditions 

A*  —  B's^  constant.       A'—  C~  constant ; 

so  that  the  ellipeoids  will  have  their  principal  sections  homofooaX. 
From  (1) 

therefore         fS^+  ^Sf  =  — li-|  Sr  sinp  oospc^<^. 

Now  r'=(a-ar)'  +  C6-y)'  +  (c-a)'; 

BO  that  rSr-(a:-o)&c  +  {y-&)8y+(«-c)& 

••  (»  —  o)  cosy  &4  +  (y  —  J)  sin p  COB  J S5  +  (»  —  c)  sinp  wnqZO 

once  AhA  =  BSB  '•'  CSC. 
Thus  ^A  +  AS^ 


L'l.irz..  ,vGoo^Ie 


But  from  (2) 

Subtract  this  equation  frooi  that  which  immediately  precedes 
it;  thus 

Hence  by  (3)  we  have 

Sf  =  0. 

Therefore  f  iB  constant.  Thns  the  attraction  of  confocal  ellip- 
soids at  a  given  external  point  parallel  to  the  axis  of  x  varies  a» 
the  mass.    This  is  Laplace's  theorem. 

1174.  Qauss  also  uses  the  result  which  his  fourth  theorem 
^Tes  for  the  case  of  an  internal  particle,  and  thus  obtains  for- 
mulie  for  the  calculation  of  the  attraction  of  an  ellipsoid  on  au 
internal  particle. 

1175.  Qaoss  finishes  with  the  following  pan^raph  in  which 
he  refers  to  Ivory's  reeearcfaes : 

AdditamontiuiL 
FoBtqnam  haecoe  jam  peracripta  esseut,  iimotmt,  mdicaate  ill. 
laplaoe,  oommentatio  ^r^iA  d.  Iroiy  in  P&Uotophieal  Tranaactumt 
ad  A.  1809 ;  ubi  idem  aj^mentnm  per  methodum  ah  Us,  quibus  nai 
enmt  ill  I^plaoe  et  L^endre,  prorsos  dirersam  tnictatar.  Bnmma 
eleguitia  ille  geometra  attractionem  pmicti  externi  ad  attractionem 
pancti  intemi  redacere  docuit,  Le.  problemada  partem,  qoae  semper 
pro  difBoiliori  habita  est,  ad  &dliorem.  Hethodns  aatem,  per  qnam 
banc  alteram  partem  faactavit,  longe  magis  complioata  eat,  partimqQa 
perinde  ut  metbodos,  qua  ill.  lAptace  pro  po&ctia  extemis  lunia  erat, 
coosiderationi  aerierom  infinitanim  nim  semper  convergeatiom  ioaiti- 
tnr,  qiiam  atiqoe  evitare  liouiaset.  Cetenim  haeo  aolutio  olar.  Ivoty, 
quae  obiter  epectata  qoandam  similitudiiiia  specdem  cum  nontra  pnie  le 
ferre  videri  poeset^  proprios  exuninata  prindpiis  omnino  diverau  iniuti 
invemietar,  neo  fero  qnidqoam  utriqne  solutlonl  commune  eet,  nisi 
usuB  indotermiuatanim  a  nobis  per  p,  q  denotatarum.  > 

T.II.A.    T0L.1L  16 
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It  will  be  seeQ  that  the  criticiem  of  Gauss  on  Ivory's  memoir 
resembles  that  expressed  by  Legendre :  see  Art.  1150. 

1176.  We  have  next  to  consider  a  memoir  entitled  M^moire 
aar  rattraction  dea  aph&oides,  par  M.  Bodriguea,  Doctear  is- 
adencea. 

*■  .  This  memoir  is  published  in  the  Correapondance  sur  tEcde 
Sayale  Pob/teehnique,... Yol.  III.  1816,  The  memoir  occupies 
pages  361. ..385  of  the  volume.  The  memoir  is  stated  to  have 
been  the  subject  of  a  thesis  for  the  degree  of  Doctor,  which  was 
maintained  on  the  28th  of  June,  1815. 

1177.  The  memoir  is  divided  into  two  parts.  The  first  part 
which  occupies  pa^s  361... 374  gives  the  general  formulEe  for  the 
attraction  of  any  body,  and  applies  the  formulse  to  the  sphere 
and  the  ellipsoid. 

Thwe  are  no  new  results  in  this  part ;  but  there  are  two 
matters  which  are  treated  in  rather  a  novel  manner.  One  of 
those  is  the  partial  differential  equation  for  Fwith  respect  to  an 
internal  particle ;  and  this  will  be  conveniently  discussed  in  the 
next  Chapter.  The'  other  matter  is  a  demonstrati(m  of  Laplace's 
theorem,  and  the  investigation  of  the  attraction  of  an  ellipsoid  on 
an  external  particla 

1178.  The  method  of  Rodrigues  would  seem  to  have  been 
suggested  by  that  of  Gauss ;  but  no  reference  is  given  to  Gauss. 
An  analysis  of  the  method  of  Kodrigqes  ia  given  by  Professor 
Cayley  iu  the  Quarterly  Journal  of  Mathematica,  VoL  n.  pages 
333. ..337,  where  it  is  observed  that  "the  method  is  very  similar 
to  that  given  two  years  before  by  Qauss."  So  also  Poiseon  in  the 
Comptsa  Benduat...V6L  vii.  page  3,  remarks : 

An  reate,  Is  dfraonstration  que  M.  Rodrtgues  a  rapporbJe  duna  sa 
th^,  est  celle  que  M.  Oaiiss  a  donnfe  en  1813,  et  qui  est  fondte  sur  la 
truuformation  des  variables  employ^  par  M.  Ivury,  et  sur  nne  pro- 
pria g^^rale  dee  sarfaces  ferm^ea. 

1179.  The  memoir  is  not  difficult  when  it  is  carefully  studied; 
but  some  attentifln  is  necessary  in  order  to  follow  the  procesfies. 
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Consider  the  ratio  of  the  potential  of  a  bomogeaeons  body  to 
the  mass  of  the  body ;  this  ratio  might  be  called  the  relative 
potential :   we  will  denote  it  by   W. 

Let  k,  k,  I  be  the  coordinates  of  a  point.  Let  a,  h,  c  be  the 
semiaxes  of  an  ellipsoid.  Let  the  symbol  &  be  used  to  denote 
an  infinitesimal  variation  in  a,  b,  c,  ac  any  function  of  them, 
such  that 

aZa  =  &Sb  =  cSc  =  t  say. 

By  this  rariatioD  in  fact  we  paee  from  the  ellipsoid  whose 
semiaxes  are  a,  b,  c  to  an  adjacent  oonfoccd  ellipsoid. 

Let  Prefer  to  the  first  ellipsoid,  and  F+^H' to  the  second} 
then  Rodrigues  inrestigatee  the  value  of  BW. 

He  shews  that  for  an  external  particle 
BW=0; 
and  that  for  an  internal  particle 

We  will  now  explain  how  he  arrives  at  these  results. 

1180.  Let  the  density  be  denoted  by  unity;  let  F  denote 
the  potential  at  (ft,  k,  l)i  then 

where  R^{{x-hy+(2f-k)'+ie-rf]K 

The  int^ration  is  to  extend  thronghout  the  ellipsoid. 
Assume 
x  =  w  casB,      ^  »  &r  sin  &  cos  ^,      e  =  cr  sin  ^  sin  0 ; 


,  BO  that 


'-^-m 
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Therefore      ^  B  W'^TrfB  (-^V  sin  tf  d^  *W  dr. 

Now  &r  =  r  COB  pSo  =  -  So  -■  — s-  =  — ; ; 

a  a        a 

similarly  ^  =  ^  i      "I'i  ^*  ~  ;?  ■ 

■o  that  ^IW- 

1181,    We  have  thus  a  certain  triple  integral,  say 

the  integral  extends  throughout  the  ellipsoid.  Bodrigues  trana- 
forms  it  into  a  single  integral  Consider  the  shell  which  is  bounded 
by  the  ellipsoidiU  surface  whose  semiaxes  are  ro,  rh,  re,  and  that 
whose  semiaxes  are  (r  +  dr)  a,  (r  +  dr)  h,  (r  +  dr)  c  Let  d8 
denote  an  element  of  one  of  the  surfaces  of  the  shell,  and  «  the 
correqwnding  thickness  c^  the  shell ;  then  the  element  of  T<duine 
obcr'faaBdi^dBdr  may  be  replaced  by  edS. 

Let  {x,x/,  *)  denote  the  point  on  the  inner  surface  of  the  shell ; 
\,lt,v  the  direction  cosines  of  the  norm^  there.    Thus 

therefore  (^  +  ^^.™),.^ 
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And  putting  for  X,  /(,  v  their  values  we  get 

ThuB  we  huTe 


«Z8 


vhere  ^  is  the  angle  hotween  the  straight  line  which  joins 
(h,  k,  I)  to  (p,  J/,  2]  and  the  normal  to  the  ellipsoid  at  (x,  y>  t) 
drawn  oatwards. 


Hence 


P^'^K!'^)'^- 


The  int^ral  relative  to  8  extends  over  the  whole  sur&ce  of 
the  etlipeoid  with  semiaxea  ra,  H>,  and  ro. 

Kow  as  we  have  seen  in  Art,  1170 

dS«0    or  -4ir, 

according  as  the  fixed  point  (A,  I,  I)  is  outside  or  inalde  the 
suriac& 

Hence  if  (A,  i^  f)  be  outside  the  sur&ce 

air=o. 

If  (h,  ii,  Q  be  itudde  the  surface 
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1182.  In  the  preceding  Article  we  transfonnbd  the  triple 
integral  by  cutting  up  the  ellipsoid  into  shelie ;  these  ahells  are 
hounded  by  koTnaHutieal  ellipaoids:  this  is  in  fact  the  mode  of 
decomposition  adopted  by  Kodrigues  himself^ 

The  inveetigation  is  given  in  another  form  in  the  memoir  by 
Professor  C&yley  which  I  have  cited  in  Art.  1178, 

fiat  Kodrigues  does  not  determine  any  thing  respecting  the 
aUracHon  of  one  of  these  shells  just  spoken  ot  This  was  first 
considered  by  Foisson  in  his  memoir  of  1835,  which  is  cited  in 
Art.  887. 

1183.  Let  us  return  to  the  results  obtained  in  Art  1181.  * 

y 
For  an  eztemal  point  we  have  8  W  =  0 ;  so  that  j^  does  not 

depend   on   the  absolute  lengths  of  the   semi&xes,   but  on  the 
eccentricities  of  the  ellipsoid.     This  is  m  fact  Laplace's  theorem. 
For  an  intenial  particle 

the  integration  is  to  be  taken  so  as  to  correspond  to  all  the  shells 
outtide  the  partiole,  tay  from  r^a/  to  r*  1 ;  and  /  is  determined 
by  the  equation 

?+?  +  ?='' 

sothat  STT^-^-'**-*'-'" 


iabc  W  ^  ft'  ^  C'        / 


1184.  The  remainder  of  the  process  given  by  Bodrigues  con- 
siBt8  in  obtaining  expressions  for  the  attraction  from  the  above 
formula  for  SIT.  We  shall  not  reproduce  it,  but  briefly  deduce  a 
symmetricfd  expression  for  V. 

Let  o'  =  a'  +  ^      6*  =  j8'  +  f,      c*=y  +  «; 

then  T  becomes  equivalent  to  Jtft;   thus  in  the  ordinary  l&ngaage 
of  the  Dififerential  Calculus, 

^= 3  (   A*  A*    ^     '^         ,^ 
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.  TT-Z-  81 

Integrate  from  f  =  0  to  t  =  eo,  observing  that  W  vaniBbee 
when  t  is  infinite;    thus 

sy    St'         dt         I  i'     If  ^  !•    ,\ 

Here  K  is  the  potential  of  the  ellipsoid  whose  semiaxes  ale 
a,  /3,  r  at  the  internal  point  (A,  it,  2) ;  and  we  hare 

Then  for  an  eztern&l  point,  by  Laplace's  theorem,  the  rahie  of 
W  is  the  same  as  it  would  bo  for  an  ellipsoid  having  the  semi- 
aies  0^,  >S,,  7,,  where 

«/-a'  =  ft'-^=7i*-7'=-^  say. 
Thus  for  tbe  external  point 


-< 


•fit      h  vi(<^+  i, + 1)  03" + «,+')  (•/■+ ',+')r 


a"+l,  +  «     ,8'+<,  +  l'^7'+«,+(~    ' 
that  is,  pntting  t^  +  t=^,  F= 

~'"*'J<.VK«'+<')(/3-+(^  (/+(■)]  l>?+7+?N7+7??-V- 

1185.  We  pass  to  the  second  part  of  the  memoir,  which  occu- 
pies pages  374... 385.  This  treats  on  the  attraction  of  spheroide, 
which  differ  veiy  slightly  from  a  s|)here,  and  on  the  general 
development  of  the  potential  function. 

1186.  The  most  i^mai^able  matter  in  this  part  consuta  in 
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the  treatment  of  Laplace's  coefficients.  Bodrignea  aays  that  his 
mode  of  analyaiB  had  been  employed  to  a  great  extent  hj  Ivory 
in  the  Philoaophical  Tratuactiont  for  1812,  and  by  Legendre  in  his 
Extrcices  de  Calctd  Integral;  but  he  had  not  been  acquainted 
with  these  works  when  he  composed  hia  thesis. 

Nevertheless  Bodrigues  went  in  some  respects  beyond  Ivoiy 
and  Legendre ;  Heine  does  not  seem  to  have  been  acquainted 
with  the  memoir  which  we  are  now  examining ;  see  Art.  784. 

1187.    Laplace's  m*^  coefficient  may  be  expressed  in  the  form 
2  6infl8ing'co9(w-'T')    d*M 
■*"  mCm  +  1)  'djTd^' 

2  tan' e  mn*  ff  COB  2  (v  -w')     d^JH 
(nt  - 1)  m  Cm  + 1)  (m  +  2)     dft'dfi!* 
+  ... 
2  mn'6  BJa'S'  cosm  (v  -vr')    tfif 
|2m  d/*"  d/*'" ' 

L^endre  had  obtained  this  result:  see  Art.  950.  Afterwards 
Ivoiygave  it,seepage  60  ofhie  memoir  of  1812,  Where  Bodrigues 
has  the  advanb^  is  that  he  finds  for  Af  a  certain  compact  form 
which  had  not  been  previously  obtained,  namely 

This  includes  a  very  simple  formula  for  L^ndre's  m*^  coef- 
ficient, namely 

This  isgiren  by  Bodrigues.    It  presents  itself  as  J — W-J-  - ' 

where  •7'  ia  a  constant  which  he  does  not  explicitly  determine ;  but 
this  constant  comes  at  once  from  his  value  given  above  for  M. 

The  result  was  given  by  Ivoiy  in  the  F%ilo9ophical  Tmtuaetions 
for  1822;  and  so  is  ancribed  to  him  by  Heine,  on  his  page  9. 
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1188.  A  result,  which  is  ascribed  hj  Heine  to  himself  and 
Bertram,  on  his  page  89,  seems  to  me  to  have  been  also  antici- 
pated by  Bodrigues:  see  pages  376.. .378  of  the  memoir. 

1189.  Another  result  is  given  \>j  Bodrigues  which  has  beeq 
claimed  for  a  later  writer.  This  result  expressed  in  the  most 
symmetrical  form  is 

(ai'-l)*<f*-(a^-l)"^(a^-l)-'  d^(a?-l)' 
Im+n  it^^        "    \m  —  n  daf^        ' 


m  and  n  being  poritive  integers,  and  »  not  greater  than  m. 

Heine  on  his  page  117  says:  "Diese  schone,  von  Jacobi  zuerst 
g^ebene  Formel...";  and  in  a  note  he  refers  to  Crelle's  Joamai 
far  Mathematik,  Vol.  u.  pi^  226 :  the  date  of  this  rolome  of 
Crelle's  Journal  is  1827. 

The  mode  in  which  the  result  presents  itself  to  Bodrigues  may 
be  noticed. 

Suppose  T^  to  denote  Laplace's  tnth  coeffident,  then  we  Icnow 
that 

Suppose  T^  expressed  in  the  form 

y.  +yi  Ml  sin  «  +  5,cosw)  +y,  (^,  sin  2«  +  B^cos  2w)  + ...  • 
tiien  the  general  coefficient  y,  is  determined  by 

|:{('-''-)|M"'(»+»-r^}»-<>- 

If  we  aseume  y, «  (l—^^'a^,  we  obtain 

(m-n)(«  +  »  +  l)«.-2(n+l),.^  +  (l-M-)^--0. 
If  we  asBunie  y.  =  (1 -/*•)"»*_.  we  olrtain 
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Bodri^es  lut^ratea  these  two  equations ;  ami  thus  obtains 

Then  as  we  have  ic^  =  (1  -  /*•)"  x^,  by  virtue  of  our  origiual 
assumptiooa^  we  obtain 

Etefe  G,  D,  F  and  K  are  arbitrary  oocRtants. 

Thus  we  have  two  different  general  forma  of  x,;  and  we  have 
also  the  two  following  particular  forme 

Thdse  are  bt^h  roftonoZ  and  integral  functions  of  /t ;  hence  as 
the  equation  which  «,  satisfieB  is  a  linear  equation,  we  are  certain 
that  by  properly  determining  the  ratio  of  the  constant  C  to  the 
constant  F  theee  particular  ezpresaions  will  be  identical.  By  de- 
termining the  ratio,  Rodrigues  arrives  at  the  result  stated  above. 

1190.     Let  2i,™ —    J  I       >  '"'^  suppose  that 

2',-5,B,+  (1  -/**)*  ^  C^.  Bin  w  +  5.  COB  w) 

■^...(l-f^^-j-^  {A^ean.rv  +  BrCo&rv)-¥.: 

IT,  -  J,fl.  +  (1  - /*')  *  ^  (a.  Bin  w  +  &.  cos  w) 

4- . . .  +  (1  _  ^•)'  -^  (a,  sin  ror  +  J,  cos  rw)  +  . .  . 

BO  that  Zt,  and  W,  exprew  Laplace's  functions  of  the  order  m  and  n 
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respectively.  Then  Rodiigues  shewe  that  I  I  5^  IT,  dftdv  ■■  0, 
irhen  m  and  n  are  unequal ;  and  he  gives  the  form  of  the  result 
vhen  m  and  n  are  equal  Legeodre  had  idready  done  this ;  see 
Art.  951 ;  but  Eodrigues  expresses  the  result  when  m  and  n  are 
equal  more  compactly  as  he  was  in  poesessiiHi  <^  the  formula  of 
Art.  1187,  namely 

vhere  S  relates  to  r,  uid  applies  a  summation  from  r  =  0  to  r  *  n 
inclusive;  observing  tliat..^/[,  + J?,},  must  be  replaced  by  2^^^ 
The  method  of  Bodrigues  is  good. 

1191.  Kodrigues  gives  the  formula;  for  the  attraction  of 
spheroids  which  differ  very  little  from  spheres ;  there  is  nothing 
important  in  this  part  of  his  memoir:  he  briefly  investigates 
Laplace's  equation  which  we  shall  discuss  in  the  next  Chapter, 
and  expresses  no  doubts  respecting  it 

1192.  Rodrigues  insists  on  the  necessity  of  having  the  series 
convergent ;  see  his  pages  375  and  385.  Nevertheless  he  seems 
unaware  of  the  difficulty  which  Foisson  subsequently  discussed, 
and  to  which  I  allude  in  Art.  843. 


1193.  From  what  we  have  said  on  this  memoir  by  Rodrigues, 
it  is  obvious  that  the  following  general  remarks  may  be  made. 
So  far  as  relates  to  the  attraction  of  an  ellipsoid  the  memoir  con- 
ttdns  a  simple  solution  of  the  problem,  but  adds  nothing  to  what 
had  been  previously  established.  But  so  far  as  relates  to  Laplace's 
functions  the  memoir  is  very  important,  and  deserves  a  prominent 
place  in  the  hisbny  of  this  branch  of  analysis. 

1194.  Thus  in  the  present  Chapter  we  have  noticed  four 
complete  discussions  of  the  problem  of  the  attraction  of  an  ellip- 
soid ;  namely  those  by  Ivory,  Legendre,  Qauss  and  Bodrigues : 
omitting  that  part  of  Ivory's  which  relates  to  the  internal  particle, 
all  are  eminent  for  simplicity,  rigour,  and  completeness.     We  have 


LJ,y,l,z=^uy  Google 


252  z.aplace's  theobeh. 

also  noticed  tvo  oUier  memoir8;,that  by  Blot,  which  may  bo  re- 
garded as  a  commeniaiy  on  the  -writings  of  L^endre  and  laplace ; 
and  that  by  Plana,  which  is  a  commeotaiy  on  the  investigation  in 
Laplace's  earlier  treatise.  A  memoir  by  Poisson  on  this  subject 
will  come  before  us  in  a  sabeequent  Chapter.  Practically  speak- 
ing, the  method  of  Ivory  has  snperseded  all  the  others ;  although 
those  of  Gaoss  and  Bodrigues  are  very  striking.  It  is  remarked 
byCbasIes,  Mimmrea...p<a-  divera  Savantg...,  YoL  ix.  page  636: 

Hais  I'flfigant  th6oidme  d«  lilL  Jtotj,  qoi,  joint  k  I'analyBe  de 
lAgnoige  ponr  le  cas  dee  pcnnts  int&ienrB,  oompUtait  one  Rolntion  iacile 
et  bridre  de  la  qaestion,  fiza  teUement  I'attention  Asm  gfom^trM,  que  le 
bean  m&nture  de  M.  GaiuB,  «t  la  solation  remarqaable  ansd  de  M. 
Bodrignes,  oA  ae  ironvalt,  implidtunent,  la  ooasid&ation  d'one  oondie 
jnHnimant  ninos  oompnM  sntre  deux  eUipeoIdes  semblablea,  reatdreat, 
pcnv  ainn  dire,  in^ier^us. 
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LAPLACE'S    EQUATION. 

1195.  It  has  been  shewn  that  Laplace  gave  lepeatedly  a 
certun  eqaation  relative  to  the  potential  of  a  nearly  Bpherical 
honu^eneouB  bod;  at  a  point  on  its  sui&ce:  see  Art  1067. 

The  equation  vas  finally  introduced  in  the  Micanique  Celeste, 
Livre  Ul.  §  10 ;  and  in  two  forms.  There  is  the  general  fonn  in 
which  the  attraction  is  supposed  to  vary  as  the  tf"'  power  of  the 
distance,  and  the  paxticular  form  in  which  n  is  taken  to  be  —  2. 

1196.  The  particular  form  of  Che  equation  is 

Here  V  is  the  potential  at  any  point  of  the  surface,  r  is  the 
distance  of  that  point  from  a  fixed  origin  which  is  veiy  near  the 
centre  of  gravity  of  the  spheroid,  a  is  the  radius  of  a  sphere 

which  differs  very  little  from  the  ^beroid  in  volume,  and  -^ 

is  the  differential  coefficient  of  V  with  respect  to  r,  supposing  the 

direction  of  r  unchanged ;   so  that   V+  3—  dr.  would  ultimately 

be  the  value  of  the  potential  at  a  second  point,  nonnally  over  the 
point  to  which  T'' refers,  and  distant  dr  from  it. 

1197.  A  memoir  by  Lagrange  on  this  subject  is  contained  in 
the  Jounud  de  I'Ecole  PolyUchmqae,  Cahier  xv.  Volume  viil. 
The  memoir  is  entitled  Eclairciasement  dune  di^eulU  tinguhire 
qui  M  rencontre  done  le  (Mcul  de  V Attraction  des  S^n^ides  tris- 
peu  diffSrma  de  la  Sphire.  The  memoir  occupies  pages  67...67 
of  the  volume,  which  was  published  in  December,  1809. 


mzed  By  Google 


254  LAPLACE'a   BtUATIOlT. 

1198.  Lagraoge  remarks  that  D'Alembert  was  the  firet  who 
calculated  the  attraction  of  spheroids  which  differ  but  little  from 
spheres ;  and  that  Laplace  treated  the  matter  in  a  new  and  more 
general  manner.     Speaking  of  Laplace's  theory  Lagrange  says : 

Sa  tli£ori9  est  fondle  mr  uu  beau  thforSnie  tr^remarqnable  par  sa 
simplicity  antant  que  par  be  g6a6ralit£;  maia  ce  th^rdme  donne  lieu  il 
ana  difficult^  singuliire,  qm  paratt  ii'avoir  mcore  &£  remarqu^e  par 
personne,  et  qui  m6rite  d'Stre  examm£e. 

Lagrange  then  investigates  equation  (1),  and  establishes  its 
truth  ;  but  shews  that  by  an  error,  which  might  naturally  occur, 
a  different  result  would  present  itself. 

We  will  give  briefly  the  substance  of  Lagrange's  process. 

1199.  Resolve  the  spheroid  into  two  parts,  a  sphere  of  radius 
a  nearly  coinciding  with  the  spheroid,  and  an  additional  part 
contained  between  the  surface  of  the  sphere  and  the  surface  of  the 
spheroid.  Let  the  radius-ve^^tor  of  the  spheroid  be  a  (1  +  y^, 
where  y'  ia  so  small  that  its  square  may  be  neglected ;  let  y  be 
the  value  of  y  at  the  point  oonsidered.  Let  V^  denote  the  part 
of  F  which  arises  from  the  sphere,  and  v  the  part  which  arises 
from  the  additional  matter ;  so  that  V^  F,  +  v. 

Tak«  ibo  centre  of  the  sphere  for  the  origin  of  n    Then  the 

T&lue  of  V^  is  -oT- ;  and  that  of  -r-  is  — 53- .    Hence 

1  „        dV,     2fl"a*     4wa* 

This  is  exact. .  Put  for  r  on  the  right-hand  side  its  value 
a(l+y),  and  neglect  ^;  thus  we  get 

1  „  ,     dV.         27ra'  ,  _     , 
2^"  +  "-*=~-3-  +  ^'™y- 


Hence  to  establish  (1)  it  will  be  necessary  to  shew  that 
1 
2 


*  +  "^"-2™'* <2)- 


1200,    The  value  of  r  is  obbuned  by  approximation.    It  is 
assumed  that  the  additional  matter  may  be  supposed  condensed 
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on  the  anr&ee  of  the  sphere  of  radius  a ;  this  asmmptioD  we  have 
had  to  make  (m  former  occosioDB :  see  Arts.  424  and  852.  Thus 
ay'dtr 


where  d<T  represents  an  element  of  the  spherical  surfuce,  and  fi  is 
the  cosine  of  the  angle  between  the  direction  of  r  and  the  radius 
drawn  to  this  element. 

As  «  is  obviously  of  the  order  of  y,  it  ia  assumed  that  ulti- 
mately in  5  u  +  o  J-  we  may  put  r  =  a,  and  still  have  our  result 
true  to  the  order  of  y. 

Now  we  easily  see  that 


iir- 


..(3); 


-  2ar/*+a*)* 

then  if  we  put  r  »■  o  we  might  at  first  suppose  that  the  right- 
band  member  would  be  zero ;  and  thus  we  should  have  a  result 
different  from  (2).  This  constitutes  substantially  the  difficulty 
which  I^grange  undertakes  to  explain. 

The  fact  is  that  if  we  make  r=a  the  expression  under  the 
integral  sign  becomes  infinite  in  the  course  of  integration,  namely 
when  /i  =  l.  Thus  although  the  first  factor  on  the  right-hand 
side  vanishes  when  r  =  a,  the  second  factor  may.  become  infinite ; 
and  we  must  determine  the  exact  value  of  the  expression. 

Kefer  the  surface  of  the  sphere  to  the  usual  polar  coordinates, 
taking  the  radius  through  the  point  under  consideration  as 
the  straight  line  from  which  0  is  measured.  Then  we  may  put 
a*  ein  $dQd^  for  dff,  and  cos  B  Tor  /*;  therefore  the  integral  be> 


/  (f*  -  2ar  cos  5  +  a»)' 
Put  s'  —  y+S  for  y';  ttus  we  obtain 

y(r-*-a*)a'  ff        amOdBd^ 

2  Jj  (r'-aar  cos  ^+a')' 

(f-a'ja*  rr  (y' -y)  gin  0d0d<p 


}}  {t*  -  iar  cos  e  + a*)* 
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AssumiDg  then  for  the  present  that  the  second  integral  does 
not  become  infinite  when  r  =  a,  the   second   term  will   vanish 
when  r  =  a  in  consequence  of  the  factor  r*  —  a'. 
The  int^p^ 

rr        9ia0d$d^        _ .    r  asx6dS 

}}  {r'~2arcMe+a')*         J  (r*  -  2or  cob  tf  +  a*)*  ' 
This  single  int^ral  can  be  immediatelj  found ;   the  limits  for 
0  are  0  and  tr,  and  thus  we  shall  obtain  finally 

2ir/ 


r  \r  —  a    r+aj 


thatii 


Hence  the  right-hand  member  of  (3)  becomes 

—  fc-=-  ■    — i —  X  — Tj ir ,    that  is  —  2ira'y  ultimately. 

Thus  (2)  is  demonstrated. 

1201.    We  must  now  ezamine  if  the  assumption  we  have 
made  is  satisfactory.     We  have  assumed  that 
•  (y'-y)singdgd^ 
/  (r*-2orco8tf+a*)* 
remains  finite  when  r^a. 

Lagnioge's  own  treatment  consists  in  integration  by  parts. 
Consider  the  integration  with  respect  to  9,  and  put  ft  for  cos  6. 
Then 

)  (r»-2ar/t  +  a')*         ar(f~2arfi  +  a')^ 


Hi 


^-f — - — i?"/- 

I 

a 

r  +  fl      or  J,   (r»~2arti  +  a*)*  ^M 


The  limits  for  /x  are  1  and  - 1.  When  ^  =- 1  we  have 
j^—jfBiO.  Suj^Kse  that  T  is  the  value  of  ^  when  fi^  —  1. 
Thus  we  obtain 


mzed  By  Google 


LiPLi.CE'8  EqaATION.  257 

Therefore  if  the  latter  integral  is  finite  'vh^'u  r  =  a,m  also  \A 
the  original  integral.  Lagrange  in  fact  aseumeB  that  the  latter 
integral  is  finite.      This'  cannot  be   safely  admitted   however  if 

■4-  should  become  infinite  witbia  the  range  of  the  integration. 

But  in.  the  original  integral  it  is  only  trhen  ^  is  very  nearly 
unity  that  the  function  to  be  integrated  can  possibly  become 
very  large.  So  the  process  of  integration  by  parts  need  only  be 
employed  vith  reE^ct  to  that  part  of  the  integral  for  which  ft  ia 
nearly  equal  to  unity.     Hence  practically  the  limitation  to  which 

Lagrange's  proceae  must  be  subjected  ia  this :  -7-  must  be  zero  or 
finite  when  fi=l. 


1202.    Another  method  might  be  used.     The  expresaion 
;(r^-a*)(y'-y)dM'^» 


r 


vanishes  when  r^a,  provided  that  the  quantity  under  the  inte- 
gral sign  ia  zero  or  finite  when  t»=:l.  When  (i  =  l  thla  quantity 
0 


way  we  obtain 


Sar(r"-2ar>t  +  a*)* 


This  is  finite  when  /i  =»  1  and  r  =>  a,    provided    -~    is    not 
infinite. 

Thua  on  the  whole  we  may  admit  the  truth  of  (1)  provided 


%^ 


1208.  We  have  next  to  notice  a  memoir  by  Ivory  entitled 
On  the  Cfrounds  of  the  Method  which  Laplace  has  given  in  the 
second  Chapter  of  the  third  Book  of  his  Micanique  Cileste  for 
computing  the  Attractions  of  Spheroids  of  every  Description.  This 
memoir  is  published  in  the  Philotopkvxd  I^nsactions  for  1812 ; 
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it  ooeniHea  pages  1...4S  of  the  volume.  The  memoir  is  composed 
of  two  ji&rtB.  The  first  part  consisto  of  pages  1...33;  this  was 
written  before  Ivoiy  bad  seen  I^igrange's  memoir  in  the  Journal 
de  VEoole  Polytechnique,  and  was  read  to  the  Boyal  Society  on 
July  Mh,  1811.  The  second  part  consists  of  pi^es  34. ..45;  this 
was  written  after  Ivoiy  had  seen  I^grauge's  memoir,  and  was 
road  to  the  Bojal  Society  on  November  7th,  1811. 

1204.  Let  us  consider  the  first  part  of  Ivory's  memoir.  This 
is  intended  to  shew  that  Laplace's  demonstration  of  equation  (I) 
is  defective  and  erroneous.  With  respect  to  this  equation  Ivory 
says  on  his  pages  7  and  8 : 

...The  tlieorem,  it  may  be  remarked,  is  merely  laid  down  fay  the 
anthor,  and  the  troth  of  it  confirmed  by  a  demonstration ;  it  does  not 
naturally  arise  in  ike  oaant  of  tiie  analyus ;  and  tb«  readw  td  tbe 
Meoanique  OHute  is  at  a  loss  to  oon^ecture  by  what  train  of  dioaght  it 
may  have  becm  originally  Boggested.  It  may  be  doubted  whether  the 
thecffem  waa  inbx>dnced  fiw  the  sake  d  demonstiating  a  method  of 
inv€etigation  previously  known  to  be  just  from  other  prindplea ;  or 
whether  it  preceded  in  the  wder  of  invention,  and  led  to  the  method  of 


The  histoiy  of  Laplace's  writings,  which  we  have  traced, 
settles  the  point  thus  raised  by  Ivory ;  the  theorem  was  given 
by  Laplace  at  a  very  early  period,  and  did  precede  the  applica- 
tion which  he  afterwards  made  of  it  to  the  expansion  of  a  func- 
tion in  what  we  call  Laplace's  funotions. 

1205.     Ivory  remarks  on  his  page  9 : 

It  is  also  to  be  obBerved  that  the  Miecmi^we  CHetU  has  now  been 
many  years  before  the  public  :  and  although  the  problem  of  attractions 
is  &e  fbondation  ctf  many  important  researches,  and  is  more  partacolarly 
reoonunended  to  the  notioe  of  mathematiciaBS  by  tbs  navtHy  and 
uncommon  turn  of  the  analyma ;  on  which  account  it  may  be  supposed 
to  have  been  scrutinised  with  more  than  an  ordinary  degree  of  aariosity ; 
yet  nobody  has  hitherto  called  in  question  the  accuracy  of  the  inveoti- 

Ivory  might  have  inoreaaed  the  force  of  his  r^nark  by  »d- 
vertii^  to  the  long  time  which  elapsed  between  the  first  publl> 
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cation  of  the  theorem  and  the  reprodactioii  of  it  in  Ae  AESccHuque 


Ivory  condudes  the  paragrftph  Which  contains  the  preceding 
Benteace  by  aajing  that 

Th«  writings  of  no  «ithor  on  any  mibject  deserre  to  have  mors 
re8p«ct  and  deference  paid  to  them,  than  the  writinge  of  I^place  on  the 
sabject  of  phyeioal  astronomy ;  with  this  no  one  can  he  mora  dteply 
impreSBed  than  the  author  of  this  disoonrae ;  and  it  was  not  till  after 
mnch  meditation  that,  yielding  to  the  force  of  the  pn>c&  which  Are  tunr 
to  be  detaUed,  he  has  ventured  to  advance  anything  in  opposition  to  the 
highest  anlhorify,  in  r«gard  to  mathematical  and  physioal  nl^eets,  that 
is  to  be  found  in  the  present  tdniee, 

1206.  I  shall  not  reproduce  Ivory's  pioccAs.  It  seems  to  me 
longer  and  more  elaborate  than  was  really  necessary.  I  think  his 
objections  to  Laplace's  equation  may  be  Ciurly  epitomized  by 
saying,  as  in  Art.  1202,  that  we  have  no  ground  for  asserting  the 

truth  of  the  equation  at  any  pointt  unless  we  assume  that  ^ 

is  Suite  for  that  point;  and  he  woald  allow  the  truth  of  the 

equation  if  y'  is  such  that  -^  is  always  finite. 

1207-  tiet  ul  consider  where  the  difficulty  really  lies  in 
Laplace's  process.  We  take  the  suppositions  of  Art.  1199,  except 
that  we  now  let  the  sphere  toveh  the  spheroid  at  the  point  con- 
ddered ;  so  that  the  y  of  that  Article  in  feet  is  nero. 

Let  there  be  a  particle  of  mass  X  situated  on  the  sur&ee  of 
tte  sphere,  and  dt  &n  angular  distance  y  ttabi  the  direotidn  to 
which  r  bel<»^     Let 

/=Vl2a*a-co87)], 
aad  /'- V{(o +  *•)*- 2»  {o  +  (Jr>  COS  7 +  (^. 

Then  ^^^IF'B^^'^  the  part  of  1^  which  arises  firom  this  par- 
tad^  and  -p  represents  th«  part  of   V-¥^dr+...   which  so 
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Ify  be  finite  we  have  when  dr  is  miall  enoagh 

^=/(i-£) (*)• 

Hence  aofor  at  i&w  particle  w  emc^med  we  get  -jz  =  —  ■>■  5~> 

AV  dV 

BO  that  2a  ^  =  -  r.  that  is  2o  j-  +  F=  0. 

or  ar 

Therefore  we  may  say  that  coneidering  only  those  particles 
which  are  at  a_^nite  distance  from  the  point  considered,  Laplace's 
equation  holds.  But  at  the  same  time  when  /  itself  is  infini- 
t^mal,  the  assertion  in  (4)  cannot  be  accepted  as  satisfactoiy. 

1208.  Ivoiy  proceeds  thus.    We  have 

to^fo™       |.^(i+^')'{._w-|-». 

and  to  obtain  f'^'i  ^^'^''7  expands  the  factor  Jl  —  ^    ,  \      in  a*- 

dr 
cending  powers  of  y, .     But  this  expansion  is  very  unsatiB&ctory 

when/*  becomes  infinitesimal  as  it  does  ultimately, 

1209.  Ivory  himself  has  no  doubt  of  the  Boundoess  of  his 
investigation.  He  says  that  "It  completely  overturns  the  de- 
monstration of  Laplace...". 

1210.  lAplace,  as  we  have  seen  in  Axt.  1067,  employed  the 
equation  we  are  considering  to  shew  that  any  function  of  the 
usual  angular  polar  coordinates  could  be  expressed  in  a  series  of 
Laplace's  functions.  Qf  course  any  limitation  which  may  be 
found  to  apply  to  the  theorem  we  are  considering,  applies  also 
to  the  deduction   from  it.      Accordingly,  Ivory  does  not  allow 


LJ,y,l,z=^uy  Google 


LAPLA.CE's  BQUATIOS.  261 

that  tmy  fimctioD  can  be  expanded  in  a  seriea  of  Laplace's  func- 
tions; but  allovB  that  an;  rational  integral  function  o£  fi, 
V(l  — /*'}  COB  0,  and  ^{l~/t*)  sin  ^  can  be  bo  expanded,  where 
t*  stands  for  coaf'. 

1211.  With  respect  to  Laplace's  demonstration  of  his  theorem 
it  must  be  observed  that  he  expressly  supposes  the  sphere  to 
touch  the  spheroid.  Ivory  does  not  advert  to  this  supposition. 
It  is  obvious  that  if  this  supposition  be  made  the  condition  re- 
quired in  Lagrange's  investigation  will  be  satisfied ;  and  bo  that 
investigation  will  fumbh  an  adequate  proof  of  Laplace's  theorem : 
see  Art.  1200.  And  by  proper  precautions  we  may  also  fortify 
the  weak  part  of  Laplace's  own  investigation. 

Laplace's  supposition  amounts  to  the  condition,  in  modem 
language,  that  there  are  to  be  no  nngular  points  on  the  surface 
of  the  spheroid :  so  that  applied  to  the  Earth  it  would  exclude 
such  iiregularitiea  as  chasms  or  craters,  and  ridges  or  peaks,  and 
mountains  or  valleys  with  vertical  faces. 

No  doubt  this  condition  limits  to  a  corresponding  d^^red  tba 
range  of  the  -theorem  about  the  expansibility  of  a  function  in  a 
series  of  Laplace's  fiinctJonB;  or  rather  limits  L^lace's  own  de- 
monstration of  it. 

1212.  We  have  shewn  in  Arts.  1200  and  1201  that  if  ^  is 
finite  when  ^  =  1  the  limit  when  r  ■=  a  of 


(r-a)\       ^ ■!-~i  18  2wtr. 

ne  condition  it  may  be  shewn  tl 
^4-L  f'  f^      oV  em0d0dA        .     2t 

'*■-«)/  I   — ^'^iZ 

Jo  Jo   (r»-2arco8&  +  a')  » 


Under  the  same  condition  it  may  be  shewn  that  the  limit 
lien  r  — o  of 


(< 

«■)■ 

Ivoiy  establishes  this  result :  see  his  page  22, 

1218.  We  may  notice  the  way  in  which  Ivoiy  shewi  that  a 
rational  integral  function  of  the  usual  variables  can  be  expanded 
in  a  series  of  Laplace's  functions. 
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^  {^  4euot9  V  eleiAeiit  of  Uie  surface  of  a  qihere  t4  ndius 
iqiitj ;  4>ffl  vitli  thfi  notation  Trtiich  ^8  li«^  explained  in 
Art.  785  vf)  H-Kfi 

P^e^entiato  iri^  reepact  to  r ;  tbui 

/  {j'-Sar^  +  ay        if*!         »■     '      '*     '  J 

ICMltlp^  tbe  9W<nd  resulb  b;  2r  and  add  to  the  former ;  thus 

Not  wppose  r  33  9 ;  then  the  limit  of  the  Ieft*faaiui  i^  4ary  by 
Art.^2ia,    Thafiefcr^ 

This  ift  equiTAlent  to  I^place^  resnH :  see  Art.  106d. 

The  n^eth^d  ^er^  given  is  substantially  tbat  wbich  Poisson 
adopted  in  various  places  of  his  initings  for  eBtablishing  (be 
possibility  of  the  expansion. 

1214.  Ivory  makes  some  remarks  on  what 'we  have  called  in 
Art.  1195  the  general  form  in  which  Laplace's  equation  presents 
itself,  when  the  attracUon  is  supposed  to  vary  as  the  n*^  power  of 
the  distance.     Then 

dr       2o     '^"  dr         So     '^" 

where  V  belongs  to  the  whole  spheroid,  and  ?,  to  the  sphere  of 
radius  a :  see  Art.  814.  It  is  easy  to  anticiy ate  what  will  be  the 
nature  of  Ivory's  conclusion.  He  admits  that  if  n  be  positive 
the  equation  is  true,  and  also  if  n  be  negative  and  numerically 
less  than  2.  In  fa^  if  we  proceed  after  Lagrange's,  method,  as 
giv^  in  this  Chapter,  we  shall  see  that  our  i^to^mts  renwQ  fifliW 
as  long  as  n  isi  algebraically  greater  than  -  2. 
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It  may  be  taken  I  think  aa  niuTenally  admitted  that  the 
equation  cannot  be  considered  establidied  ii  n  ia  negative  aitd 
aumeiicall;  greater  than  2, 

1215.  Some  incidental  matten  which  occur  in  the  memoir 
may  be  noticed. 

If  0  and  ^  are  the  usual  polar  coordinates  of  a  point  on  the 
surface  of  a  sphere  of  radius  unity,  we  know  that  the  expression 
for  the  element  of  surface  will  be  sin  0d8d^.  If  we  take  another 
pole  and  transform  our  expression,  and  so  introduce  corresponding 
angles  0,  and  ^,  the  expreesion  for  the  element  of  sui&ce  will  be 
anB^d^^d^^.  This  is  a  simple  but  important  transformation: 
Ivory  uses  it  on  his  page  18 :  by  the  lud  of  it  in  Art,  424  some 
simplification  was  effected  of  ao  investigation  by  D'Alembert. 

On  his  page  32  Ivory  aays,  with  reference  of  coarse  to  Laplace: 

...  On  this  account  tlie  analyaia   in   Ko.  25,    Liv.  3e,  cannot  be 

admitted  as  satisbotory  :  and  indeed  from  the  words  at  the  beginning  of 

Nok  26,  we  nay  infer  that  tha  author  himself  was  not  perfectly  Mtisfied 

with  the  utarlolnw  and  univemlity  of  hia  investigation. 

Laplace's  words  however  at  the  beginning  of  his  §  26  seem  to 
me  to  shew  that  the  investigation  which  he  was  about  to  bring 
forward  was  intended  to  remove  the  doabts  of  other  people  rather 
than  his  own,  as  to  the  soundness  of  his  antecedent  method :  the 
words  will  be  quoted  in  Art.  1256. 

On  his  page  33  Ivory  says : 

...  Although  the  aoalynB  which  lAplace  has  baoed  ont  for  the 
attoaddons  of  spheroids  mtut  be  allowed  to  be  very  ingenious  and 
maaterlj,  yet  still  there  are  some  oonsideratioiiB  whicb  oannot  but  lead 
OS  to  think,  that  it  &11h  short  of  that  degree  of  perfection  which  it  is 
laudable  to  aim  at.  And  in  partioalar  the  ooeffidents  of  the  several 
tcnuB  of  the  expansion  are,  in  his  procedure,  fbrmed  one  iJter  anoUier, 
hoginning  with  the  last  term  :  bo  that  tJte  first  terms  of  the  series  cannot 
be  fbund  without  |wevioasly  oompndng  all  the  rest.  Tbis  is  no  doubt 
an  imperfection  of  some  moment :... 

Ivory  I  presume  refers  to  the  process  which  occurs  towards  the 
end  of  Lajdaoe's  Livre  Ui.  §  16.    The  objection  does  not  seem  to 
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me  <rf  mucb  weight :  it  might  be  said  that  we  could  give  the  name 
oijirst  terms  to  those  which  he  calls  the  Uut,  for  if  we  have  to  find 
a  set  of  terms  it  is  not  of  much  importance  at  which  end  we  begin. 

1216.  The  pages  34.. .45  of  Ivory's  memoir  form  an  appendix 
to  what  had  preceded ;  in  these  pages  Ivoiy  gives  an  account 
of  the  memoir  by  Lagrange  which  we  have  already  noticed  in 
Arts.  1197.. .1202. 

Ivory  b^ns  thus : 

Some  time  before  the  end  of  May  l&it,  a  paper  of  mine  waa  presented 
to  the  Eoyal  Society,  in  which  I  entered  on  an  examination  of  a  fimda- 
menbil  propoaition  in  the  eecond  chapter  of  the  third  book  of  the 
Meeanique  CUtate.  About  three  months  after  that  paper  was  in  the 
poasesaloQ  of  the  Society,  towards  the  middle  of  August,  a  large  collection 
of  foreign  books,  imported  from  the  Continent,  was  received  in  London ; 
among  which  were  several  Cahiera  of  the  Joamal  de  lEeoU  PolyUchniqve. 
In  the  15th  Cahitr,  which  had  been  published  at  Paris  in  December 
]  809,  although  it  did  not  find  its  way  into  this  country  pricv  to  the 
above  date,  there  is  a  short  memoir  by  lAgnmge  on  the  same  subject 
treated  of  in  my  paper  r  and  in  this  Appendix  I  shall  lay  before  the 
Society  a  short  account  of  Lagrange'a  memoir,  pointing  out  what  are  the 
views  of  that  celebrated  mathematician  in  regard  to  the  conclusions 
obtained  in  my  paper. 

1217.  Ivory  illustratee  on  his  pages  38  and  39  an  important 
point  to  which  we  are  now  accustomed  to  pay  due  attention  ;  we 
should  describe  it  by  saying  that  if  a  function  to  be  integrated  be- 
comes iuHnite  within  the  range  of  integration  it  will  be  necessary 
to  determine  by  careful  examination  what  the  real  value  of  the 
integral  is. 

1218.  Lagrange  himself  in  his  memoir  expressed  no  doubt 
as  to  the  accuracy  of  Laplace's  equation ;  Ivory  however  seeks  to 
draw  a  confirmation  of  his  own  opinion  from  Lagrange's  memoir. 
But  it  does  not  appear  to  me  that  in  this  Appendix  Ivoiy  adds 
any  matter  of  consequence  to  what  he  had  already  given. 

1219.  A  second  memoir  by  Ivory  occurs  in  the  same  volume 
of  the  Fkilosophiccd  Transactionfi.  entitled,  0»  the  AttraetioTtt  of 
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an  eietengive  Glass  of  Spheroids.  We  shall  give  a  notice  of  this 
memoir  hereafter ;  at  present  it  is  sufficient  to  say  that  Ivory  just 
alludes  to  the  equation  which  we  are  considering,  and  reasserts 
that  there  is  an  error  in  Laplace's  process :  see  page  73  of  the 
memoir. 


1220.  Laplace  himself  returned  to  the  equation  in  a  c 
on  the  Figure  of  the  Earth  which  was  published  in  the  MSmoires... 
de  PInatUut  for  1817,  and  was  reproduced  io  the  fifth  volume  of 
the  M^txmique  C^iette:  see  pages  24... 27  of  the  volume.  The 
following  is  the  substance  of  the  addition  which  Laplace  here 
makes  to  his  original  demonstration. 

Take  the  expression  which  forms  the  right-hand  member  of  fS) 
in  Art.  1200 ;  and  suppose  the  sphere  and  the  spheroid  to  touch  so 
that  y'  vaivshes  at  the  common  poiut.  Since  r  is  to  be  made 
e(|ual  to  a  ultimately,  we  are  sure  that  the  expression  will  vanish 
if  we  except  for  a  moment  that  part  of  the  iategral  which  arises, 
from  elements  close  to  the  point  considered ;  this  part  requires 
special  examination.  But  since  we  suppose  the  sphere  and  the 
spheroid  to  touch  we  have  y'  varying  as  r*  -  2ar/i  +  a*  ultimately 
in  the  neighbourhood  of  the  common  point;  and  this  ensures  that 
the  corresponding  part  of  the  integral  vanishes. 

1221.  Laplace  puts  his  investigation  in  a  form  resembling 
that  which  we  have  adopted  in  Art  852.  The  potential  is  sepa- 
rated into  two  parts  which  we  have  denoted  by  V  and  V^ ;  and 
the  equation  is  obtained  which  we  express  thus : 

dr      2    ' 

This  agrees  with  Laplace's  equation  (a)  on  his  pi^e  21;  be 
uses  V"  for  our  V^,  and  he  supposes  a  to  he  unity. 

1222.  Laplace  says  on  his  page  27 : 

Telle  est  U  d^nionatration  qne  j'ai  donn^  de  cette  6]iutaon,  dans 
I'endroit  cit^  de  In  Mecauique  c^esta.  Qaelquea  gSomStree  ne  I'ayant 
pu  bleu,  saieie,  I'ont  jtigie  inesacte.  Lagrange,  dans  le  tome  Tin.  da 
Jonmal  do  I'Ecolc  Polyteohnique,  a  d£moiitr£  cetto  ^nation,  par  one 
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tauiym  ll  pea  pria  BemibUble  i  odle  qui  me  Tavait  &it  dtomTiir 
(U^moirM  de  rAcadfimie  des  Scienos,  «iui6e  1775,  pttge  83).  C'est 
ponr  nmplifier  oette  m&tUre,  qae  j'ai  pr^£kr€  de  donnw  duu  la  M&«- 
nique  o3Mt«,  la  d^monstratioii  prfic^ente. 

I  do  not  know  who  are  meant  by  tbe  words  qaelquet  g&jmHres; 
the  words  seem  to  imply  that  more  than  one  person  had  attacked 
the  demonstrfttioD,  but  I  have  found  no  other  besides  Irory,  up  to 
the  date  of  publication  of  Laplace'u  fifth  volume. 

Laplace  does  not  o£fer  to  defend  the  general  form  of  bis  equ^ 
tion :  Bee  Art.  1214. 

1223.  We  find  something  bearing  on  the  point  under  dis- 
cuseion  in  a  memoir  by  Folsson  on  the  distribution  of  heat  in 
solid  bodies,  which  was  published  in  the  Journal  de  VEcole  Poly- 
teckniqw,  Vol.  xn.:  see  page  159  of  the  volume.  Although 
Poisaon  puts  his  remarks  in  a  more  elaborate  form,  yet  the  fol- 
lowing simple  statement  constitutes  their  sum. 

Take  the  expression  which  forms  the  right-hand  member  of  (3) 
in  Art.  1200.  When  we  make  r  —  a  infinitesimal  the  only  part 
of  the  integral  which  can  be  eeusible  is  that  which  arises  from 
elements  close  to  the  point  considered.  Thus  we  may  rc^patd  y' 
as  constant ;  so  that  the  expression  becomes 
f'—a'       C dtr 

Then  continuing  as  in  that  Article  we  anire  at  the  result 
-  aTra'y. 

Although  no  condition  ie  stated  by  Poisson,  it  is  obvious  that 
it  will  not  be  safe  to  say  that  y  may  be  considered  constant  unless 

we  are  sure  that  -t^  is  not  infinite  when  u=  1. 

1224.  Ivory  returned  to  the  equation  in  a  memoir  entitied, 
On  ika  esponnon  in  a  stries  of  the  attraction  of  a  8ph«n»d,  pub- 
lished in  the  Ph/Uoaophical  Traneaetiont  for  1822 :  we  shall  here 
notice  only  so  much  of  the  memoir  as  relates  to  tiie  equation 
undar  discussicm. 
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Ivorj  Mfa  on  pAgM  106  and  107  of  this  memoir : 
We  come  next  to  oonaidw  the  differential  eqoatton  that  takes  place 
at  dte  sur&ce  of  a  spheroid.  Of  this  eqnatdoi;,  three  demooatrationq 
hare  been  published ;  one,  in  the  eeoond  chapter  of  the  third  book  of  the 
MSeanique  CihtU;  another  by  the  same  antbor,  not  predsely  the  aama 
with  the  fonner,  bat  i|iinil».r  to  it,  in  a  memoir  read  to  Ihe  Academy  of 
Scdenoes  in  1816;  and  a  third  by  M.  Foiason,  in  an  interwting  and 
profound  memoir  on  the  distribution  of  heat  in  solid  bodies.  The  two 
last  demonstrations  are  fundamentally  the  same ;  but  as  M.  FoisBon  has 
stated  the  reasoning  more  folly,  and  fixed  the  sense  of  the  proof  more 
pi;ocisely,  I  wish  to  refer  to  his  memoir. 

I  do  not  undeietand  what  Ivory  Bteans  by  speaking  of  the 
last  two  demonstrations  as  fundmnentally  the  same:  it  appeara  to 
me  that  there  ia  an  appreciable  difference  between  them.  The 
memoir  by  Laplace  to  which  Ivaiy  here  refers  is  that  noticed  in 
Art,  1220. 

1225.  In  this  memoir  Ivory  seems  to  object  Dot  so  much  to 
the  theorem  itself  as  to  the  inference  which  was  drawn  from  it, 
naioely  that  any  fanctjon  could  be  expanded  in  a  series  of  Laplace's 

fuDCtiOBS. 

1226.  Laplace  himself  in  a  conversation  with  Sir  Humphry 
Davy  bore  tesUmony  to  the  ttdents  and  iabours  of  Ivory :  see  the 
Abatracta  of  the  Papen  printed  in  the  Philoaophical  Ti-anscKtiom... 
Vol.  IV.  page  409.  The  end  which  Ivory  aimed  at  in  his  criti- 
cisms on  Ijaplace's  equation  may  be  considered  now  substantially 
attuned;  for  the  equation  seems  to  have  been  relinquished  l^ 
most  mathematical  writers.  The  theory  of  liaplace's  functions, 
and.  the  theory  of  attractions,  are  now  usually  exhibited  quite 
independently  of  the  equation. 

1227.  A  paper  on  this  matter  by  G.  B.  Aiiy,  now  Astronomer 
Royal,  is  contained  in  the  Cambridge  Phiiosophieal  Transactions, 
Vol.  n.  1:827.  The  paper  occupies  pages  379.. .390  of  the  volume ; 
it  was  read  May  8tb,  1826. 

Ur  Ai^  commences  thug : 

In  tw>  pai>ws  prints  in  ^e  Fhilosopbioal  TraitsHtions  for  1813, 
and  in  a,  ttiipd  in  the  TrussdioDS  for  1822,  Ur  Ivwy  has  objected  to 
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Bome  parts  of  Lftplaoe's  mvMtigatioa  of  the  ftttrsction  bf  q^eniidM 
differing  little  &om  a  epbeie.  That  there  are  difficultios  in  tLat  theoiy 
caimot  be  denied,  but  that  Ilr  Ivoiy  has  pointed  out  correctly  the  errots 
from  which  the  obscuritiea  arise  appears  to  me  quite  donbt^iL  Aftev 
ooDudering  &.B  subject  atteatively,  I  have  oome  to  the  otmcluaion,  QtMb 
is  t&e  part  to  which  Mr  Ivory  has  most  strongly  objected,  Luplace's 
iaveatigatioii  may,  by  a  slight  alteratjon,  be  msde  free  from  error  ;  but 
that  ao  assertion  of  lAplace  which  Mr  Ivory  has  admitted  withoat 
scruple,  is  absolutely  unsapported  by  any  demonstrative  evidence  wbat- 


1228.  The  maaner  in  which  Mr  Airy  establishes  Laplace's 
equatioD  is  very  interesting,  and  deserves  to  be  studied.  Instead 
of  reproducing  it  I  will  give  a  process  which  is  founded  cm  the 
same  principles. 

Let  there  be  a  sphere  nearly  equal  in  volume  to  the  spheroid 
and  having  a  common  point  and  nearly  coinciding  with  the  sphe- 
roid ;  but  the  two  need  not  necessarily  touch  at  the  common  point. 

Laplace's  equation  holds  for  the  sphere.  It  is  also  admitted 
to  hold  for  that  part  of  the  excess  of  the  spheroid  over  tbe  sphere 
which  is  not  close  to  the  common  point ;  so  that  we  need  only 
consider  the  part  close  to  the  common  point.  Let  v  he  the  value 
of  the  potential  for  the  portion  of  this  excess  which  is  near  the 
common  point ;  and  which  we  may  suppose  to  be  bounded  by  a 
sphere  of  radius  /  described  round  the  common  point  aa  centre. 
'1  hen  for  this  small  portion  of  the  excess  we  shall  shew  that  v  and 

-r-  may  both  be  considered  zero  ultimately. 

First  let  us  examine  the  value  of  v.  Resolve  the  small  portion 
we  have  to  consider  into  infinitesimal  cones  or  pyramids  which 
have  their  vertex  at  the  common  point.  Suppose  that  «»  represents 
the  surface  which  one  of  these  cones  or  pyramids  would  cut  from 

a  sphere  of  radius  unity ;  then  5  /"«  will  be  the  part  of  «  aiifflug 

from  this  cone  or  pyramid.  Hence  the  value  of  v  will  be  ulti- 
mately zero.  For  /  is  ultimately  indefinitely  small  If  we  sup- 
pose with  Laplace  that  the  sphere  and  the  spheroid  touch,  the 
sum  of  all  the  values  of  w  will  be  infinitesimid.    And  if  we  sup- 
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pose  with  Mr  Airy  that  the  sphere  and  the  spheroid  do  not  touch, 
Btill  the  sum  of  all  the  values  of  a  will  be  very  small.  Moreover 
in  this  case  there  is  a  species  of  oompensation ;  for  aa  the  sphere 
will  be  partly  within  and  partly  without  the  spheroid  the  ele- 
mentary cones  will  contribute  partly  positive  and  paiiJy  nef;ative 
values  to  v.  Thus  we  may  safely  admit  r  to  be  ultimately 
zero  to  the  order  which  Laplace's  equation  involves. 

Next  let  us  examine  the  value  of  -j- .    The  part  of  j-  which 

arises  froiA  one  of  the  infinitesimal  cones  or  pyramids  expresses 
the  attraction  of  that  cone  or  pyramid  on  a  particle  at  the  vertex 
estimated  in  the  direction  which  is  almost  at  right  angles  to  the 
axis  of  the  cone  or  pyramid.  It  is  therefore  obvious  that  this 
must  he  infinitesimal  Hence  too  the  aggregate  arising  from  all 
the  cones  or  pyramids  will  be  ultimately  zero  to  the  order  we  have 
to  regard. 

1229,  Mr  Airy  then  touches  on  a  matter  of  less  importance. 
He  says: 

The  accuracy  of  the  investigHtioa  in  Liv.  in.  No.  10.  being  snppowd 
to  be  established,  I  proceed  to  No.  11.  In  this  article  as  it  stands, 
there  is  certainly  an  obscurity  (attended  however  with  no  erroneous 
results)  whioh  a  small  change  iu  the  notation  will  entirely  remove.  lu 
the  preceding  article  Laplace  has  taken  r  —  a  at  the  attracted  point,  he 
no«r  supposes  r  =  a  (1  +  ay) :  aud  whether  this  be  an  inaccuracy,  or  the 
origin  of  co-ordinates  be  supposed  to  be  changed,  it  is  equally  incompre- 
hensible to  the  reader,  and  equally  likely  to  lead  him  into  error. 

It  does  not  seem  to  me  that  there  is  any  serious  difficulty 
here ;  in  his  §  10  Laplace  makes  r  nearly  equal  to  a,  but  he  does 
DO^  require  that  r  should  be  exadXy  equal  to  a. 

1230.  A  more  important  point  is  then  introduced.  Laplace 
undertook  to  shew  that  a  function  y  cannot  he  expanded  into  two 
different  series  of  Laplace's  functions.  For  suppose  if  possible 
there  are  two  different  expansions,  say 

and  y  -  Z,  +  Z,  +  Z,  +Z,  +  ... 
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HeQM  by  ftaMnuitiOQ 

0  =  r,-x,+ r,-x.+ r,- j;+ ... 

Let  ^,  be  a  Laplace's  function  of  the  i*  order;  mnltiplj  the 
iMt  dqoation  by  Z,  and  integrate  between  the  usual  limits ;  then 
by  (I  well  known  property  of  the  functions  we  hare 


r  r'{r,-Z,)2;rf/*(JA  =  0 (6). 


Laplace  saya  that  if  we  take  ior  Z^  the  nost  geneihl  function 
of  itfl  kind  this  equation  cannot  be  true  except  J^  —  ^  —  0. 

Mr  Airy  considers  that  there  is  not  the  slightest  evidence  for 
this  assertion ;  and  so  that  the  theorem  which  Laplace  wished  to 
establish  "resta  at  present  entirely  on  Laplace^s  unsupported 
assertion," 

^x  Airy  does  not  attempt  to  complete  the  demonstration 
of  the  result  Y^  —  X^^%  but  gives  another  kirestigation  of  the 
proposition  that  a  rational  fiinctioQ  of  i*,,  V(l-  ~  /**)  c<>b  ^>  and 
1^(1  —  /**)  ^  ^  can  be  expanded  in  only  one  series  of  Laplace's 
functions. 

I  do  not  however  consider  that  Laplace's  assertion  is  desti- 
tute of  evidence:  here,  as  in  many  cases,  Laplace  leaves  his 
readers  to  do  much  for  themselves,  but  I  think  there  ifi  little 
donbt  as  to  how  we  should  here  proceed. 

For  an  example  bu|^k>b6  <=2.  Then  h«  would  say  titat 
r,  —  .X,  must  be  of  the  form 

<V.C/*)  +  <?./ W  008  ^  +  0,/»  cos  2^ 
+  ^y,0*)  sin  ^  +  EJ^ip)  sin  2^, 

where  C^  C,,  0^  ^,,  E^  are  constants,  and  /,(;*),  ^0*),  X(/*)  are 
certfun  functions  of  ^ 

Now  take  for  Z^  an  expression  of  the  form 
where  £^  is  a  constant. 
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Sabstitate  in  (5) ;  tben  we  see  that  it  redncea  to 

and  this  is  impoBsible  unless  ,£,=  0. 

In  like  manner  we  can  shew  that  the  other  constants  which 
occur  ia  Y,~X,  must  all  ba  zero  by  reason  of  (5). 

We  may  observe  that  the  inference  that  T,»X,iB  drawn  from 
(5)  in  modern  books  in  a  simpler  manner  by  the  aid  of  an  impor- 
tant equation  which  Laplace  himself  gave ;  namely  the  equa- 
tion (1)  of  the  M^caniqae  Celeste,  Vol  n.  page  H :  see  Arts.  867 
and  1069.  Poisson  uses  this  manner  in  his  Th4orie...dt  la 
Chalewr,  page  225. 

With  respect  to  this  paper  by  Professor  Aiiy,  the  reader  may 
consult  an  article  also  by  him  in  the  PlaiosopKical  Maganne  for 
June  1827. 

1231.  The  equation  is  investigated  by  Font^onlant  in  his 
Thiorie  Anaigtique  du  BysUme  da  Monde,  VoL  il.  1829,  pages 
37i...380.  Font^ulant's  process  is  substantially  the  same  as 
Lagrange's,  which  we  have  noticed  in  Arts.  1197.. .1202. 

1232.  The  matter  discussed  in  the  present  Chapter  is  also 
considered  by  Bowditch  in  his  notes  to  the  translation  of  the 
M&anique  Celeste;  see  pages  88  and  92  of  bis  second  volume. 
But  he  adds  nothing  to  what  had  been  previously  given. 

1233.  A  very  interesting  paper  on  the  subject  by  the  late 
James  M°  Cnllagh  is  published  in  the  Transactitma  of  ike  Boycd 
Irith  Academy,  Vol.  xvn.  1837,  pages  287... 239 ;  the  paper  was 
read  on  May  28,  1832.  The  object  of  the  paper  is  to  demonstrate 
a  certain  exact  theorem  of  whit^  Laplace's  equation  may  be 
conodoced  an  appuzimate  form.    We  wilt  five  a  dcetch  (£  the 


If  ^  be  the  Botid  angle  of  an  infinitesimal  cone  or  pyramid 
of  length  r  it  is  easily  seen  that  the  potential  at  the  vertex  is 

a  4^,  and  the  attraction  tiiere  is  ^ ;  the  density  being  taken  as 

unity. 
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Now  consider  a  solid  of  any  shape,  regular  or  irregular,  termi- 
nated at  one  end  by  a  plane ;  in  this  plane  take  an;  point  P,  and 
from  Pdraw  a  straight  line  at  right  angles  to  the  plane  meetingthe 
solid  again  at  Q.  Let  there  be  a  sphere  of  an;  magnitude  whose 
diameter  PQ'  ia  parallel  to  PQ.  Let  P"  be  another  fixed  point ; 
and  from  the  points  P,  P',  P"  draw  three  parallel  straight  lines 
i^,  P'jO',  P"p",  the  first  two  terminated  respectively  by  the  solid 
and  the  sphere,  and  the  third  equal  to  the  difference  of  the 
other  two,  without  regarding  which  of  them  is  the  greater. 
Suppose  all  the  points  p"  taken  according  to  this  law  to  trace  out 
a  third  solid, 

I»et  i^.  Pp.  P"p"t  be  edges  of  three  infinitesimal  pyramids, 
with  their  other  edges  proceeding  from  P,  F,  P"  all  parallel ; 
they  will  have  the  same  solid  angle,  which  we  will  denote  by  0. 
Let  r,  r',  r"  denote  the  respective  lengths,  and  V,  V,  V"  the 
potentials  at  the  vertices.  From  p  draw  pR  perpendicular  to  PQ; 
the  attraction  of  the  pyramid  corresponding  to  Pp  in  the  direction 
of  PQ  will  be  ^  X  PR;  call  this  A.  Let  a  be  the  radius  of  the 
sphere. 

Since  r"  is  the  difference  of  r  and  r'  we  have 
r»  +  r"  -  r'"  =  2rr' =  2P5  X  P' 0" ; 
therefore  ^^  +  i^-|^"'  =  2o^  xPi?, 

thatifl  r+F'-  V"  =  'iaA. 

This  result  then  holds  for  every  other  three  pyramids  similarly 
related  to  each  other  throughout  the  whole  extent  of  the  three 
solids.  Thus  if  we  now  denote  by  V,  V,  V"  the  whde  potentials 
for  the  three  solids,  and  by  A  the  whole  attraction  of  the  fintt 
solid  parallel  to  PQ  on  a  particle  at  P,  we  shall  have 

This  is  M*  Cullag^'s  exact  equation.  To  express  it  in  Laplace's 
notAtion  he  observes  that  the  attraction  A  is  synonymous  with 

dV 
~dr' 
these  valueR  we  obtain 
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M'CuUt^h  then  shews  that  if  the  origiDal  solid  differs  but 
slightly  from  a  sphere,  and  we  choose  a  suitably,  then  V"  will  be 
a  fimall  quantity  of  the  second  order. 

1234.  A  few  remarks  may  be  made  on  this  ingenious  paper. 
The  plane  which  terminates  the  first  solid  may  if  we  please 

be  a  tangent  plane,  and  then  PQ  becomes  the  normal  at  P. 

The  normal  attraction  at  P,  iu  Laplace's  use  of  his  equation, 
is  not  necessarily  exactly/  —  -r-  ;  but  it  will  not  differ  from  this 

expression  by  more  than  a  quantity  of  the  second  order  at  most 
See  the  Micaniqae  Cileste,  VoL  v.  page  26. 

M'Cullagh  refers  to  a  certain  case,  as  he  says,  "  because  both 
Lagrange  and  Ivory  have  used  this  case  to  show  that  the  reason- 
ings of  Laplace  are  incorrect."  But  I  do  not  think  Lagrange 
professed  to  shew  that  the  reasonings  of  Laplace  are  incorrect, 
Lagrange  shewed  that  an  error  might  very  naturally  he  made ; 
but  he  did  not  assert  or  imply  that  Laplace  had  made  any  error. 

1235.  The  matter  is  considered  by  Plana;  see  the  A8tro~ 
nomische  Nachrichten,  VoL  xzxviii.,  page  226 :  but  the  article 
by  Plana  may  he  most  conveniently  studied  in  connexion  with 
Laplace's  Livre  XI.  Chapitre  IL  §§  2.. .5,  to  which  it  relates. 

Besal  investigates  Laplace's  equation ;  see  his  pages  164... 166: 
the  method  may  be  considered  to  resemble  that  of  Art  1228. 
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CHAPTER  XXXI. 

PARTIAL   DIFFERENTIAL  EQUATION  FOE   Y. 

1236.  IiFT  V  denote  the  potential  of  a  given  mass  at  a  point 
whose  coordinates  are  x,  y,  t.  Then,  as  we  have  seen  in  Art.  866, 
Laplace  obtained  for  T^the  partial  differential  etjuation 

iPV    ^V    d*v 

for  abbreviation  we  shall  denote  this  by 
V  V=  0. 
About  thirty  years  elapsed  before  it  was  discovered  that  the 
equation   is  not  universally  true ;    it  is  not   true  if  the  point 
(^>  ?i  <s}  is  a  point  of  the  body ;   it  is  only  true  if  the   point 
(a^  if, ')  is  outside  the  body  or  within  some  cavity  of  the  body. 

1237.  The  correction  was  furnished  by  Foisson  in  a  note 

published  in  the  Nouveau  Bulletin Soci^t^  T^iloTnatiqwe,  Dec 

1813.      The   note   occupies   pages   388 392   of  Volume  lil.  of 

the  Nouveau  Bulletin;  it  is  entitled  Beinarques  aur  vne  Squaiion 
qui  Be  pr^sente  dans  la  throne  dea  attractions  dee  spkiroidee. 

Foisson's  method  is  now  familiitf  to  us,  for  it  has  passed  into 
the  elementary  books.  He  divides  the  body  into  two  parte, 
a  sphere  which  includes  the  point  {x,y,  z),  and  the  rest  of  the 
body.  Let  V  be  separated  into  two  corresponding  parts,  F,  and 
F,,  of  which  r,  belongs  to  the  sphere  and  F,  to  the  rest  of 
the  body ;  then  we  have 

VF,  =  -*)rp, 
VF,=  0, 
where  p  is  the  density  at  the  point  [x,  y,  z). 
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1238.  Foisson  saya,  and  justly,  tbat  Laplace's  form  is  true 
when  the  point  {x,  y,  e)  is  without  the  body,  or  within  a  cavity 
formed  by  tho  body.  He  adds  "  ces  deux  cas  sont,  h.  la  v^rit^,  les 
seub  pour  lesquels  on  ait  fait  usage  de  I'^uatioD...".  I  do  not 
consider  this  quite  correct  so  far  as  it  implies  that  no  error  had 
been  made  hitherto;  for  I  have  shewn  that  some  of  Laplace's 
processes  are  rendered  unsatisfactory  by  the  tacit  assumption  that 
V  F  is  always  zero :   see  Arts.  lOJ-l  and  1050, 

1239.  Foisson  gives  two  applications  of  his  formulie.  One  is 
to  determine  the  attraction  at  an  external  or  internal  point 
exerted  by  a  sphere  in  which  the  density  is  a  function  of  the 
distance  from  the  centre.  The  other  is  to  establish  a  result  first 
obtained  by  Legendre;   see  Art.  1157- 

1240.  The  matter  is  cousidered  by  Bodrigues  in  a  memoir 
which  has  been  noticed  in  Chapter  XXIX. :  see  Art.  1177.  I  will 
give  his  process. 

Let  V  denote  the  potential  of  a  given  body  at  the  point 
(a,  h,  c).  ]jet  A,  B,  C  denote  the  corresponding  resolved  attrac 
tions;  so  that 

^ dV      ^__dV       g__dr 

da'  db'  de' 

Take  (a,  h,  c)  as  the  origin  of  the  usual  polar  coordinates ;  let 
p  denote  the  density:  then 

A  =  -  jjjp  oosffsmffdffdift  dr, 

B=-jjjp  Bia^e  cos  <ltd0d<f>dr, 

C  =  -~\ijp  tdn*  0  sin  ^ddd^  dr. 

We  will  suppose  (a,  h,  c)  within  the  body.  Then  the  limits  of 
integration  for  r  are  0  and  r^,  where  r,  denotes  some  function  of 
0  and  0,  which  is  known  from  the  equation  to  the  surface ;  the 
limits  for  8  are  0  and  n-;   and  the  limits  for  <f>  are  0  and  2w. 

Fut  x'  =  r  cos  fl,  y  =  r  sin  ^  COB  0,    z'  =  r  sin  0  sin  ^ ;    then  p 
will  be  a  function  of  the  variables  a+x\  b  +  y,  and  c  +  e' ;   thus 
dp      dp  dp     dp  dp      dp 

da^dx'        Ih"  dy"        dc     da" 

18—2 
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Now  -3-  will  consist  of  two  terms;    one   arising  from  the 

fJEict  that  p  involves  a,  and  the  other  lirotn  the  fact  that  the  limit 
Tj  also  involves  a. 


Hence        ^ jjj ^cos 0  am  6 d0d<f,dr 

-JJp,^C06$Bm$d$d<f>, 


where  /i,  denotes  the  density  at  the  point  of  the  surface  which 
corresponds  to  r,. 

Thus  we  get 
d'F    rfT.dT     {({aaeded^drf  ,dp       .dp,    .d0\ 

CCp, sin $dff  dA  /    ,dr,        ,dr,        , dr,\ 

where  as  before  the  suffix  1  is  used  to  denote  a  value  at  the  point 
of  the  surface. 

Let  the  equation  from  which  r,  is  to  he  found  he  denoted  hy 
F(a+r^coB0,  i  +  r,  sin  5  cos ^,   c+r,Bin?(dn^)  =  Oj 
,.         dF    fdF       a     dF  .    .       .  ,dF  .    .  .    ,Wr,     . 

and  we  have  two  similar  equations ;   the  three  give 
,dr,        ,dr,        ,dr. 

Hence 


'/g*= 


Pi~P¥  ^^Bi^  P»  13  the  density  at  the  origin  of 


mzed  By  Google 


PARTIAL   DIFFEEENTIAI,   EQTJATIOS   FOR    V.  277 

pokr  coordiDfttes,  that  ia  the  point  (a,  b,  c).     Thus 

1241.  Poisson  took  up  the  matter  again  id  his  M^moire  stir 
la  Th4orie  du  Magn^isme  en  Moutement;  this  memoir  is  eon- 
taiued  in  the  M4moires  ds  VAcad/mte,  Vol.  TL  which  is  for  1823, 
and  was  published  in  1827.  The  memoir  was  read  on  the  lOth  of 
July,  1826.  We  are  now  concerned  with  pages  455. ..463  of  the 
volume  containing  the  memoir;  and  we  will  indicate  the  method 
which  Poisson  adopts. 

1242.  We  suppose  the  body  homogeneous,  and  take  tmity  for 
its  density.  Let  dx  dy  ds  denote  an  element  of  volume  of  the 
body;   andput  r  for  VKa! -'"'}'  + <y-yT -I- (»  —  »')*}.  80  tbat 

=  ~jjj^-p^dx'dif'dss', 
-^^^IWdi^^)^'^^'^' 


dV_ 
dx" 


'llh 


'd2^cr)^''^'^''- 


Thep  by  applying  the  same  kind  of  trausformatioa  that  Gauss 
had  used,  but  without  referring  to  him,  Poisson  puts  this  result  in 
.the  form 

-^=jj-p- cos  id»,, 

where  <{a>  is  an  element  of  the  surface  of  the  body,  and  I  is  the 

angle  between  the  positive  direction  of  the  axis  of  x  and  the 

normal  to  the  surface  at  the  element  dm  drawn  outwards.    The 

integration  is   to  extend  over  the  whole  surface  of  the  body. 

Compare  Art.  1171. 

d'V         d^V 
Similar  tramiformations  hold  for  --t-y  and  -^ ;  thus  finally 
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Vr=//(i^co.I  +!^co,»  +  e^cos„)^ (1). 

Poisson,  like  Gauss,  is  careful  to  consider  the  cases  in  which 
a  straight  line  parallel  to  an  axis  of  coordinates  meets  the  surface 
more  than  twice,  so  that  (1)  may  he  established  with  adcqaate 
genenilitj. 

Let  1  denote  the  angle  between  the  straight  line  dmwn  from 

(x,  y,  z)  to  dm  and  produced,  and  the  normal  to  the  surface  at  eUo 

drawn  outwards ;   then 

,    x'  —  x        ,  .  v'-y  ,  «'-« 

cos  I  = cos  t  +  ■ cos  m  + cos  it. 

r  r  T 

Let  d0  he  the  element  of  a  spherical  surface  of  radius  unity, 

which  is  cut  out  by  the  cone  having  its  vertex  at  {x,  y,  z)  and  cii^ 

cumscribed  round  da.     Then 

CC3 1  rfa)  =  ±  r"  dB, 

where  the  upper  or  lower  sign  is  to  be  talcen  according  as  t  is 

acute  or  obtuse.     Thus  we  have  from  (1) 


7v.jjmd 


<2). 

Now  consider  separately  the  various  positions  of  the  point 

I.  Let  the  point  (x,  y,  z)  be  outside  the  body.  Then  if  a 
cone  be  drawn  from  this  point  as  vertex  to  circumscribe  the  body, 
the  surface  of  the  body  will  be  divided  into  two  parts :  in  one 
part  *  is  acute,  and  in  the  other  obtuse.  The  double  integral 
which  forms  the  right-hand  member  of  (2)  has  for  these  ports 
values  which  are  a.umerically  equal  but  of  opposite  signs,  Li 
this  case  then 

vr=o. 

II.  Let  the  point  {x,  y,  e)  be  on  the  surface  of  the  body. 
Then  the  upper  sign  will  have  to  be  taken  in  (2),  and  the 

double  integral  will  extend  over  half  the  surface  of  the  sphere, 
lu  this  case  then 
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III,     Let  tho  point  («,  y,  t)  be  iDBide  the  body. 
Then  the  upper  sign  will  have  to  be  taken  in  ^2),  and  the 
double  integral  will  extend  orer  the  whole  surface  of  the  sphere. 

Id  this  case  then 

Vr=-47r. 

1243.  Hitherto  we  have  taken  the  body  to  be  homogeneoas 
with  the  density  unity.  Now  let  p  which  is  any  function  of 
^'i  y*)  t>nd  e  denote  the  density  at  the  point  (x',  y*,  s").    Then 


VV.jjji,'v(^)d;^d!,'i/. 


When  {x,  y,  z)  is  not  a  point  of  the  body  V{-)  vanishes 
throughout  the  triple  integral 

When  {x,  y,x)\s  a,  point  of  the  body  we  divide  the  body  into 
two  parts,  namely  one  which  does  not  contain  the  point  and  for 

which  V  ( -I  always  vanishes ;  and  the  other  which  contains  the 

point;  we  may  take  this  part  so  small  that  p  may  be  considered 
constant  throughout  it,  and  may  therefore  be  put  equal  to  p,  where 
p  denotes  the  density  at  the  point  («,  y,  z). 


Thus  -      V  y=p\\\^  (J)  ^'  ^y'  «^. 


where  the  triple  integral  extends  over  that  part  of  the  body  which 
contains  (ar,  y,  z).     Hence  by  what  has  been  shewn  in  the  pre- 
ceding Article  we  obtain  V  V=  —  %itp  for  a  point  on  the  surface 
of  the  body,  and  V  V=  —  4nrp  for  a  point  within  the  body. 
Hence  finally 

Vr=0,    or -ivp,    ot -Wp, 
according  as  the  point  {x,  y,  z)  is  without  the  body,  or  on  its 
surfiice,  or  within  the  body. 

1244.  Poisson  saya  on  his  page  4€3  respecting  the  three 
cases  just  considered : 

Lea  g^omgtrea  out  reiB&rqni  le  pFemisr  cas  depuis  loug-tempB;  j'ai 
6t£  conduit  A  la  troiai^e  valeur,  il  y  a  plusieun  annSeii,  par  uue  analyse 
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moins  directe  que  1&  pr^c^dente ;  j'j  joiiia  maintenant  ia  secondo ;  ce  qui 
ne  laiBsera  plus  rien  it  d^sirer  touo^uuit  cette  ^uation,  dout  on  connait 
rimportauce  dans  un  grand  nombre  de  quoBtioDS,  et  qui  nous  sent 
bientdt  utile. 

1243.  The  process  of  Art.  1242  is  doubtless  perfectly  satis- 
&ctory  for  the  case  of  an  external  poiot ;  it  does  not  cany  con- 
viction to  my  mind  for  the  other  two  cases  which  Foisson- con- 
siders.  As  to  the  internal  particle  Poisson's  oriftinal  treatment 
seems  to  me  conclusive ;  the  result  is  now  universally  accepted  as 
one  of  the  standard  theorems  in  the  subject  of  attraction.  Aa  to 
the  particle  at  the  surface  however  the  case  seems  different ;  I  do 
not  think  that  Poisson's  result  has  been  ever  generally  accepted 
or  used.     I  shall  hereafter  return  to  this  point ;  see  Art.  1253. 

1246.  Poisson  g^ves  another  investigation  of  the  formula 
V  V^  —  Aurp  in  his  memoir  in  the  Connaissance  des  Tema  for  1829. 
We  shall  return  to  this  in  Chapter  XXXV. 

If  we  take  the  usual  polar  coordinates  the  equation  for  an 
internal  particle  becomes 

(P(rF)  .Id/.    a^V\^      1      dT        ,     , 

In  this  memoir  Poisson  does  not  give  his  result  for  a  particle 
on  the  surface. 

1247.  We  have  next  to  notice  a  paper  by  Ostrogradsky  enti- 
tled Note  ffitr  «ne  intigrale  qui  se  Tencontre  dans  le  calcul  de 
rattraction  des  Sj>k&otdes.  This  is  published  in  the  M^moirea  de 
tAcadHaie...8t  Petershourg,  sixth  series,  Vol.  I.  1831.  The  note 
was  read  on  the  2nd  July,  1828. 

Ostrogradsky  after  some  preliminary  remarks  cites  Poisson's 
equations  for  an  internal  particle,  and  also  that  for  a  particle 
at  the  surface;  be  numbers  the  former  (3)  and  the  latter  (4). 
Then  he  says : 

Cest  M.  Foisson  qui  a  trouv€  les  Equations  (3)  et  (4),  de  tnoa  cjtt^ 
j'ai  trouv£  l'£quatioa  (3)  sans  connnftre  la  remarque  de  M.  Foisson  que 
j'ai  Tue  depuis  dans  le  Bulletin  des  sciences ;  quant  il  I'gquation 
(^)  j'gnot^.  encore  maiatenont  comment  rillurtre  gfiometre  que  je  viens 
dc  citci-  y  est  pariTsnu. 
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1248,  Ostrogradeky  states  that  his  object  13  to  indicate  how 
we  ought  to  replace  the  equation  given  by  Poisson  for  a  point  at 
the  surface  when  that  equation  does  not  hold.  We  may  express 
the  object  by  saying  that  Ostrc^adsky  investigates  what  the 
equation  ought  to  be  for  singular  points  of  the  surface. 

Thus  for  example  at  the  corner  of  a  rectangular  parallelepiped 
Ostrogradsky  considers  that  instead  of  Poiasou's  —  2iTp  we  ought 

to  have  —  «  />• 

1249.  I  do  not  regard  the  paper  by  Ostrogradsky  as  of  any 
interest  or  value  in  the  theory  of  attractions;  though  it  may 
deserve  a  little  attention  from  a  writer  on  the  Integral  Calculus. 
The  point  involved  is  the  treatment  of  a  definite  integral  when 
the  function  to  be  integrated  has  an  infinite  value;  Ostrogradsky's 
process  resembles  the  well-known  one  of  Cauchy.  But  I  cannot 
say  that  I  have  any  confidence  in  the  method  which  Ostrogradsky 
pursues ;  and  as  to.  his  results  the  remark  made  at  the  end  of 
Art.  1243  applies. 

1230.  One  important  statement  Ostrogradsky  makes  without 
demonstration  ;  but  says  merely  "  Noua  avona  fait  voir  ailleurs..." 
I  have  not  been  able  to  find  the  place  to  which  he  thus  vaguely 
alludes. 

1231.  In   Ferussac's  Bulletin Scieneet   MaikSmatiqwa... 

Vol  3IV.  1830,  there  is  a  notice  of  the  researches  of  Poisson  and 
Ostrogradsky  on  the  point  which  we  are  considering.  The  notice 
is  on  pages  81. ..88  of  the  volume,  signed  S.,  which  I  presume 
stands  for  Sturm. 

This  notice  repeats  the  historical  statement  to  which  I  have 
objected  in  Art.  1138.  With  respect  to  the  point  to  which  I 
have  alluded  in  Art.  1230,  the  notice  says:  "Ostrogradsky  has 
proved...,"  If  S.  knew  where  OBtr<^radsky  had  given  the  proof 
he  should  have  supplied  the  reference ;  if  he  did  not  know  he 
should  have  said  not,  "Ostrogradsky  has  proved...",  but,  "Ostro- 
gradsky states  that  he  has  proved...." 

The  notice  asserts  that  Laplace's  form  of  the  equation  is  true 
in  some  sense  even  for  ^^n  internal  point :  but  I  do  not  under- 
stand in  what  sense. 
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It  says  that  Ostrogradsky's  inTestigation  iB  far  less  simple  than 
Foisson's  ;  antl  irith  this  I  entirely  agree. 

And  finally  it  throws  doubt  on  the  truth  of  Foisson's  equation 
for  the  case  of  a  point  at  the  surface ;  for  instance,  supposing  the 
body  to  be  a  sphere,  it  shews  that  we  may  very  naturally  ohttun 
—  iwp  instead  of  Foisson's  —  2irp. 

1232.  Bowditch  notices  the  correction  for  the  case  of  an 
internal  particle  in  the  second  volume  of  his  translation  of  the 
M^canique  C&este,  published  in  1832.  Bowditch  aaya  on  his 
page  67: 

It  is  somewhat  remarkable,  that  this  defect  in  the  formula,  as  it  was 
first  published  by  LaPlace,  should  have  remained  unnoticed,  nearly 
half  a  centuij ;  particularly  as  he  had  expressly  called  the  attention  of 
mathematicians  to  the  necessity  of  having  the  limits  of  the  integrals 
independent  of  the  co-ordinates  of  the  attracted  point;. ..and  had  also 
conformed  to  this  restriction,  in  the  calcalationa  of  the  first  volume. 

It  is  a  great  fault  in  Bowditch's  work  that  be  gives  scarcely 
any  references.  Thus  in  the  present  case,  although  he  attributes 
the  correction  to  Foisson,  he  does  not  say  where  Foisson  first 
published  the  correction.  But  as  Bowditch  speaks  of  an  interval 
of  nearly  half  a  century,  it  would  appetu*  that  he  was  not  ac- 
quainted with  Foisson's  paper  of  Dec.  1813.  But  yet  Bowditch 
himself,  on  his  page  64,  uses  a  method  like  that  of  Foisson's 
paper ;  namely,  he  divides  the  body  into  two  parts,  one  part 
being  a  sphere  which  contains  the  point  considered. 

I  do  not  agree  with  what  is  implied  by  Bowditch,  that  the 
first  volume  of  the  Micanique  Celeste  is  perfectly  free  from  error 
88  to  the  equation  for  K;  see  Arts.  1044  and  1050. 

1253.  It  remains  only  to  shew  that  Foisson's  equation  for  a 
point  at  the  surface  is  unsatisfactoiy.  This  is  in  fact  considered 
by  Gauss  in  bis  celebrated  memoir  e'o.iiiXeAAUgemeineLehraatee... 
Amieliutigs-  und  Abstossunffg-KrSjie,  Leipsic,  1840 ;  the  memoir 
is  reprinted  in  Vol.  v.  of  the  edition  of  the  collected  works  of 
Gauss:  sec  pages  204.. .206  of  the  volume. 


3,t,ifd  By  Google 


FABTIAL  DIFFEBENTUl  EQUATION   FOB    V,  283 

Consider  a  sphere  of  radius  a,  and  density  p',  tahe  the  centre 
as  origin  of  co-ordinates.  Let  x,  y,  z  \)a  the  coordinates  of  any 
point.     Then  we  know  that  for  an  internal  point 

V=  2vpa*  -  I  Trp  («*+J^  +  *^, 
and  for  an  extem'al  point 

y ^P^_ 

Hence  we  find  that  for  an  internal  point 

<W       3    • 
'and  for  an  external  point 

dry     Wpa'{Z^-i^ 
d^  3r* 

■where  r  stands  for  (a:*  +  j"  +  2^*. 

The  two  values  of  -.-^  do  not  agree  at  the  surface ;    so  that 

ePV 
we  most  say  that  -y-^  ia  not  determinate  ai  the  surface,  but  has 

two  distinct  values. 

In  like  manner  V  V  has  not  a  determinate  value  at  the  sur- 
&ce.  In  fact  V1^  is  an  aggregate  of  three  terms,  each  of  which 
has  two  values;  so  that  there  are  in  all  ei^t  combinations,  of 
which  one  gives  the  value  of  V  F  agreeing  with  that  found  for  an 
internal  particle,  and  the  other  gives  the  value  of  V  K  agreeing 
with  that  found  for  an  external  particle ;  the  other  six  remain 
without  meaning. 

Gauss  says  he  cannot  admit  the  reasoning  by  which  some 
matheoiaticians  have  deduced  the  value  —  2irf)  for  a  point  at  the 
sarfoce. 


mzed  By  Google 


CHAPTEB  XXXII. 

LAPLACE'S  SECOND   METHOD   OF  TREATING 
LEGENDRE'S  PROBLEM. 

1254.  B'Alehbert  attempted  to  demonstrate  that  among 
figures  of  revolution  an  oHatum  is  the  only  form  of  relative 
equilibrium  for  homogeneDus  fluid  rotating  with  uniform  angular 
velocity ;  but  his  process  ia  a  fulure,  as  we  have  seen  in  Art.  576. 
Lnplace  contributed  a  little  to  the  investigation  in  his  two 
earliest  memoirs,  but  Legendre  was  the  first  who  discussed  the 
problem  with  tolerable  success ;  and  I  have  therefore  called  it  by 
his  name :  see  Arts.  744  and  763.  Laplace  subsequently  gave 
two  demon stmtions,  without  assuming  that  the  fiuid.is  a  figure  of 
equilibrium,  but  only  that  it  ia  nearly  spherical ;  one  of  these  de- 
monstrations depends  on  the  expansion  of  the  radius  vector  in  a 
series  of  Laplace's  functions,  while  the  other  does  not  employ  any 
expansion.  The  demonstrations  date  from  1782,  and  are  repro- 
duced in  the  fourth  Chapter  of  the  Third  Book  of  the  Micanique 
Celeste. 

1255.  The  second  demonstration  remained  for  more  than 
fifty  years  unchallenged.  At  last  it  was  shewn  to  be  unsatis- 
factory by  Liouville  in  a  note  published  in  his  Joumai  de  MatAS- 
mattques.  Vol.  ii.  1837-  The  note  is  entitled  Sur  un  passage  de 
la  Metxmiqtie  celeste,  relatif  d  la  Thiorie  de  la  Figure  des 
I'lanitea.  The  note  occupies  pages  206.. .219  of  the  volume. 
We  shall  devote  the  present  Chapter  to  the  matter. 

1256.  After  completing  his  first  demonstration  Laplace  pro- 
ceeds thus  in  his  §  26 : 

L'analjse  pr^c^Snte  nous  a  conduits  k  la  figure  d'une  masse  fluide 
faomc^ac  en  £quilibre,  sans  employer  d'autrcs  hypothtees  quo  ccUe  d'une 
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figure  trSs-pea  diffgrente  de  la  sphSre :  elle  fkit  voir  que  la  figure  elliit- 
tiqne  qui,  par  le  CbBpitre  prSc^ent,  aatufait  it  cet  6qui]ibre,  est  In  aeule 
alors  qui  lui  convietiue.  Mais  comme  la  r^uction  da  rayon  da  Bpb€- 
roide,  dans  une  sfirie  de  la  forme  a  (1  +ar,->-aF, -f- ...),  peut  i&ire  naltxe 
quelques  difficult^,  aouH  aUons  d£montrer  directement  et  iiid^pendanimeiit 
de  cette  rgduction,  que  la  figure  elliptique  est  la  seule  figure  d'^uilibre 
d'ane  maase  fluide  homogSne,  dou£e  d'un  mouTement  de  rotation ;  ce 
qui,  en  confirmant  les  r&ultata  de  I'analyse  pr6c£dente,  serrira  en  mSme 
temps,  i  diasiper  lea  doutes  que  Ton  pourroit  clever  contre  la  gte^ratitS  de 
oette  analytie. 

1257.  We  have  now  to  explain  Laplace's  process,  and  also 
the  objection  to  which  it  is  exposed.  Let  a  be  the  radius  of 
a  sphere  nearly  coinciding  with  the  spheroid.  Let  the  radius 
vector  of  the  spheroid  be  denoted  by  a  (1  +  aT"),  where  a  is  very 
small,  and  Y'  is  a  function  of  the  iisual  angular  coordinates  f* 
and  «■'.  Let  Y  be  the  corresponding  value  of  Y*  when  we  put 
ft  and  «r  for  /t  and  «r'  respectively. 

Let  V  denote  the  potential  at  the  point  (ji,  s)  on  the  surface 
of  the  spheroid.  Then  we  know  that  to  the  order  of  the  first 
power  of  a 

where  r  stands  for  a  (1  +  aY),  and  X  for  the  cosine  of  the  angle 
between  the  radius  vector  to  {/*,  v)  and  the  radius  vector  to 
(jt.  «r') :  see  Art.  852. 

Now  Laplace  in  fact  transforms  the  second  term  in  the  above 
value  of  V,  by  changing  the  variables;  and  thus  arrives  sub- 
stantially at  the  result 

/:.r^g=/r--*^' <^'- 

This  result  constitutes  a  large  part  of  Laplace's  process ;  we 
shall  now  examine  it,  though  not  quite  in  Laplace's  way.  He  is 
very  brief,  and  introduces  his  usual  phrases,  il  eat  facile  de  voir 
and  on  irouvcra  facilemmt.     The  connection  between  the  old 
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variables  and  the  new  variablea  will  be  mode  nuuiifest  in  the 
progress  of  our  investigation, 

1258.  In  the  double  integral  which  we  propose  to  transform 
we  shall  suppose  that  /i'  and  «r'  are  the  polar  coordinates  of  a 
point  on  the  surface  of  a  sphere  of  radius  unity. 

Let  0  he  the  centre  of  the  sphere,  OP  the  fiied  radius  from 
which  0  and  ^  are  measured,  where  aa  usual  fi,  =  C0B6,  and 
fi!  =  COS  ff. 


Let  ^  be  the  point  (^  v).  so  that  POA  =  0. 
Take  A  as  the  origin  of  a  new  set  of  coordinates ;   let  ^  0  he 
the  axis  of  x,  AY  the  tangent  to  AP  the  axis  of  y,  and  AZ  which 
is  perpendicular  to  the  plane  of  the  paper  the  axis  of  g.    Then 
the  equation  to  the  surface  of  the  sphere  will  be 

2a;  =  a^  +  y*  +  ^  (3). 

Transform  to  polar  coordinates  by  the  usual  relations 

t  =  p  co8p,      x^p  anp  eoaq,      y  => p  sin  j)  sin {• 

Then  from  (3)  we  obtain  for  the  radtuB  vector  p  the  value 

p  s  2  sin  p  COB  q. 
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Now  we  know  by  the  Int^ral  Calculus  that  the  polar  expres- 
!<ioa  for  an  element  of  a  sur&ce  ia 

Ill  the  present  case  this  becomes  2p  sAnp  dp  dq. 

And  we  know  that  \/(^  ~  ^)  expresses  the  same  thiug  as  p, 
that  is  the  distance  between  (ft,  «r)  and  (ja,  «*),  that  is  the 
distance  between  the  new  origin  and  (p,  p,  q). 

Hence,  finally,  jj  ^|^'  transforms  to  jj^k^^P^^ , 
that  is  to  2JjTaapdpdq. 

And  from  the  diagram  we  see  that  the  limits  of  the  iat^^ra- 
tions  are  —  x  x  and  =  t  for  ;,  and  0  and  tt  for  p. 

1259.  We  have  now  to  connect  the  old  Tariables  with 
the  new. 

Let  B  denote  the  point  (jt',  v')  on  the  surface  of  the  sphere, 
that  is  the  point  {p,  p,  q).  Let  M  be  the  projection  of  B  on  the 
plane  of  (y,  e),  and  N  the  projection  of  Mon  the  axis  of  y.-  The 
straight  lines  AB  and  OB  may  be  supposed  to  be  drawn. 

We  shall  project  AB  on  OP  in  two  ways,  and  equate  the 
results. 

First  consider  AB  as  made  up  of  the  components  A  0  and 
OB.     Thus  we  get  as  the  projection 


Next  consider  AB  as  made  up  of  the  components  AN,  NM, 
and  MB.     Thus  we  get  as  the  projection 

y  sin  ^  —  a:  cos  A 
Therefore  cos  ff  —tiosB  ^y  taQ$  —  xctx6, 

so  that  coBff  =  {l~x)  co66-^yam$. 
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Put  for  X  and  y  their  values  in  tenoB  of  p  and  5 ;  hence 
we  get 

fi  •=  fi  co^p  — Bin' p  cos  {2q  +  ff) (4). 

Agun  v'  —  v  is  the  angle  between  the  planes  POA  and 
FOB.  Hence  the  perpendicular  from  B  on  the  plane  POA  is 
sin  ff  sin  (w'  —  or) ;  and  this  perpendicular  is  equal  to  MN, 
so  that 

sin  ff  sin  («'  —  «■)  =  /, 

that  is  anff  sin  {or'  —  %t)  =  2  sinp  cos;>  cos; (o). 

The  equations  (4)  and  (5)  axe  theoretically  sufficient  to  con- 
nect the  old  variables  with  the  new ;  but  another  equation  will 
also  be  useful  in  some  cases,  namely, 

sin  ^  cos  (w'  —  w)  =  sin  fl  —  y  cos  5  —  a:  sin  0. 

This  may  be  obtained  thus :  suppose  B  projected  on  the  plane 
POA,  let  L  denote  the  projection;  so  that  X  is  in  fact  the  point 
(a;,  y,  0).  Then  the  equation  just  written  may  be  obtained  by 
two  ways  of  projecting  OL  on  a  straight  line  at  right  angles  to 
OP;  in  one  way  OL  is  projected  immediately,  and  in  the  other 
way  it  is  made  up  of  the  components  OA,  AN,  and  NL. 

The  equation  becomes  by  putting  for  x  and  y  their  values 
sin  d*  cos  (w'  — w)  =  Bin  0  —  2  ain'p  cosj  sin  (s  +  ff) (6). 

The  equation  (6)  is  not  independent  of  (4)  and  (5) ;  it  wUl  be 
found  that  if  we  square  and  add  (5}  and  (6)  so  as  to  eliminate 
v  —V  we  obttun  a  result  which  is  equivalent  to  (4). 

1260.  Laplace  himself  does  not  give  equation  (5)  nor  equation 
(6) ;  because  he  does  not  require  them.  He  begins  by  assuming 
that  the  figure  of  the  solid  required  is  to  be  one  of  revolution ;  and 
afterwards  gives  a  supplementary  investigation  for  the  case  in 
which  the  figure  is  not  assumed  to  be  one  of  revolution.  Thus  in 
this  part  of  his  process  Y'  is  a  function  of  /i  only ;  but  it  is 
convenient  for  us  here  to  take  the  most  general  supposition, 
namely,  that   F*  is  a  function  of  v'  as  well  as  /i'. 

1261.  In  (4)  put  2j+fl  =  2';  thus 

t*  = /*  cos^  —  sin^  cos  j' (7), 
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Hence  from  the  result  (tf  Art  12S8,  we  have 

/■r7^'=/.7:::/-^*^'- <«)• 

Tliua  it  will  be  seen  that  (8)  does  not  quite  agree  with  (2) 
because  the  limita  of  /  are  not  the  same  in  the  two  fommhe. 

If  with  lApIace  we  assume  that  y  is  a  function  of  /*'  only, 
then  by  Bubetituting  for  ft  by  (7)  we  make  F'  a  function  of  p  and 
of  ^  such  that  q  enters  through  cos  q.  In  this  case  by  the  first 
principles  of  the  Integral  Calculus  the  limita  for  ^  may  be  any 
that  just  comprise  the  range  Stt,  and  so  we  may  take  them  to  be 
0  and  Stt.  Hence  if  y  is  a  function  of  /«'  only  the  formula  (2)  is 
established. 

But  when  F'  is  a  function  of  «r'  as  well  as  of  fi  it  does  not 
seem  to  me  that  this  passage  from  (8)  to  (2)  can  be  always  effected. 
In  this  case  we  must  express  «'  in  terms  of  the  new  Tariables  by 
(5)  and  (6).  ■  Hence  we  get  by  divisioa 

,-     ,^t,m->[  2sinpcoepcoBg  1 

{sin  0  —  2  sin'p  cos  qwa  (;  +  0)1 ' 

Thus  when  we  put  f"!-  — a  •  v«  shall  introduce  sin^  and 

ooe  ^  ;  and  we  cannot  assert  that  the  limits  of  the  initiation  with 

respect  to  ;'  can  be  changed  from  —  w  +  0  and  ir  +  0  to  0  and  %tr. 

Although  the  truth  of  (2)  is  asserted  by  LiouviUe  and  admitted 
by  Poisson,  even  in  the  case  in  which  F'  is  a  function  of  «'  as 
well  as  /i',  yet  for  the  reason  just  given  the  result  seems  to  me 
inadmis»ble.  See  pages  212  and  312  of  the  volume  cited  m 
Art.  1235. 

1 262.  Admitting  then  the  truth  of  (2)  on  Laplace's  supposition, 
let  us  see  how  he  applies  it. 

Let  K  denote  the  centrifugal  force  at  the  distance  onit^  from 
the  axis.    Then  for  relative  equilibrium  we  must  have 
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But  from  (1)  and  (2)  we  have 

V='^(l-a7)  +  a'aj'  TY'^pdpds' (9). 

Hence,  dividing  by  a',  ve  get 

^,7-aj'jy'mLpdpd,'-^(,l-A  =  0 (10), 

where  C  ifi  a  constant. 

Differentiate  (10)  three  times  with  respect  to  /a,  and  observe 
that  by  (7)  we  have  -^  =  cos'^.    Thus 


that  is 


^cPY     f  ["d'Y'  .  .  J  J  -     « 


Laplace  then  says : 

Cette  Equation  doit  avmr  lien,  qud  que  soit  ft;  or  il  eet  dair  qae 
paitoi  tontes  les  valeun  comprises  depuis /t  =  —  1,  jnsqu'^  ^=1|  il  en 
eziste  une  qae  nons  d^aigoeronB  par  h,  et  qvil  est  telle,  qu'abetraction 

faite  da  signe,  ancnne  des  valeurs  de  ~=-g-  ne  surpassera  paa  celle  qui    - 

est  relative  il  A ;  en,  d£si£iiant  done  par  ff,  cette  demi^  valeur,  on 


i:cc. 


— -^-Tij  NnpootL'pdpdj'  =  0, 


La  quantity  ^  '-  —  -j-^. 


tlicteai'BhipQOifp  est  constamment  poeitif  dana  toute  I'^tMidne  de  I'int^- 
grale ;  les  d£mens  de  cette  int^rale  sont  done  tons  du  mgme  signe  qae  ff; 
d'oil  il  suit  qae  I'mt^grale  enti^  ne  peut  Stre  nolle,  it  moins  qae  If  ne  le 

Boit  lui-mSme,  ce  qai  exige  que  I'on  ait  g^n^ralement,  0  =  r-r-r,  i'oH.  Ton 

tire  en  integrant, 

^  ffi,  f),  etant  des  oonatuites  arbitraires. 
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1263.     This  reasooing,  says  Liouvillfl,  is  specions  and  might 
at  the  first  glance  deceive  usj  but  on  reflectiDg  ire  see  that  it 

ceases  to  be  applicable  if  the  maximum  of  the  function  ->- ,-  could 

be  infinite;  and  this  would  be  the  case  if  for  example  Y={l—f^)' 


In  order  to  manifest  the  unsoundness  of  the  principle  on 
which  this  reasoning  rests,  Liouville  takes  a  very  simple  example. 
Suppose  it  required  to  find  a  function  <j>(x)  which  satisfies  the 
equation 


£*Mi«-^*(«) (11), 


a;  being  an  independent  variable. 

Differentiate  three  times  with  respect  to  x ;  thus 

or,  which  is  the  same  thing, 


1?^ 


Now  if  we  apply  to  this  equation  and  the  function  0(z)  the 
reasoning  of  Laplace,  without  changing  a  word,  we  shall  arrive  as 
before  at  the  result  ^'"{x)  =  0.  But  this  is  absurd,  for  the  value 
of  0(ar)  which  satisfies  (11)  is  obviously  of  the  form  ^{x)^Ax*, 
where  j1  is  an  arbitrary  constant. 

Similarly  by  putting  the  equation 

j\{ax)da~2<f>{x) (12) 

in  the  form 

r{mx)-<l>{ax)}di  =  0. 

we  might  conclude  by  Laplace's  reasoning  that  tf)(x)  =  0.     But  it 
is  obvious  that  (12)  is  satbfied  by  the  more  general  value 
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Thus  in  order  that  Laplace's  demonatration  should  beBufficient 

it  would  be  necessary  to  shew  that  -j-^  is  alwaTS  finite.    But 

this  would  amount  to  imposing  additional  restriction  on  tb'e 
value  of  Y,  when  the  only  restriction  that  ought  to  be  used  is 
that  y  is  to  be  always  finite.  Therefore  some  method  must  be 
employed  vety  dififerent  from  Laplace's. 

1264l  Accordingly  Liouville  gives  another  demonstration ; 
it  is  nther  long,  but  interesting  and  satisfactory. 

He  restricts  himself  to  the  case  in  whicli  the  figure  is  assumed 
to  be  one  of  revolution ;  for  the  remainder  of  the  problem  he  refers 
to  the  supplementary  investigation  which,  as  I  have  stated  in 
Art.  1260,  Laplace  himself  gave. 

As  I  have  stated  in  Art.  1261,  Liouville  asserts  the  universal 
truth  of  (2);  yet  he.confines  himself,  as  Laplace  did,  to  the  case 
in  which  f  is  a  function  of  ft!  only ;  and  thus  his  process  is  not 
aGFected  by  my  objection  to  the  universal  truth  of  (2). 

The  process  used  by  Liouville  does  not  admit  of  ajiy  con- 
venient abbreviation ;  and  I  must  therefore  leave  the  student  to 
consult  the  original  paper. 

1265.  I  now  pass  to  a  paper  by  Poisson,  which  is  entitled 
Note  relative,  d  u»  passage  de  la  M^anique  celeste;  it  is  given  in 
Liouville's  Journal  de  Maik^matiquea,  Vol.  II.  1837,  pages  312. .  .316. 
I  shall  translate  this  paper,  for  the  investigation  which  it  contains 
is  so  brief  and  simple,  tbat  it  ought  to  form  part  of  any  standard 
treatise  on  the  subject. 

In  the  translation,  I  shall  continue  the  numbering  of  the 
equations  wlu<^  has  been  already  used  in  the  Chapter. 

1266.  In  the  twenty-sixth  section  of  the  Third  Book  [of  the 
MScanique  Celeste]  the  author  proposes  to  demonstrate,  without 
recourse  to  the  reduction  into  a  series,  that  a  homogeneous  fluid 
turning  uniformly  round  a  fixed  axis  has  only  a  single  figure  of 
equilibrium  which  differs  very  little  from  a  sphere.  The  objection 
which  M.  Liouville  has  urged  against  the  generality  of  this  demon- 
stration is  xeal ;  see  the  number  of  this  Journal  for  the  month  of 
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June  last :  but  the  demonBtration  which  he  has  substitutod  for  that    , 
of  the  M^eamque  C^UaU  is  very  complicated,  and  we  may  arrive 
more  simply  at  the  result  by  the  foUowing  considerations  which 
differ  less  from  those  which  Laplace  used. 

I  retain  without  stat'mg  it  here,  all  the  notation  of  the  memoir 
of  M.  Liouville,  and  the  equation  (10)  cited  at  the  beginning  of 
the  second  article,  that  is 

The  radius  vector  r  of  any  point  of  the  surface  is  repre- 
sented by 

r  =  a{l+aY). 

The  unknown  quantity  T  may  be  any  function  of  the  two 
variables  denoted  by  ft  and  0,  provided  it  is  always  finite.  We 
do  not  assume  tiiat  the  sur&ce  is  one  of  revolution,  or  that  Y 
is  independent  of  the  angle  w ;  nor  do  we  assume  that  the  fluid 
has  its  centre  of  gravity  on  the  axis  of  rotaUon :  we  assume  only 
that  the  figure  differs  very  little  from  a  sphere  which  would  have 
its  centre  on  this  axis.  The  constant  a  may  differ  from  the 
radius  of  the  sphere  equivalent  in  volume  to  the  fluid,  provided 
that  the  difference  is  of  the  order  of  amallncBs  of  a,  the  same  as  tbat 
of  K,  and  the  square  of  which  we  neglect 

The  rigorous  condition  of  equilibrium  consists  in  this,  that  the 
sura  of  the  elements  of  the  fluid  divided  by  their  respective 
distances  from  any  point  of  the  surface,  together  with  the  quantity 

^  a'«c  (1  —  /i*),  which  arises  from  the  centrifi^al  force  at  the  point, 

should  be  constant  The  part  of  this  constant  relative  to  the 
sphere  of  radius  a  and  independent  of  the  centrifugal  force,  is 

equal  to  — Q— ;  the  part  relative  to  this  force  and  to  the  non- 
sphericity  of  the  fluid  is  ~o'C,  where  C  is  the  constant  of  the 
preceding  equation.  If  we  denote  by  7  its  complete  value 
we  have 

inra'        ,„ 
7  =  — K a  C. 
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Now  for  each  possible  figure  of  equilibrium  tbia  constant  7  is 
evidently  a  determinate  quantity,  wbich  cannot  depend  on  tbe 
radius  that  we  take  for  a,  that  is  to  say,  on  the  difference  between 
this  radius  and  that  of  the  sphere  which  is  equivalent  to  the 
g^ven  volume  of  the  fluid.  The  constant  C  then  is  indeterminate 
like  this  difference ;  so  that  for  any  value  we  may  take  for  a,  the 
preceding  equation  will  determine  the  corresponding  value  of  C ; 
and  conversely,  if  we  take  for  C  a  value  which  is  of  the  order  of 
smallness  of  a,  this  equation  will  determine  the  radius  a. 

Suppose  then 

Y=  tfi  +  mfj?  +  X, 
I  and  m  being  undetermined  constants,  and  X  a  new  unknown 
function  of  [i  and  w,  tbe  values  of  wbich  are  always  finite.     Let  c 
denote  the  greatest  of  these  values,  and  put 

then  the  unknown  quantity  Z  can  never  he  negative,  and  Uie 
expression  for  Y  will  become 

Y=  c  +  i/*  +  m/i*  —  Z. 
Substitute  this  in  the  equation  (10).    Let  ft  denote  what  ft 
becomes  in  Y,  then 

/i'  =  /t  cos'^  —  sin'p  COS  j'. 
Hence  we  shall  have 


\x 


ft  smpapdq  =  -«— > 


and  also  we  have 

I  j    Biap  dp  dj'  =  4w. 

The  result  of  the  substitution  then  will  be 

_     /Swii  1  \    ,      Wva  Stth 


4rjra 


Z+  a  j   j    Z  Binp  dp  d^', 
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where  ^  denotes  what  Zhecomes  in  y. 

Now  BiQce  the  constants  m  and  C  can  be  taken  arbitrarily, 
we  may  suppose  that 

~  -2* 


-m  +  . 


„         167ra         8ira        1  „„, 

O._^j-„__o-j. {13), 

which  reduces  the  preceding  equation  to 

I'Tz"  sin  p  dp  dj'  -  ^  ^=  0, 

which  may  be  written  in  this  form, 

/.7r(^'-5^)»°*'*'^=»- 

Kow  let  h  and  k  denote  the  values  of  ft  and  v,  which  corre- 
spond to  the  least  of  all  the  possible  values  of  Z;  and  denote  by 
L  the  least  value ;  for  ^  —  h,  and  w=h,  the  last  equation  will 


m- 


^'-^ijsinp(£pdj'  =  0 (14). 

But  it  is  evident  that  Z'  or  Z  being  by  hypothesis  a  positive 
quantity  or  zero,  the  difference  Z'~-sL  is  also  positive  or  zero. 
Then  as  all  the  elements  of  the  double  integral  have  the  same 
sign  the  double  integral  cannot  be  zero  unless  the  factor  Z'  ~  ^  L 
is  zero ;  and  this  condition  cannot  be  satisfied  unless  Z'  or  Z  is 
constantly  zero. 

From  the  preceding  equations  we  obtain 
15k 
"^     IQira ' 

^^J'^ 3_^ 

16Tra      Sira 
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Substitute  the  vftlues  of  m  and  c  in  the  ezpreBsioD  fo^  Y,  Bup- 
pressing  the  term  Z;  and  put  this  expression  in  the  value  of  r : 
thus 


r-a|] 


1  +  - 


This  result  inTolveB  the  indeterminate  constMit  al,  vbich 
depends  on  the  origin  of  the  coordinates  on  the  axis  of  rot»tioD. 
We  may  make  it  disappear  by  a  convenient  displacement  of  this 
origin  on  this  straight  tine ;  or  if  we  please  ve  may  suppose  it 
zero,  and  mite 

We  can  also  without  difficulty  make  the  constants  a  and  C 
disappear  from  the  value  of  r.     In  fact  let 

^l-(^nfe) (-)= 

squares  an 
putting  for  brevity, 

we  sballhave  finally 


then  n^lecting  the  squares  and  the  product  of  «  and    C,  and 


-i  l+n   , 


.)}. 


It  IB  easy  to  see  from  this  expression  for  r  that  h  is  the  radius 
of  the  sphere  equivalent  in  volume  to  the  fluid,  and  so  is  given. 
Thus  there  is  nothing  unknown  or  indeterminate  iu  this  esprea- 
sion,  and  we  conclude  that  the  fluid  has  only  one  possible  figure  of 
relative  equilibrium  which  differs  but  little  from  a  sphere :  which 
was  to  be  proved. 

This  demonstration  is  more  simple  than  that  which  is  based 
on  the  reduction  of  r  to  a  series  of  a  certain  form,  and  which 
supposes  the  properties  of  the  terms  of  this  development  to  be 
known,  as  well  as  the  generality  of  this  form  of  series  which  had 
been  contested,  but  which  I  have  placed  beyond  question  in  my 
memoir  on  the  Attraction  of  Spheroida  in  the  Additiont  d  ta 
Connaisaance  des  Terns,  1829. 
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If  we  put 

in  the  ezpres^on  o  (1  +  aK)  for  r,  which  makes  it  coiocide  with 
the  final  expreseion  for  the  radius  vector ;  and  denote  by  B  the 
value  of  the  constant  C,  which  corresponds  to  these  values  of  a 
and  of  aY;  and  have  r^ard  to  what  n  represents,  we  shall  find 
without  difficulty  that  the  equation  (10)  reduces  to 

B.-\.    ■ 

We  sliall  bave  at  the  same  time 

As  we  have  said  above,  this  quantity  >y  ought  to  be  the  same 
whatever  radius,  difiering  little  from  b,  we  take  for  a ;  thus  we 
must  have 

This  result  coincides  in  ittcA  with  equation  (15),  neglecting 
always  the  squares  and  the  product  of  k  and  G. 

1267.  Such  is  Poisson's  treatment  of  the  problem:  I  shall 
make  two  remarks  on  it. 

In  the  first  place  it  will  be  seen  that  Poisson  assumes  the 
truth  of  equation  (2),  which  I  do  not  allow.  But  on  examination 
it  will  be  found  that  equation  (8),  which  has  been  strictly  demon- 
strated, will  be  sufficient  feu-  his  purpose;  so  that  no  objection 
can  be  taken  on  tliis  ground  to  the  demonstration. 

Secondly,  the  quantity  which  Poisson  designates  ^yj  L  a 
simply  zero ;  for  he  assumes  c  to  be  the  greatest  value  of  X, 
and  80  when  X  is  equal  to  e,  the  value  <A  Z\»  least,  namely  zero. 

1268.  I  venture  to  propose  the  following  demonstration, 
which  though  less  decisive  than  Poisson's  may  be  found  worthy  of 
study. 

Let  us  restrict  ourselves  to  the  case  of  figures  of  revolution. 
Then  take  the  equation  which  has  been  already  established, 

-s~  Y—ol\   j     I" sin^rfjjdg'  — 5(1—/**) "Constant, 
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Assume  I^'-fSSr. 

thus  ve  obtain 
4iri 


Z-aj  j  Z" Bin p dp d^'^covsbani (16). 

Differentiate  with  respect  to  /i ;  thus 

WdZ     CS-dZ'     ,     .       ,    .,     „ 


iX 


wliich  may  he  written 

'I'-fdZ    dZ\      ,     .        ,    ,  ,     „ 

(s^-s/J"'^™'"*"''"''- 

a  3—  io  B  wuninuu    For  if  -,—  be 
an  dfi 

not  constant  take  6  so  that  -j-  has  its  greatest  value,  tfaen 

-J -p;  is  never  negative;  and  the  definite  double  integral 

must  have  some  positive  value,  and  not  be  zero.    Hence  -r-  must 

a/i 

be  a  constant ;  so  that  Z=  Ift  +  h,  where  I  and  h  are  canstant 

This  shews  that  for  surfaces  of  revolution  the  figure  must  be 
that  of  an  oblatum,  which  becomes  a  sphere  if  «  =  0. 

Then  by  Laplace's  supplementary  investigation  the  solution  of 
the  problem  may  be  extended  to  the  case  in  which  the  figure  is 
not  assumed  to  be  one  of  revolution. 

It  may  be  objected  to  the  above  process  that  it  is  not  quite 
-T-  uiiguv  inj  iiiuixiuD.     It  would  I  think  be  a 
to  say  that  if  -5—  can  be  infinite  then  -j- 

will  be  infinite ;  and  there  would  be  a  singular  line  on  the 
surface  of  the  nature  of  a  ridge  or  chasm,  or  a  mountain  or  valley 
with  vertical  sides ;  but  it  might  be  shewn  by  general  reasoning 
,  that  in  such  cases  there  would  not  be  relative  equilibrium.  More- 
over the  approjcimate  value  of  V  which  we  have  used  throu^out 
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cannot  be  held  to  be  aafely  establislied  unless  we  admit  that 
-J-  is  never  infinite. 

1269.    But  it  may  I  think  be  shevn  that  a  value  of  ^  (ft) 
which  itself  always  remains  finite,  hut  allows  — -,  ■  -  to  he  infi- 
nite, cannot  satisfy  the  equation 
-5-  <^(/t)  =  I     I   <f>{ftcoa*p  —  sm*p  cos  j)  Bnpdqdp+  0...{17), 

where  C  is  a  finite  constant.     This  equation  is  equivalent  to  (16). 
Let  /t,  and  /j^  be  particular  values  of  ft ;    put  u  for 

and  V  for 

«f>(/if  co3*p-  sin'p  cosg)  —  ^(m.  cos'p  — sin'p  cosg) 
/*■-/*.  ' 

then  we  deduce  irom  (17) 

apdjdp (18), 

and  this  is  true  however  small  /i,  —  /i,  may  be. 

Now  I  say  that  if  -^1—  could  be  infinite,  we  could  make  the 
dft, 

left-hand  member  of  (18)  incomparably  greater  than  the  right-hand 

member ;  which  is  absurd. 

For  suppose  ft^  to   denote  the  value  of  ft  for  which  ^~'- 

becomes  infinite;  then  we  can  make  u  as  lai^  as  we  please, 
by  taking  fi^  —  ft^  small  enough.  But  v  will  he  very  large  indeed 
only  over  a  very  small  part  of  the  range  of  int^ration ;  in  fact 
an  infinitesimal  part.  However  let  tr  denote  a  small  but  finite 
part  of  the  whole  spherical  surface,  over  which  the  integration 
with  respect  to  v  may  be  supposed  to  extend,  namely,  that  part 
within  which  the  very  large  values  of  v  occur.  Then  v  will  he 
numerically  less  than  u,  except  p  should  happen  to  be  zero. 
Thus  the  corresponding  part  of  the  right-hand  member  of  (18) 
may  be  denoted  by  Xiw,  where  \  denotes  some  proper  firaction. 


=/:/>' 
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The  rest  of  (18)  ma;  be  denoted  by  {W  ~  tr)  v>,  wbere  v>  denotes 
some  value  of  v  intermediate  between  the  greatest  and  least  of 
a  set  of  values  whieli  are  all  finite. 
Thus  instead  of  (18)  we  have 

(19). 

We  can  of  course  take  o-  fu"  less  than  -^ ;   and  then  as  u 

increases  indefinitely,  the  left-hand  member  of  (19)  is  obviously  far 
greater  than  the  right-hand. 

The  same  reaS(Hii»g  holds  if  we  suppose  that  — -j —  can  be- 
come infinite,  twice,  or  thnce,  or  any  finite  number  of  times. 

The  argument  may  be  much  strengthened  by  observing  that 
V  when  veiy  large  is  not  always  of  the  same  sign ;  it  may  be  said 
roughly  to  be  as  often  positive  as  n^ative.  This  attenvatea  ex- 
tremely the  values  of  X  in  (19).  * 

1270,  We  may  now  CMiveniently  introduce  Laplace's  supple- 
mentary investigation  to  which  we  have  alluded  in  Art  1260. 
We  have  already  arrived  at  the  following  result :  if  a  fluid  mass 
in  the  form  (^  a  figure  of  revolution,  nearly  spherical,  rotating 
with  uniform  angular  velocity  is  in  relative  equilibrium,  the  form 
must  be  that  of  an  oblatum ;  and  if  there  is  no  rotation  the  obla- 
tum  reduces  to  a  sphere.  The  result  is  then  to  be  extended  to 
the  case  where  the  figure  is  not  assumed  to  be  one  of  revolution. 

1271.  Ketum  to  equation  (10)  corrected  as  in  (8).  Suppose 
that  besides  the  value  a(l  +  aY')  which  belongs  to  an  oblatum, 
the  equation  may  be  satisfied  by  another  value  of  the  radiun 
vector  which  we  will  denote  by  a{l  +  aY'  +  av),  where  v'  is  some 
function  of  ff  and  v.    Thus 

^naY       ['{'+*  ^,   .        ,    ,  ,      „  _,     , 

■ — a a  I  I        I   Binp  op  oj —iv  =  constant, 

where  N  is  the  expression  arising,  as  in  Art.  1262,  from  the  cen- 
.trifugal  forc^  or  other  small  given  external  forces. 
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Also 

~{Y+v)-an'*'  ir  +  v')Bmpdpd4/-N=ooaBtsait. 
Hence,  by  subtractioD, 

Binpdpdq'—  constant (30). 


-u: 


Laplace  himself  does  not  state  what  the  limits  of  the  iotegni- 
tion  for  j'  are ;  I  give  tbem  in  accordance  vith  my  reinaiks  in 
Art.  1261. 

The  equation  (20)  ts  obviously  that  of  a  homogencoua  epheroid 
in  equilibrium,  of  which  the  radius  vector  is  a  (1  +  av),  and  in 
which  there  is  no  force  acting  besides  the  attractions  of  the  mole- 
cules. Now  as  the  equation  is  satisfied  whatever  be  the  value 
of  BT  by  the  radius  vector  o  (1  +  as),  we  may  in  this  radius  vector 
chat^  V  succesmvely  into  vr  +  dv,  vr  +  ida,  ...  Denote  by 
V,,  v^,  ...  what  V  becomes  by  reason  of  these  successive  changes. 
Then  the  equation  will  also  be  satisfied  by  the  radius  vector 
a  [1  +  av^da  +  ae^dw  +  av^dvr  +  ...]. 

Hence  we  may  take  for  the  radius  vector  a  (1+af    vdet), 

which  will  be  the  radius  vector  of  a  surface  of  revolution.  Now 
as  we  have  shewn  in  Art.  1268,  this  must  be  the  sur&ce  of  a  sphere. 
Let  us  see  what  v  must  consequently  ]te. 

Let  a  be  the  shortest  distance  of  the  centre  of  gravity  of  the 
spheroid  of  which  the  radius  vector  ia  a  (I  +  av)  &om  the  surface ; 
and  let  us  place  the  pole,  that  is  the  origin  of  the  angle  8,  at  tho 
extremity  of  the  shortest  distance.  Then  v  will  be  zero  at.tfae 
pole,  and  positive  at  every  other  place ;  and  the  same  will  be  true 

for  I     vdvr.    Now  as  the  centre  of  gravity  of  the  spheroid  which 

Jo 
has  the  radius  vector  a  (1  +  av)  is  at  the  centre  of  the  sphere  of 
radius  a,  bo  also  is  the  centre  of  gravity  of  the  spheroid  of  which 

ihe  radius  vector  is  o  (1  +  a  i     wfo).    Tho  radii  vectores  drawn 

from  the  centre  to  the  surface  of  the  last  spheroid  are  therefore 
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unequal  if  d  is  not  zero ;  and  so  the  surface  cannot  be  that  of  a 
sphere,  unless  v  is  zero.  Hence  we  are  cei-tain  that  a  homo- 
geneous fluid  which  is  acted  on  by  very  small  external  forces, 
and  is  nearly  spherical,  can  be  in  equilibrium  in  only  one  way, 

I  may  observe  that  there  is  an  awkward  note  on  Bowditch's 
page  275,  numbered  1183.     To  make  his  process  sound,  instead 

of  o(l  +  a|    erfsr)  for  the  radius  he  should  useafl  +  5—1    vdv). 

1272.  Another  paper  on  the  subject  is  given  in  the  fourth 
volume  of  the  Journal  de  Mathimaiiquee  1839.  This  is  entitled 
EaArait  dune  Lettre  de  M.  Wajdzei  d,  M.  LiouvilU;  it  occupies 
pages  185. ..188  of  the  volume. 

The  paper  commences  thus : 

Je  me  snis  oocopfi  de  noaveau  de  la  question  d' Analyse  qui  a  pour 
but  de  d^teruiiDer  la  figare  d'£quilibre  d'une  masse  fluide  Bonmise  aux 
attractions  de  wee  particules  et  aniiu£e  d'une  vitesse  constante  de  rotation, 
lorsqu'on  supptMe  cette  figure  pea  difffrente  de  la  sphere.  Je  ertaa 
avoir  levS  I'objection  que  toos  avez  faite  ^  la  secoude  m^thode  de  Laplace 
dana  le  tome  11.  da  Journal  de  Maihemaliqttea  (juin  1837),  ou  plutfib 
avoir  rendu  oette  m^ode  ligonrenae  par  une  l£g^  modification. 

Wantzel's  paper  is  not  very  clear,  and  it  does  not  seem  to  me 
satisfactory.  He  introduces  into  some  of  the  expressions  a  variable 
factor  whicli  is  ultimately  equal  to  unity ;  hut  the  step  seems  to 
me  not  justified.  The  paper  is  not  of  su£Gcient  interest  to  warrant 
me  in  devoting  more  space  to  it. 

1273.  It  may  be  useful  to  give  the  process  by  which  equa- 
tion (8)  can  be  obtained  from  the  ordinary  formulas  for  the  trans- 
formation of  double  integrals. 

Take  the  two  equations 

fi  —II  cos'p  +  sin*j)  cos  (2y  +  ^  =  0, 
^(1  —  /»")  sin  (w'  —  w)  —  2  sin  p  cosp  cos  j  =  0 ; 
denote  the  former  by  ^  b  0,  and  the  latter  by  .f^  b  0. 
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Then  ve  know  that  the  transformations  consist  in  replacing 
d/4.' da'  by 

dft,'  dsr'      dtr'  dfi 
Now  -T->  =  sin  2p  {cos  (2^  +  ^  +  /*}, 

dK      ■    o     - 
-^=8in2pBmj, 

^.-2sinV8iB(2j  +  0). 

-r'  =  —  2  COS  2p  cos  J ; 

ther^ore  -f-^  -j-*  —  -j-^  -j- 

ap    aq      aq   dp 

-  BiD*'2p  sin  J  {cos  (2j  +  ff)  +  ^}  -  4  ain'p  coa  2p  cos  j  sin  (2^  +  $). 
In  this,  the  term  involving  cos  $ 

—  i  ain*p  {(1  +  cos  2q)  sin  g  eoa'p  —  coa  2p  cos  j  sin  2j]  cos  ^ 

=  8  eiji'p  coa*  j  ain  q  {coa'p  —  cos  2y)  cos  d 

=  8  sin'^  cos*  q  ain  j  cos  0 

=  2/)*  8in*p  sin  q  cos  A 
The  term  involving  wn  5' 

as  —  4  sin*;?  {cos*^  sin  ^  sin  2 j'  4-  cos  2p  cos  j  cos  2q]  ain  d 

=  — 4an*p{coa'pcos  J-  sin*^cos2cos  2q]am0 

=  —  4  ain*^  cos  ;  sin  0  +  8  sin*^  cos*  j  sin  0 

B  _  2/>  sinp  sin  0  +  2/>*  siu*^  coa  ;  sin  0. 
Thus 

=  -2p  ainp  sin  ff  cos  (w'  -  «r)  by  equation  (6). 
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.  ,    dF.  iF,     iF.  dF,      „,   ^   ,  ,   , 
"^       di/d^-SiPd^'-''-^-''^''''-'-'^- 

Hence  dft  da'  transfonns  to 

—  2p  sin  p  sin  ^  cos  («■'  —  a)  ,    , 

tbat  is  to  —  2^  Biiijt)  dp  dq. 

And  as  V(2  -  2\)  =/i  it  follows  that 

du  (?«■'     .        ,  ,    —  2p  sin  p  dp  rfo 

-rrf — s-T-  transformB  to  — ^ — *-  r-^  ^ 

that  ifito     '  —ismp  dpd^. 


mzed  By  Google 


CHAPTER  XXXIII. 

LAPLACE'S  MEMOIRS. 


1274.  Laplace  published  various  memoirs  duriog  the  first 
quarter  of  the  present  century.  We  shall  here  give  a  brief 
notice  of  them,  reserving  a  fuller  account  for  the  next  Chapter, 
which  will  be  devoted  to  the  fifth  volume  of  the  M^eanique  C4leete, 
where  moat  of  the  investigations  are  reproduced. 

1275.  A  paper  entitled  Sur  ranneau  de  Satume  occuib  on 
pages  450.. .453  of  the  Connaisaance  des  Terns  for  1811,  which 
was  published  in  1809.  The  paper  occurs  also  on  pages  426.  ..428 
of  the  Nouveau  BvUetin...par  la  SocHtd  Philomatique,  Vol  1.1807. 

Laplace  adverts  to  the  results  which  he  bad  obtained  in  the 
third  Book  of  the  M4caniqm  Celeste  ae  to  Saturn's  ring.  He 
says  that  the  fact  of  the  rotation  of  the  ring  in  about  ten  hours 
and  a  half  had  been  suggested  by  himself  from  theory  and  con- 
firmed by  Herschel's  oleervatious.  But  some  observations  by 
Schroeter  seemed  to  throw  doubt  on  the  fact  of  the  rotation. 
Laplace  makes  some  remarks  with  a  view  of  ezpliuning  the  dis- 
crepancy ;  that  is,  he  accounts  for  Schroeter's  phenomena  without 
^ving  up  the  rotation. 

Laplace  gives  some  account  of  the  labours  of  astronomers  and 
mathematicians  on  Saturn's  ring  in  the  M^canique  Celeste,  Vol  T. 
pages  288... 291.    He  says  nothing  about  Schroeter  in  these  pages. 

1276.  A  paper  entitled  Sur  la  JRotatvm  de  la  Terre  occurs  on 
pages  53.. .60  of  the  Annaiea  de  Chimie...  Vol  tul,  published  in 
1818.  It  is  said  to  have  been  read  to  the  Academy  of  Sciences 
on  the  18th  of  Hay,  1818. 

T.  M.  A.     VOL.  II.  20 
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This  paper  constituted  the  preamble  to  a  memoir  with  the 
same  title  printed  in  the  Gonnatsaanee  des  Terns  for  1821 ;  it  is 
entirely  reproduced  there. 

1277.  A  paper  entitled  8ur  la  Figure  de  la  Terre,  d.  la  Loi 
de  la  pesantetir  d  sa  surface,  occurs  on  pages  313.. .318  of  the 
same  volume  of  the  Annales  de  Chimie...  It  is  said  to  hare  been 
read  to  the  Academy  of  Sciences  on  the  3rd  of  August,  1818. 

The  paper  is  also  printed  on  pages  122.. .125  of  the  BvUeHn... 
par  la  SocUti  Pkilomatique  for  1818.  This  seems  to  have  been 
the  preamble  to  the  memoir  which  we  shall  notice  in  Art,  1286, 
and  which  was  reproduced  in  the  second  Chapter  of  the  Eleventh 
Book  of  the  M^caniqae  Celeste.  The  preamble  is  not  however 
reproduced  with  the  memoir,  though  much  of  it  is  in  the 
pages  11..  .16  of  the  first  Chapter  of  the  Eleventh  Book  of  the 
Micaniqite  Celeste.  Still  there  are  some  remarks  in  this  paper 
which  do  not  reappear  in  the  JUieanique  Celeste.  For  instance, 
take  tho  following  sentence: 

Dans  le  nombre  infini  des  fignres  que  oomprend  I'expreBsion  aoa- 
Ijtiqoe  dM  sar&oes  de  la  mer  «t  du  Bphgroide  t«rreetre,  tm  pent  en 
choiair  ooe  qui  repr^Beiite  I'tilfvation  et  lea  contours  dee  contiiiena  et 
det  Oqs  :  ainsi,  ja  trouve  qu'un  petit  teme  du  troisi^me  ordre,  ajont^ 
i.  la  partie  elliptique  du  rayon  tenrestre,  bnffit  pour  rendre  confbrmfiment 
&  ce  que  I'obBervatioa  Bemble  indiqner,  la  mer  plus  profbnde  et  plua 
titendue  vera  le  pAle  austral  que  vers  le  pdle  bor&il,  et  m^lme  pour  laisaer 
ce  dernier  p61e  &  dicouvert. 

There  is  nothing  about  this  master  in  the  memoir. 

1278.  A  memoir  entitled  Sur  la  rotation  de  la  Terre  occurs 
on  pages  242.. .269  of  the  Connaisaajice  dea  Terns  for  1821,  which 
was  published  in  1819.  About  half  this  memoir  concerns  us ;  the 
rest  relates  to  the  movement  of  the  plane  of  the  Earth's  equator 
and  to  the  movement  of  the  pluie  of  the  Moon's  orbit. 

1279.  The  fdlowing  interesting  paragraph  forms  part  of  the 
preamble : 

Le  igmtdme  du  sph^roide  terrestre  et  des  fluides  qni  le  reoonvrent,  est 
trouble  par  lea  actions  du  Soleil  et  de  la  Lnne,  qui  changeut  coatinu- 
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oUement  k  position  de  eon  dqnateur.  L'explioktion  de  oe  changement 
obserr^  sods  les  aotaa  de  prieuaion  et  de  nutation  eat,  i  mon  sens,  le 
ifsnltat  le  plos  fi«ppaiit  et  le  moins  attenda  de  U  d^converte  de  la 
pestutteor  universelle.  Les  onciens  aTaient  bien  connu  que  1»  cause 
da  flux  et  dn  reflux  de  la  mer  reside  dans  oes  deux  astrea.  Kapler  avait 
concln  de  ce  ph£nom@iie  et  dee  lois  dee  monvemeiu  oSleetes,  I'attraetioD 
mutuetle  de  toutes  les  parties  de  la  matidre.  Mais  personne,  avant 
Kewton,  n'avajt  sDnp9onn6  la  cause  de  la  prtoesdon  des  fiqiunoxes,  oanso 
d'antant  [^us  oaoh^,  qu'elle  d6peud  de  rtq)latissement  de  la  Terre, 
inoonnu  jusqn'alors.  La  manidre  dont  oe  grand  gtom^tre  a  dMuit  la 
prfcession,  de  I'elliptioiU  du  apli&Ttdde  tenestre  et  de  la  thforie  da  monve- 
meat  rgtrograde  dee  ntends  de  I'orbe  litnajre,  deux  choses  qu'il  avait 
tildes  de  sa  decouverte;  cett«  maniSre,  dia-je,  quoiqu'inezacte  k  plu- 
sieuTS  6gards,  est  uu  des  plus  beaux  traite  de  son  g^e. 

1280.  The  part  of  the  memoir  with  which  we  are  concenied 
coDtiuns  Insults  which  are  reproduced  is  the  fifth  Volume  of  the 
M^camque  C^leete :  see  the  pages  16,  17  and  57.. .67. 

The  mathematical  inTestigatioD  however  is  much  rampler  in 
the  memoir  than  in  the  Micanique  Cileste  ;  hut  I  think  not  less 
satisfactory. 

1281.  Laplace  establishes  the  following  theorem:  Suppose 
the  density  of  every  stratum  of  the  Earth  to  be  diminished  by 
the  deneity  of  the  sea ;  take  one  of  the  principal  axM  of  this 
imaginary  spheroid  passing  through  its  centre  of  gravity;  let 
the  Earth  be  supposed  to  rotate  uniformly  round  this  axis ;  then 
supposing  the  sea  to  be  in  relative  equilibrium,  this  axis  will  be 
a  principal  axis  of  the  whole  mass  of  the  Earth  and  sea,  and  the 
centre  of  gravity  of  the  imaginary  spheroid  will  also  be  the  centre 
of  gravity  of  the  whole  mass.  The  sea  is  assumed  to  cover  the 
whole  Bui&ce  of  the  Earth, 

We  will  now  give  the  mathematical  investigation. 

1282.  Take  the  principal  axis  of  tiie  imaginaiy  spheroid  for 
the  axis  of  rotation.  Let  V  denote  the  potential  of  the  Earth, 
and  V  that  of  the  sea  at  a  point  on  the  surface  of  the  sea,  which 
has  for  polar  coordinates  the  MoaeX  r  and  /h  Let  to  be  the  angular 
velocity  of  rotation. 

20—2 
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Tbeo  for  relative  equilibrium  we  moat  have 

F+r'+^(l-/i*)=  constant (1). 

Let  the  radius  vector  of  any  stratum  of  the  Earth  be  a  (1  +  qy), 
and  suppose  that  the  density  p  is  a  function  of  a.  Let  y  be 
expanded  in  a  series  'of  Laplace's  functions  denoted  by 

y,+  r,+  r,+ 

Let  M  denote  the  mass  of  the  Earth.     Then 

where  the  upper  limit  of  the  integral  denotes  the  value  of  a  at  the 
surface  of  the  solid  part. 

Suppose  0-  the  densitj  of  the  eea,  and  let  the  radius  vector  of 
the  surface  of  the  sea  be  denoted  by  6  (1  4  az) ;  and  suppose 
e  expanded  in  a  series  of  Laplace's  coefficients  Z^  +  Z^-\- Z^+  ... 
Let  y  denote  the  value  of  y  at  the  surface  of  the  solid  part 
Then  V  may  be  found  by  considering  the  sea  to  be  the  differ- 
ence between  two  homogeneous  spheroids  of  density  tr,  one  having 
for  radius  vector  &  (1  +  ae),  (md  the  other  having  for  radius  veotw 
a  (1  +  ay). 

Thus  if  M'  denote  the  mass  of  the  sea 

_,     M'  .  4aw<r  {VZ.-ti.*Y,  .  VZ,~tfY,  .        ) 


Hence  (1)  may  be  expressed  thus : 
4oir<r  \h*Z.      VZ.      h'Z, 


*  +  .. 


-  -5-  &»  —  1)  =  constant 
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Then  approximate,  rejecting  a* ;  thus 


'-r^-'^ 


+  4»*.{f  +  f  +  f+,..} 


.(2). 


Then  in  the  aeual  way  we  equate  to  zero  the  a^^^ate  of 
Laplace's  functions  of  each  order.  Now  by  suppodtlon  the  oripn 
19  at  the  centre  of  gravity  of  the  imaginary  spheroid ;  hence  by 
liivre  III.  §  31,  we  have 

and  therefore  firom  (2)  we  have  Z^  =  0. 

Thus  the  origin  is  alao  the  centre  of  gravity  of  the  entire  mass; 
for  the  condition  that  it  should  be  so  is 

I V  - «')  ^  (o*  ^,)  da  +  b'ffZ,  ~  0, 

and  this  condition  is  satisfied. 

Next  we  have  from  (2) 

-^((*'- 3)  =  constant (3). 

And  we  have  other  equations  by  which  in  general  Z,  is  made 
to  depend  on  Y^;  and  so  the  figure  of  the  sea  necesuary  for 
relative  equilibrium  follows  from  the  figure  of  the  solid  part 
when  this  is  given. 
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Now  we  have  aupposed  that  the  axis  of  rotation  is  a  principal 
axis  at  the  origin  for  the  imaginaiy  spheroid ;  hence  it  follows  by 

Idvre  m.  §  32,  that  f  (p  ~  "■)  j^  ("'^i)  ^  "^t  ^  of  the  form 


a-(;**-|)+fr'(i-^')co8  2^. 


where  Saad  H'  are  constants,  and  ^  is  the  third  polar  coordinate 
of  the  point  to  which  r  and  /*  belong. 
Hence  l^  (3)  it  foUows  that 

is  of  the  stune  form ;  and  this  easnres  that  the  axis  of  rotation  is 
a  principal  axis  at  the  origin  for  the  whole  mass. 

12S3.  A  memoir  entitled  Bur  la  hi  ds  la  pesanteur,  en  sup- 
poaant  le  sph^ide  terreBtre  homogh\e  et  de  m^jne  density  que  la 
mer,  occurs  on  pages  284... 290  of  the  Ctmnaistance  den  Terns  for 
1821,  which  was  published  in  1819.  This  memoir  is  entirely 
embodied  in  that  which  I  notice  in  Article  1286,  and  which  was 
reproduced  in  the  M^oanique  Celeste,  Livre  xi.  Chapitre  n. 

The  memoir  may  be  considered  to  be  summed  np  in  the  for- 
miila  which  Laplace  gives  on  page  40  of  his  fifth  volume  and  calls 
the  e^qfresgion  remarjuo&Je. 

In  the  memoir  itself  Laplace  demonstrated  the  formula  on 
the  supposition  that  the  Earth  has  the  same  density  as  the  sea. 
But  in  an  Addition  to  the  memoir  on  page  353  of  the  volume, 
Laplace  states  that  it  is  true  whatever  may  be  the  ratio  of  the 
density  of  the  sea  to  that  of  the  Earth,  supposed  homogeneons. 
Also  he  here  stated  the  six  results  which  he  draws  from  theory 
and  observation,  as  he  does  at  the  commencement'  of  the  memoir 
noticed  in  Art.  1286.  I  quote  these  six  results  in  my  account  of 
the  MSeanique  Celeste,  ToL  T.  Chapter  n.:  see  Art.  1301. 

1284.  A  paper  entitled  Stir  la  Figure  de  la  Terre  occurs  on 
pages  97.. .100  of  the  BuUetin...la  SooM  PhiUmaUqw  for  1819. 


mzed  By  Google 


LAPLACES  UEHOIBS.  311 

This  18  the  preamble  to  the  memoir  which  ve  notice  in  the  next 
Article,  and  is  reproduced  in  that  memoir. 

1285.  A  memoir  entitled  Sur  la  Figure  de  la  Ttrre  occurs  ia 
pages  284... 293  of  the  Cormaisaemce  dst  T«mt  for  1822,  which 
was  published  in  1820.  The  memoir  is  said  to  have  been  read 
before  the  Bureau  dea  Longitudet  on  the  26th  of  May,  1819. 

The  memoir  is  the  same  as  that  which  appeared  in  the 
MimoireB  de  PAoad4mie. .  .for  1818,  under  the  title  of  an  Addition 
to  a  memoir  in  the  preceding  Tolume  of  the  Academy. 

1286.  A  memoir  by  Laplace  entitled  MSmoire  aar  la  Figure 
de  la  Terre  ia  contained  in  the  MSmtrirea  de  VAcadiniie...  for 
I8I7,  published  in  1819.  The  memoir  occupies  pt^es  137.. .184 
of  the  volume.     The  memoir  was  read  on  August  4th,  1818. 

An  Addition  to  the  memoir  occupies  pages  489...fi02  <^  the 
M^moires  de  rAcadSmie..,{oT  1818,  published  in  1820. 

The  memoir  and  the  addition  are  substantially  reproduced  as 
the  second  Chapter  of  the  Elerenth  Book  of  the  Micanigue 
Cileete/  and  will  be  discussed  by  us  hereafter, 

1287.  A  paper  entitled  Sur  la  Diminution  de  Id  dwr^e  du 
jour  par  le  re/roidissement  de  la  Torre  occurs  on  pages  410.  ..417 
of  the  Annalea  de  Ckimie,  VoL  xin.,  which  was  published  in  1820. 

This  consists  of  the  preamble  of  a  memoir  under  the  same 
title  printed  in  the  Connmaeance  dee  Teme  for  1823,  t<^ther 
with  a  sketch  of  the  analysis  employed.  The  preamble  ia  repro- 
duced almost  identically  in  the  memoir. 

The  paper  concludes  thus : 

Je  dSvelopperai  daoB  la  oonnaisaance  des  tempsde  1823,  cette  KoalyM^ 
BOD  extension  aox  ephtiroTdes  peu  diflSrens  d'une  sphSre,  et  sou  applioa- 
taoa  k  la  diminatdon.  de  la  dnrte  da  jonr  par  te  refroidisaement  de  la 
terrei 

But  thia  intention  was  not  completely  carried  out,  for  there  is 
nothing  in  the  memoir  aa  to  the  extension  of  the  analysis  to 
spheroids  differing  but  httle  from  spheres. 
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128iS.  There  is  an  addition  to  the  preceding  paper  entitled 
Addition  au  M4moire  sur  la  Diminviion  de  la  dur4e  du  jotir  par 
le  refroidissement  de  la  Terre,  inair6  dans  le  Cahier  des  Aiatalea 
dxt  moia  d'avril  1820.  This  addition  occurs  in  pages  315  and  316 
of  the  AntuUea  de  CHimie. . .  Vol.  XIT.,  which  was  published  in 
1820. 

This  addition  gives  a  formula  which  it  says  will  be  demoa- 
Btrated  in  the  "  Gonnaiasance  dea  Temps  de  1828,  qui  paraJtra 
incessamment."  The  demonstration  is  contained  in  the  pages 
32*,. .327  of  the  volume. 

1289.  A  memoir  entitled  Bar  la  Diminution  de  la  dur^e  du 
jour,  par  le  rejroidieaement  de  la  Terre,  occutb  on  pages  245... 257 
of  the  Connaisaance  det  Tems  for  1823,  which  was  published  in 
1820,  There  b  an  Addition  to  the  memoir  on  pages  324.. .327  of 
the  volume. 

The  mathematical  part  of  the  memoir  is  reproduced  with  some 
additions  in  the  fourth  Chapter  of  the  Eleventh  Boob  of  the 
M^nique  Celeste ;  we  shall  speak  of  it  hereafter.  The  preamble 
of  the  memoir  is  reproduced  substantially  in  pages  18..  .21  of  the 
first  Chapter  of  the  Eleventh  Book. 

1290.  In  the  preamble,  as  given  in  the  Connaisgance  des 
Tems,  Laplace  after  stating  that  the  heat  increases  as  we  pene- 
trate into  the  Elarth,  adds  the  following  sentence : 

...Ceat  ce  que  M.  BaabuiGBon  a  fait  voir,  dans  son  excellent  traits 
de  G^ognoaie.  MM.  lea  r^dacteurs  des  Annales  de  Chimie  et  de  Pbysique, 
ont  contirm6  ce  rSaultat,  en  ajoulant  beauconp  d' observations,  k  celles  que 
M.  Daubuisson  avait  rapport^ea. 

This  sentence  does  not  occur  in  the  paper  which  I  have  noticed 
in  Art.  1287,  nor  in  the  Micanique  Celeste. 

In  the  paper  which  is  noticed  in  Art,  1287,  Laplace  saye  that 
he  had  determined  a  certain  constant  by  means  of  the  annual 
variations  of  temperatures  at  different  depths ;  and  he  refers  then 
to  observations  made  at  the  Observatory  of  Paris  at  the  depth 
of  28  metres.     In  tlie  memoir  Laplace  instead  of  these  observa- 
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tions  refers  to  ezperiments  made  by  Saussure;  and  so  also  in 
the  M4caniqw  Cileste,  Vol  r.  page  20. 

On  the  page  just  cited  there  is  a  aeDtence  which  does  not  occur 
in  the  present  memoir  aor  in  the  paper  noticed  in  Art.  1287. 
Laplace  is  referring  to  the  law  of  the  diminution  of  heat  from  the 
centre  to  the  snr&ce  of  the  Earth,  and  he  says ; 

La  loi  dont  il  a'agit,  que  j'ai  pabli£e  en  1819  dans  le  recndl  de  la 
Connaissanoe  des  Tems,  et  que  M.  Foinon  a  confinnfe  depoia  par  une 
aavante  aaaljae, . . . 

1291.  A  pap^  entitled  Sitr  la  DenaiH  moyetvM  de  la  T&re 
occurs  on  pages  410.. .416  of  the  Aimales  de  Chimie...  YoL  XIT., 
which  was  published  in  1820  ;  it  occurs  also  on  pages  328...331 
of  the  CkmnaisBonce.dee  Terns  for  1823,  which  was  puhUshed  in 
1820. 

There  arc  no  mathematical  investigations.  Laplace  refers  to 
the  two  operations  undertaken  for  determining  the  mean  density 
of  the  Earth ;  namely,  that  connected  with  the  mountain  Sche- 
hallien  in  Scotland,  in  which  Maskelyne,  Button,  and  PUyfair 
were  concerned ;  and  the  experiment  suggested  hy  Michell  and 
executed  hy  Cavendish.  He  considers  that  we  may  on  the  whole 
regard  the  density  of  the  Earth  to  be  about  S'48  times  that  of 
water. 

1292.  The  paper  is  interesting;  but  I  do  not  see  why  it 
appeared  so  long  after  the  observations  and  experiments  to  which 
it  refers.  The  following  extracts  from  it  may  be  read  with 
pleasure. 

The' paper  b^ns  thus : 

CTn  des  points  lea  plua  curieiut  de  la  G^Iogie,  est  le  rapport  de  la 
moyenne  density  dn  sph^roide  terrestre  k  celle  d'une  Bubetaoce  conaoe. 
Ifewton,  dana  ses  Priacipes  mathlmatiqnes  de  la  Fhilosophie  naturelle, 
a  donn§  le  premier  aper^  que  Ton  ait  public  anr  cela.  Cet  admirable 
Oavrage  oontient  les  germea  de  toutes  lea  grandes  dicouvertes  qui  ont 
6t6  faitea  depuis  sur  le  ^^me  du  monde  :  I'biatoire  de  leur  d^eloppe- 
meut  par  leig  BucceaaearB  de  ce  grand  g6om£tre,  aerait  &  la  foia  le  plus 
utile  oommentaire  de  aon  Onvmge,  et  le  meiUeur  guide  pour  arriver  i 
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d«  noarelles  dficoavertes.     Voioi  le  passage  de  oet  OuTrage,  hut  I'objet 
daat  II  a'agiti  tel  qa'il  se  trouTe  dans  la  premidre  Edition  et  dans  1«b 


Laplftce  then  gives  a  translation  of  i)art  of  the  tenth  Proposi- 
tion of  Newton'e  Third  Book :  see  Art.  17. 

In  referring  to  the  operations  at  Schehallien  Laplace  describes 
HuttoQ  aa 

...g6)niMre  illnstre,  anqnel  lea  Scienoea  math^matiqnes  sont  redera- 
blea  d'aUleoTs  d'nn  grand  nombre  de  recherohee  importantee. 

With  respect  to  Cavendish's  expeiiment  Laplace  says : 
...En  ezaminant  aveo  una  acrupuleuse  attention,  I'appareil  de 
M.  Gavraidish  et  toatea  sea  ezp^riencea  fUtea  avec  la  precision  et  la 
aagaoitfi  qui  caract^aent  oet  excellent  phyaiciwi,  je  ne  voia  aucune 
objeotiou  i  faire  ik  son  r6snlta6  qui  doune  G'48  pour  la  density  mojenne 
de  la  Terra.., 

The  paper  concludes  thus : 

C^  exp^tienoee  et  c«a  obaerratioua  mettent  en  ^doice  I'attraction 
t^proqne  dee  plus  petltea  mol6culea  de  la  mat^Sre,  en  raJson  dea  maaaea 
diviato  par  le  oair^  des  diatancea,  Newton  I'aTait  conclue  da  prindpe  de 
t'^gslitti  de  Taction  il  la  rfection,  et  de  aee  exp^encef  but  1a  peeantenr 
des  corps,  qu'il  trouva,  par  lea  oscillations  du  pendule,  proportionelle 
&  leur  masse.  Malgrg  cette  preuve,  Hujgheua,  fait  plus  qu'aucun  autre 
contemporain  de  Newton  poor  bien  I'apprScier,  rejeta  cette  attraction 
de  la  matiSre,  de  mol6cuIe  il  molecule,  et  I'admit  aeulement  entre  les 
oorpa  creates ;  mais  sona  ce  dernier  rapport,  il  rendlt  aux  dteonvertee 
de  Nevton  la  juatioe  qui  lear  £tait  due.  An  reate,  la  gravitation  nni- 
veiselle  n'avait  pas  pour  lea  coatemporaina  de  Kewton,  et  ponr  Newton 
Ini-mfime,  toute  la  certitnde  que  les  progrte  des  Scienoea  matbdmatiqnes, 
qui  lui  sont  due  prinoipalement,  e{  les  observatioDs  subefquentee  lai  ont 
donn^  J  et  Ton  pent  jnatement  appliqner  A  oette  d£converte,  la  plua 
grande  qn'ait  faite  I'eeprit  bumain,  ces  paroles  de  Cic^n  :  opinionu/m 
o&mmmita  deUt  diet,  naturae  jwHcta  eot^rmat. 
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FIFTH  VOLTJME  OP  THE  MMCANIQUS  CELESTE. 

1293.  Thk  fifth  volume  of  the  Micanique  Cileste  was  puh- 
lished  ID  1825,  The  Tolume  conaists  of  historical  sketchea  of  the 
progreeB  of  physical  astronomy,  and  of  Tariona  mvestigatioiiB 
'which  Itaplace  had  made  since  the  date  of  his  ibrmer  volumes, 
and  had  published  in  the  Paris  M^moirea  and  in  the  Connaisaance 
dea  Terns. 

1294.  We  are  concerned  with  the  Eleventh  Book,  which  is 
^ititled  De  la  Figure  et  de  la  Botaiion  de  la  Terrs ;  this  extends 
&om  the  banning  of  the  volume  to  page  86 :  it  is  divided  into 
four  Chapters. 

1295.  The  first  Chapter  of  the  Eleventh  Book  is  entitled 
Notice  kiatorique  dea  travattx  des  gfymitrea  sur  cet  objet:  this 
occupies  pages  2..  .21  of  the  volume.  About  half  of  the  Notice  is 
devoted  to  the  period  extending  to  the  date  of  the  second  volume 
of  the  MSeanique  Celeste ;  the  other  half  gives  an  analysis  of  the 
results  which  I«,place  himself  had  since  obtained  in  various  inre&- 
tigations  which  are  reproduced  in  the  following  three  Chapters  of 
the  Eleventh  Book. 

1296.  In  bis  pi^es  II.  ..16  Laplace  states  the  results  obttuned 
by  him  in  the  investigations  which  are  reproduced  in  the  second 
Chapter  of  the  Eleventh  Book.  We  may  say  in  general  terms 
that  Laplace  considers  the  hypotheses  involved  in  his  mathema- 
tical theory  of  the  Figure  of  the  Earth  to  be  well  confirmed  by 
experiment  and  observation. 


mzed  By  Google 


316  FIFTH   VOLUME  OP  XnE  MECASIQUE  CELESTE, 

Some  remarks  on  pages  14  and  15  may  be  noticed  as  specially 
interesting.  Laplace  will  not  admit  that  there  has  ever  been  any 
considerable  displacement  of  the  poles  of  the  Earth.  He  refers  to 
the  elephant  which  had  been  found  with  his  flesh  well  preserved 
in  a  mass  of  ice ;   and  says 

La  d^couverte  de  cet  animal  a  dono  coofirmfi  oe  que  la  thSorie  math6- 
matiqae  de  la  Terre  nous  apprend... 

This  was  a  greatly  honoured  beast,  to  whom  it  was  given  Xo 
corroborate  some  of  the  profoundest  investigations  of  the  first  of 
modem  physical  astroDOiners. 

1297.  I  do  not  know  whether  our  Qeologiste  and  Natural 
Historians  will  allow  themselves  to  be  annexed  to  the  Mathe- 
matical Sciences  as  Laplace  suggests ;  he  says  on  his  page  11 : 

...En  Be  rapprochant  ainid  de  la  nature,  on  entrovoit  lea  causes  de 
pluaieurB  ph^omdnes  importans  que  I'Hiatoire  naturelle  et  la  Gfologie 
lunifr  ofirent ;  oe  qui  peut  rSpandre  uu  grand  jour  sur  oes  deux  sciences, 
en  les  ntttachant  %  la  thferie  du  SystSme  da  monde. 

1298.  On  bis  pages  16. -.18  Laplace  states  the  results  ob- 
tained by  him  in  the  investigations  which  are  reproduced  in  the 
third  Chapter  of  the  Eleventh  Book.  These  investigations  relate 
to  the  axis  of  rotation  of  the  Earth.  The  importance  of  the 
subject  is  well  indicated  by  the  woi-ds  with  which  Laplace  begins 
the  account: 

Toute  rAstronomie  repose  sur  I'i&variabilitS  de  I'axe  de  rotation  de 
U  Terre  ^  la  surface  da  aph^rolde  terrestre,  et  sur  I'unifomut^  de  cette 
rotation. 

1299.  On  his  pi^es  18,. .21  liaplace  states  the  resulta  ob- 
tained by  him  in  the  investigations  which  are  reproduced  in  the 
fourth  Chapter  of  the  Eleventh  Book,  These  investigations  relate 
to  the  heat  of  the  Earth. 

1300.  We  now  proceed  to  the  next  three  Chapters  which 
involve  the  mathematical  investigations.  As  no  commentary  has 
been  published  on  this  volume  of  the  Mecanique  C4leete,  like  that 
of  Bowditch  on  the  first  four  volume.'!,  we  shall  find  it  expedient 
to  give  occasionally  more  detail  than  would  otherwise  have  been 
necessary. 
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1501.  The  second  Chapter  of  the  Eleventh  Book  of  the 
M^canique  Celeste  is  entitled  De  la  figure  de  la  Terre :  it  occu- 
pies pages  22,  ..56.  As  we  have  already  stated  the  Chapter  is  the 
reproduction  of  a  memoir :  see  Art.  1286.  The  title  is  rather 
vague.  We  shall  find  that  the  moat  important  suhjects  discussed 
axe  the  form  of  the  ocean,  and  the  constitution  of  the  interior 
of  the  Earth.  An  analysis  of  the  contents  of  the  Chapter  is  given 
hy  liaplace  on  pages  11.  ..16  of  the  volume.  The  following  sum- 
mary occurs  at  the  beginning  of  the  memoir  of  1817,  but  is  not 
reproduced ; 

Les  g€omdt're3  out,  jusqu'ft  pr^ent,  cotiffid£r6  la  terre  comme  nn 
Bph6roide  form6  de  couches  de  densit^e  quelconques,  et  recouvert  en 
entier  d'un  fluids  en  Squilibre.  lis  out  doim6  lea  ezpreBsions  de  la 
figure  de  ce  fluide,  et  de  la  peaauteur  &  sa  aur&ce ;  mab  ces  expressions, 
quoique  fori  ^tendues,  ne  repr^nteiit  pas  exaotemeat  la  nature. 
Ij'0c6an  laisse  ^  d^oonvert  one  partie  du  spb^roide  terreatre ;  ce  qui 
doit  altfrer  les  r^ultata  obtenus  dans  rhypothS:se  d'une  inoudation  g€n6- 
rale,  et  donner  naissance  i  de  nouveaux  r&ultats.  A  la  v^rit*,  la  re- 
oherohe  de  la  figure  de  la  terre  prgsente  alora  plus  de  difficult^  j  mais  le 
progrte  de  Tanalyso,  sur-tout  dans  cette  partie,  foumit  le  mojen  de  les 
vaincre,  et  de  oonaid^rer  les  coutinens  et  les  mers,  tela  que  robBervatlon 
nous  lea  pr&ente.  C7eat  I'objet  de  I'analyae  auivante,  qui,  compares 
anx  exp^riencBB  da  pendule,  aux  mesures  des  degr£s  et  anx  obser- 
Tations  lunaires,  conduit  i  ces  r^ultats : 

1*  Ia  density  dee  couches  du  Bph^roTde  terrestre  croit  de  la  Burfiice 
au  centre ; 

2"  Ces  couohes  sont  i  tr^peu'pr^  r6guliSremeiit  dispoefes  autonr 
de  Bon  centre  de  giavit^  ; 

3*  La  snr&ce  de  oe  sphSroide,  dont  la  mer  recouvre  une  partie,  a 
une  figure  pen  diffSrente  de  celle  qu'elle  prendrait  en  vertu  des  loix  de 
r^quUibre,  si  la  mer  oeagant  de  la  recourrir,  ells  devenait  fluide  ; 

4*  La  profondenr  de  la  mer  est  une  petite  fraction  de  la  difiSr^iee 
des  deux  axes  de  la  terre  ; 

6'  Les  irr£gularit^B  de  la  terre  et  lea  causes  qui  tronblent  sa  sor&ce, 
out  peu  de  profondeur ; 

6*  Enfin,  la  terre  entidre  a  6t6  primitivement  fluide. 

Ces  r^snltata  de  I'analyee,  dee  observations  et  dea  experiences,  me 
semblent  devoir  itre  plac6s  dans  le  petit  nombre  dee  v£rit&  que  nous 
oSre  la  gfeologie. 
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1302.  Let  there  be  a  point  on  the  suriace  of  the  sea.  Let  r 
be  its  radiufl  vector,  and  ft,  the  cosine  of  the  angle  which  the 
radius  vector  makes  with  the  axis.  Let  V  be  the  potential  of  the 
eolid  part,  TFthe  potential  of  the  sea  itself, «  the  angular  velocity. 
Then  the  condition  of  relative  equilibrium  is 

F+ir+^r'(l-/i*)=constant (1). 

Now  this  equation  is  to  be  transformed  into  the  notation 
generally  employed  by  Laplace  in  these  researches. 

1303.  The  Earth  is  supposed  to  consist  of  nearly  spherical 
strata.  Let  a  (1  +  ay)  denote  the  radius  vector  of  a  stratum, 
where  a  is  a  parameter  which  particularises  the  stratum,  a  is  a  very 
small  constant,  and  y  a  function  of  a  and  of  the  usual  polar  co- 
ordinates. Let  p  be  the  denmty  of  the  stratum,  p  being  a  fimction 
of  a. 

Supposing  y  expanded  in  a  series  of  Laplace's  functions,  so  that 

Then  by  Arts.  900  and  107* 

Here  the  upper  limit  of  the  integrals  denotes  the  value  of  a 
at  the  sur&tce.     Laplace  uses  unity  for  it. 

Let  y  denote  the  value  of  y  at  the  snr&ce  of  the  solid  part, 
and  let  the  radius  vector  of  the  surface  of  the  sea  be  a(l+ci^+(u), 
Laplace  uses  y  for  s.  Suppose  that »  can  be  eiqunded  in  a  series 
of  Laplace's  ftinctions,  so  that 

Then  aar  expresses  to  our  order  of  approximation  the  depth 
of  tlie  sea.  Where  the  laud  rises  above  the  sea  g  becomes  nega- 
tive, so  that  —  acce  then  is  what  we  may  call  the  height  above  the 
level  of  the  sea :  see  Laplace's  page  39. 

Denote  the  density  of  the  sea  by  a ;  Laplace  draiotes  it  by  unity. 

Let  TT,  denote  the  potential  for  a  homogeneous  spheroid  of 
density  a  and  radius  vector  a  (1  +  ay  +  or).     Let  W^  denote  the 


mzed  By  Google 


FTFTH  TOLUKE  OP  THE  M^CAITIQDE  C^LESTK  Sid 

potential   for  a  homogeneous  spheroid  of  deoaitj  tr  and  radius 
vector  » (1  +  ay).     Then 

W=  W^-  TT.  +  X, 
where  X  denotes  the  potential  for  that  part  of  the  dry  land  which 
is  above  the  level  of  the  sea,  and  supposed  to  have  the  density  a ; 
for  all  this  occurs  negatively  in  W,  —  W,,  and  so  we  must  allow 
for  it  in  e^ressing  W. 

_  Now  V,-^ 
Therefore      jr.- Tr,-4»r»|^  +  ^'  +  ^+ ...1. 


Hence  finally  (1)  hecomes 

constant  =*  —  I  p(fda 
d 


f»     d 
+  ia.wj  p^L(a,r,  T)da 

■"^-^{"•-D ' <^)' 

where  £  is  a  functional  symhol,  such  that 

It  will  be  seen  that  oV  difiFers  from  a  constant  by  a  term  of 
the  order  we  reject ;  and  thus  we  have  modified  the  last  term  on 
the  left-band  side  of  (1)  for  convenience. 

1304.  Let  j  denote  tbe  ratio  of  the  centrifugal  fcoce  at  the 
equator  to  the  attraction  there ;  then 


^f  pa'aa 

•  Jo 


"j  very  approximately, 
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We  may  use  this  expression  for  to'  in  (2)  if  we  please ;  Laplace 
always  uses  it :  but  for  the  sake  of  simplicity  we  shall  frequently 
retain  a'. 


1305.  If  we  differentiate  the  right-hand  Bide  of  (2)  with 
respect  to  r,  and  change  the  sign,  we  obttun  an  expression  for 
gravity  at  any  point,  Laplace's  pesanteur.    Denote  it  by  ^ :  thus 

''"?/."'"'"*'"*"/.'''*&  ■^'''•'■'  ^'* 

-w|.i(a,r,Z)-^+»v(/-l) (3). 

This  is  the  value  of  gravity  at  the  surface  of  the  sea. 

1306.  The  preceding  equations  (2)  and  (3)  are  those  which 
Laplace  denotes  by  the  same  numbers,  with  slight  differences  of 
notation.  At  this  point  he  interposes  a  discussion  of  bis  well- 
known  equation ;  but  we  have  given  sufficient  attention  to  this 
matter  in  Chapter  XXX. 

We  will  therefore  assume  with  liaplace  that 


^  as  constant +  (  J J  I  pa*da 


2a7r  /•■    d  , 


^L{B^r,Z)-Aaira^L{<x,r.Z) 
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Now  pot  s  (1+  ay  +  «)  for  r ;  then  to  oar  order  of  approxi- 
matioQ  we  obtain 

p  =  confltaDt  -  ^^^,^'^j%a'da 

+^»"+ }•«■(*'■- 1) (6). 

If  the  Earth  U  aupposed  homogeneous  we  have  &om  (6) 
p-c<ai8tant-2flnr/«  (y  +  jr)  +  2avpa^  +  2o.vaAt  +  ^am*(/j?-^ 
—  constant  -  2(nr  (^  -  er)  a*  +  2  am*  ^/i' -  - ) . 

And  if  the  density  of  the  sea  is  then  supposed  to  be  the  same 
as  that  of  the  land,  we  have 

p  -  constant  +  ^  aa»  V  =■?(!+  ^  /**),  , 

where  Pis  the  value  of  p  at  the  equator. 

Tho^  by  the  d^nition  otj  in  Art.  1304,  we  get 

1307.  It  is  very  important  to  obeerre  that  equation  (6X  of  the 
preceding  Article,  and  those  which  follow  from  it,  hold  even  when 
we  suppose  the  surface  of  the  diy  land  to  be  made  iir^alar  hy 
elevated  plains  and  mountuns.  For  by  reason  of  these  bodies  a 
term  would  be  added  to  (1)  expresung  their  potential,  say  X'; 
then  for  X'  the  eqtiation  corresponding  to  (4)  would  hold,  so  that 
X  would  not  appear  in  (6).  This  is  a  remarkable  result  of 
Laplace's  process. 

Here  we  airive  at  the  end  of  the  second  section  of  the 
Eleventh  Book. 

1308.  lAplace  says  that  to  determine  the  figure  of  the  sea 
when  that  of  the  Earth  is  given,  the  amplest  method  consists  in 

T.M.A.    TOL,n.  21 
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arrangiog  the  approximationa  according  to  powerB  of  the  ratio  of 
the  density  of  the  sea  to  the  mean  density  of  the  Earth ;  this  ratio 

is  about  YY . 

Take  eqnattcoi  (2)  and  divide  by  4n- 1  />  efda,  which  we  shall 
denote  by  ^^^(a).    Thus 

+  fW^<*'''^'+Si^)-8ifw(''-3)- 
We  have  then  to  put  a(l+a^  +  »)  for  r,  and  reject  the 
square  of  a.      Thus 

I^lace  sc^  that  he  will  consider  the  figure  of  the  sea,  n^- 
lecting  the  ratio  just  mentioned,  that  ie,  supposing  the  sea  to  be 
an  infinitely  rare  fluid.  '  This,  as  he  allows,  would  amount  to 
n^lecting  the  terms  in  (7)  which  involve  o-.  But  instead  of 
Delecting  these  terms  in  (7),  he  says  in  bia  next  sentence  that  he 
will  neglect  only  the  term  X ;  this  term  of  course  involvea  tr  by 
its  definition:  see  Art.  1303.  There  is  Bomething  not  quite 
utisfiujttHy  in  tliis  process,  for  thus  Laplace  retains  some  terms, 
and  neglects  others,  which  may  be  comparable  with  these.  We 
may  say  that  he  retains  the  sea,  and  neglects  the  dry  land  which 
is  above  the  level  of  the  sea,  supposed  homogeneous  and  of  the 
r  as  the  sea. 


1309.  In  equation  (7)  we  neglect  X  and  arrange  Tratb  sides 
in  a  series  of  Laplace's  functions ;  then  we  equate  to  zero  the 
aggregate  of  the  functions  of  the  same  order,  supposing  all  the 
terms  brought  to  one  side.     Thus  we  obtain  in  general 

aV        1  _    //^<'***'^'**** 

■^f  ~(2.'  +  l)*(a}}  =  -^'+    V+l)a'*(a)    ' 
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This  holds  for  positive  integral  valuee  of  i  except  t  =  2.  When 

t  =  2  we  must  add  the  tenn  — i  {/*'~"5)  to  the  right-hand  side. 

It  does  not  hold  when  i=  0;  for  then  a  constant  should  be  added 
to  one  sida 

Kow  observation  shews  that  Y^,  Y^,  F,,  ...  ai«  all  small  wheo 
compared  with  Y^;  and  that  y^ia  very  approximately  — A[^*~o)» 
where  A  is  a  constant. 

Put  —ft(l**—a)  for  Y^    Then  the  equation ^or  determining 


7U        »''l      Ji     />^t°'^)'^     il(^■^\ 


Let  H  stand  for 

{2s-^+ "  fiavw  rl^-^]' 

then  z^-^h'U*-^. 

The  equation  which  defines  h'  m&y  be  put  in  the  form 
|a  (V  +  S)  -  II  5aV  (a)  =  aA'a'<^  +  «/'/» ^  C»'A)  da ; 

aod  thus  it  is  seen  to  agree  with  what  Clairaut  had  obtained.  If 
we  sappose  p  constant  we  have  the  result  given  in  IL  of  Art  S24, 
n^lectii^  there  the  difference  between  r,  and  r' ;  and  if  we  do  not . 
suppose  p  constant,  the  result  may  he  shewn  to  coincide  with  (2) 
of  Art.  323.  The  #,  of  those  Articles  is  equivalent  to  the  a  (&'  +  k) 
of  the  present  Aiticla 

1310.    Laplace  now  says  that 

t  =  l  —  k'fi', 
where  I  is  some  constajit.     The  constant  I  may  he  supposed  to 
arise  partly  &om  the  term  ^  in  ^,  and  partly  from  Z^. 
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Thtu,  Laplace  in  fact  takes  ^  to  be  zero,  and  for  this  he 
gives  the  following  reason :  the  origin  of  the  radii  vectoree  ia 
supposed  to  be  at  the  centre  of  gravity  of  the  terrestrial  spheroid, 
vhich  makes  ^  and  Z^  zero.  I  do  not  understand  this ;  there 
may  be  some  connexion,  though  I  cannot  trace  it  exactly,  with 
the  result  establi^ed  in  the  Gormmaaamce  dea  Tettu  for  18S1, 
which  is  also  investigated  in  the  third  Chapter  of  the  Eleventh 
Book :   see  Ait.  1281. 

Flaiu  in  the  .<latronomwcA«  .yac^TKAfen,  Vol  xxxTin.  page  236, 
makes  a  remark  with  respect  to  this  point  which  I  will  reproduce 
hoe  in  the  notation  of  my  present  Chapter. 

If  we  take  the  origin  at  the  centre  of  gravity  of  the  solid  part 
we  have 


8*(«) 

But  the  phenomena  of  the  tides  demonstoate  that  tiie  exist- 
ence of  the  term  aZ,  in  the  depth  of  the  sea  is  inadmissible ;  ao 
that  we  must  have   Y^ »  0,  in  order  that  we  may  have  Z^  ~  0. 

I  do  not  think  that  this  appeal  to  the  phenomena  of  the  tides 
is  satis&ustoiy  when  we  are  discussing  the  relative  equilibrium  of 
the  fluid  on  the  Earth's  surface ;  so  that  I  do  not  feel  satisfied  as 
to  Flana's  development  of  Laplace's  statement. 

1311.  Thtis  Laplace  takes  for  the  depth  of  the  sea  the  ex- 
pression 

eail-h'/i*). 

Now  he  says  it  is  easy  to  see  that  h'  will  be  zero  if  the  sea 
being  annihilated  the  sur&ce  of  the  spheroid  should  be  in  equi- 
librium on  becoming  fluid.  I  should  prefer  to  put  it  thus :  if  K 
has  the  value  which  would  belong  to  tlft  earth  considered  as  a 
fluid  then  we  may  suppose  k'  •"  0.  Then  Laplace  says  that  if  the 
mufiwe  is  len  flattened  than  in  this  case  &'  will  be  positive ;  and 
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if  the  sor&ce  ui  more  fiattened  h'  becomes  negative.    I  do  not 
quite  understand  these  statements.    CoDBider  the  equations 


k-'^*  •  5.VW — "• 


and 

where  O  is  some  positive  quantity. 

Laplace's  remark  then  would  imply  that  the  second  equation 
nseeuarily  requires  A  to  be  leas  than  the  first ;  but  thiB  seems  to 
me  not  the  case:  for  the  value  of  A  in  terms  of  a  may  be  so  adjusted 
posobly  as  to  allow  A  in  the  second  equation  to  be  less  than  in 
the  first.  In  other  words  the  mga  of  h'  does  not  appear  to  depend 
solely  on  the  ellipticity  of  the  bounding  surface  of  the  solid  part, 
but  also  on  the  law  of  ellipticity  of  the  interior  strata.  It  is 
obvious  that  Laplace  does  not  assume  the  form  of  the  earth  to  be  - 
that  which  corresponds  to  original  fluidity,  for  if  he  did,  then  A' 
would  be  zero. 

1312.  It  may  happen  that  the  volume  of  the  sea  is  not  suf- 
ficient to  cover  the  entire  surface  of  the  earth :  in  this  case,  if  A' 
be  positive  the  equatorial  part  is  covered,  and  if  A'  be  negative 
the  polar  part  is  covered. 

1313.  We  shall  now  obtain  an  expression  for  gravi^. 

Take  (6)  and  omit  Y,  Y„...;  thus 

_^     ^     6airA{a) ,-  .    x  .  Sanr  /»     d  ,  ,„.  , 
p  =  oonBtftnt ^i-/(j,+j)  +  __j  p^{<^7Jda 

+  Sonrtras  +  ^  a«*  f /*'  —  s) 

=  constant -55^(y+«) 
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.«.„^t+«^'(/ 

-5)^*-+l(4 

1  10»r*(»)  ^ 

4^{,. 

■^) 

-coi^ant +  *"«*>(/ 

-Dlli^' 

=-4- 

-')} 


vhere  P  denotes  the  gravity  at  the  equator.  And  in  the  email 
tenn  we  may  take  — ^—  as  unity,  so  that 

In  like  manner  we  might  put  the  expression  for  j)  thus, 

where  P  now  denotes  the  gravity  at  the  poles. 

Laplace  gives  these  two  forms,  taking  the  former  in  the  case  in 
which  K  is  positive,  and  the  latter  in  the  case  in  which  K  is  n^a- 
tive.  It  -is  of  little  importance,  hut  it  might  seem  more  natural 
to  use  the  first  formula  when  the  sea  covers  the  poles,  and  the 
second  when  it  covers  the  equator,  that  is  to  reverse  Laplace's 
allotment. 

lAplace  uses  the  coefficient  ^  in  the  first  formula,  but  the 

coefficient  -r  in  the  second.     In  the  national  edition  -7  is  taken  in 
4  4 

both  casea     It  should  be  ^  ui  both  cases,  as  I  give  it;  and  in  fact 

it  is  so  in  Laplace's  original  memoir.  This  example  is  one  of 
many  which  reflect  little  credit  on  the  editors  of  the  national 
edition  of  Laplace's  works. 
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1314.  Lapkce  now  digresses  to  some  very  remarkable  iavesU- 
gatione  respecting  L^endre's  functions. 

He  gives  an  expression  for  the  n*"  function  hj  means  of  a  defi- 
nite integral,  namely 

P,='^r  {x-coB<l>  >/{a?-l)}'  d^i 

see  Iiaplace's  page  33.  The  iarestigation  involves  the  use  <^ 
imaginary  ^nnbols.  For  another  investigation  see  Heine's  Hand- 
buch  der  Kugelfunctionen,  pages  11. ..14. 

If  j;  =  l,  the  above  formula  shews  thatP.sl.  Laplace  says 
that  if  a;  is  less  than  1,  the  formula  makes  P,  less  than  1 ;  "  conmie 
il  est  &cile  de  le  j^ouTer."  I  presume  he  would  adopt  some  such 
process  as  this: 

If  iB  is  less  than  1,  assume 

tC  =-  jb  COB  ^, 

and  '  ooa<fi'i/{l—:^=hian.>^i 

WthKt  *»-«?+ (I -a^cos"^ 

=  l_(X-a^8in*^ 

Then      {«-cos^  V(a^-l)}'=.ii?  {cofl+-VC-l)ain^)' 

»il^  {ooBB^  — V(— l)Binn^}. 

This  expresuon  is  always  less  than  unity ;  so  that  P,  is  less 

than  unity,  for  /    Qd^  is  less  than  n-  if  Q  is  always  less  than  unity. 

Laplace  deduces  from  the  definite  integral  for  P.  the  following 
approximate  value  of  P.  when  n  is  very  large 

v(wL^°°'{(''+i)^-i'}' 

where  ooe  0  =  ai. 

The  investigation  is  given  rather  more  fully  in  the  orifpnal 
memoir  than  in  the  Micamiqiia  Celeste;  in  the  latter  placc^  instead 
of  the  details  of  the  process,  there  is  a  vague  reference  to  ther 
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Mimoirta  de  V Acad^ie...iot  1782,  and  to  the  ThAme  dea  Proba- 
hUitia. 

The  iuTeetigation  cannot  be  considered  veiy  satis&ctory,  for  it 
does  not  supply  us  with  any  estimate  of  the  amount  of  the  error 
made  in  using  this  expression  instead  of  the  exact  value  of  P^  ■ 
Moredrer  it  is  obvious  that  the  result  does  not  hold  uniTeisally ; 
for  instance  it  is  not  true  when  0  =  0,  and  ve  can  have  no  confi- 
dence that  it  is  true  when  8  is  very  smalL 

Laplace  ^ves  another  investigation  in  the  supplement  to  the 
fifth  volume  of  the  M^eamque  Celeste;  this  investigation  makes 
no  use  of  imaginary  qaantities,  hut  can  be  c<msid««d  only  as  a 
Teiy  rude  process  of  approximation. 

Heine  does  not  advert  to  this  approximate  value  of  P.,  and  I 
do  not  know  whether  it  has  been  discussed  by  any  other  writer 
than  Laplace  himself. 

A  misjnint  at  the  bottom  of  I«place's  page  33  is  re}m>duc8d  in 
the  national  edition. 

Also  in  the  investigation  in  the  supplement  to  the  fifth  volume 

it  will  be  found  that  in  the  two  fundamental  equations  on  the 

coaB  . 
i  -t— 5  in- 

stead  of  sin  0,  The  misprint  is  important ;  for  if  it  were  not  coiv 
rected  we  should  be  at  a  loss  to  see  why  the  result  cannot  be 
relied  on  when  $  =  0.  The  misprint  is  rej^oduced  in  the  national 
edition. 

1815.  Laplace  has  a  few  words  about  a  second  approximation 
to  the  value  of  b  ;  see  his  page  36 :  but  he  does  not  really  work 
out  his  suf^^tion.  Nor  does  be  make  any  use  of  the  results  be 
obtains  with  respect  to  L^endre's  coe£Bcients ;  an  apparent  ex- 
ception to  this  statement  occurs  in  a  paragraph  on  pages  36  and  37 
relatii^  to  the  case  in  which  the  earth  is  supposed  to  be  a  figure 
of  revolution.  This  paragraph  was  not  in  the  original  memoir ; 
it  finishes  with  a  formula  which  can  command  very  little  confi- 
dence^ 

Here  we  arrive  at  the  end  of  the  third  section  of  the  Eleventh 
Book. 
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1316.  Laplace  now  proposes  to  conuder  the  variations  of  the 
lengths  of  degrees  aad  of  the  value  of  gravity  at  the  Buifnce  of  con- 
tiseiLtfi  and  islands;  these  are  the  only  variations  which  we  can 
observe.  In  order  to  obtain  their  analytical  espression,  imagine 
au  atmosphere  in6nitely  rare,  of  constant  density,  very  little  ele- 
vated, but  sufficiently  so  as  to  cover  all  the  mountains.  Let  aa(f 
represent  the  height  above  the  surface  of  the  terrestrial  spheroid ; 
Laplace  osea  y"  for  {^ 

The  equation  (2)  neglecting  cf  will  apply  to  that  part  of  the 
Bor&ce  of  the  atmosphere  which  is  above  the  sea;  we  must  put 
a  (i  +  a^  +  aO  for  r.  But  this  equation  also  applies  to  the  sur&oe 
of  the  sea  when  we  put  a  (1  +  ay  +  m)  for  r.  Then  if  we  subtract 
one  of  the  results  thus  obtained  &om  the  other,  we  have 
a  (af — m)  =  constant 

Therefore  all  the  points  of  the  surface  of  this  atmosphere  which 
correspond  to  the  surface  of  the  sea  are  equally  elevated  above  the 
latter  surface. 

Then  as  to  that  part  of  the  atmosphere  which  is  above  the 
solid  part  of  the  earth.  Here  again  Laplace  makes  out  that  (2) 
holds;  for  the  potential  of  the  sea  will  be  of  the  same  form 
whether  the  point  to  which  it  relates  be  close  to  the  surface  of  the 
sea,  or  close  to  the  sur&ce  of  the  dry  land. 

Thus  again  we  ohtun 

a  {ix^—  ae)  >  constant 

Then  the  constant  must  be  the  same  in  these  two  equations, 
as  ve  see  by  considering  the  case  of  points  just  on  the  sea  shore. 
This  constant  Laplace  denotes  by  aaL    Therefore 
a  (a(—  cue)  »  aof. 

This  equation  then  holds  universally  at  the  surface  of  the 
imaginary  atmosphere. 

1317.  In  the  preceding  Article  I  have  ^vfin,  I  think,  the 
meanii^  of  lAptace ;  but  I  do  not  find  him  altc^ether  clear.  The 
soi&ce  determined  by  the  radios  vector  a(l+o^  +  oe)  is  what 
he  calls  the  level  of  the  sea;  where  there  is  sea  this  equation 
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represeats  the  gurface  of  the  sea.  Whore  the  dry  land  appears,  if 
ve  suppose  hroad  canals  cut  across  the  coatineDts,  the  water  would 
I  iqiprehend  &om  his  equation  still  rise  to  the  level  determined  by 
the  above  radiuB  vector.  But  he  does  not  make  this  remark, 
though  it  seems  to  me  necessary  in  order  to  have  a  dear  con- 
ception of  hia  process.  But  he  does  partially  state  this  in  his 
page  53,  or  something  like  it.  See  also  the  Armalea  de  Chimie, 
ToL  vm.  1818,  page  316. 

1318.  We  have  now  to  find  an  ezpresdon  for  gravity  at  the 
surface  of  the  supposed  atmosphere.  The  equation  (2)  may  be 
put  in  the  form 

constant  —  —  I   pa'da  +  tor  /   ft  j-L  (a,  r,  Y)  da 

_     (8), 

where  V^  denotes  the  potential  of  the  sea.  We  may  even  suppose 
for  greater  generality,  that  V,  includes  the  potential  arisii^  firom 
the  mountains  and  cavities  of  the  suifetce  of  the  Earth,  observing 
that  the  part  of  F,  relative  to  the  cavities  is  negative. 

Hence  denoting  the  gravity  by  p'  we  have 

-I^-K"'-!) (»)• 

Multiply  (8)  by  —  5-  aod  add  to  (9) ;  thus  to  our  order  wa 
obtain,  aa  in  Art  1306, 

p  =conBta]it ^=1 — —  I  ftada 


+ 
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Now  if  p"  be  the  gravity  at  the  surface  of  the  spheroid  cor- 
.  responding  to  p'  at  the  surface  of  the  atmosphere,  We  have 
„     SaoPf 
P-P ^' 

where  F  may  denote  the  gravity  at  the  equator  at  the  level  of  the 
aea.    Hence 

p"  —  SaPf™  constant ^  j  p  <^da 

By  mtegiating  hy  parte  the  terms  in  the  second  line  m  obtain 
p"  =  constant  +  aftf  ? 

(11). 


,5    ,C  , 


Laplace  observes  that  this  expression  for  p"  includes  the  attrac- 
tion of  the  moantwis,  and  generally  all  the  effects  of  attraction 
due  to  the  irregularities  of  the  surface,  provided  that  the  attractecl 
point  is  far  removed  from  them ;  for  this  condition  is  necwacnty  to 
the  existence  of  the  eqacUwn 

or      2a    ' 
In  the  words  which  I  have  marked  with  Italics  it  seemfl  to  me 
"thftt  Laplace  really  treats  his  own  much  used  equation  ^th  that 
caution  which  Ivory  would  have  desired.     See  Chapter  SXX. 

1319.  Suppose  the  earth  h<KnogeneouB,  so  that  -r;  is  zero; 
then  from  (11)  we  have 
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where  Pnow  denotea  the  gravity  at  the  equator  at  the  level  of  the 
Bea ;  Laplace  callfi  this  aa  expression  remarguable :  see  Art.  1283. 
He  draws  attention  to  it  as  one  of  biB  most  interesting  results  on 
his  page  11, 

Laplace  says  that  this  formula  may  be  oaed  to  test  the  hypo- 
thesis of  homogeneity.  For  the  atmosphere  which  we  have 
hitherto  imagined  may  he  taken  to  be  the  real  atmosphere 
reduced  to  its.  mean  density.  Then  if  to  the  value  of  p"  deter- 
mined by  the  pendulum,  we  add  the  value  of  „  Pa  (i  —  f)  deter- 
mined by  the  barometer,  the  value  of  gravity  thus  corrected 
should  become  PCI  +  ijV**)* 

Now  |y- -004325. 

Thns  the  increment  of  gravity  would  be  iMlSSSP/i*. 

But  numerous  experiments  in  both  hemispheres  agree  in 
making  this  increment  about  '0064P/1*,  Hence  LapU^  con- 
dudes  that  the  hypothesis  of  homogeneity  is  excluded  by  these 
eq>eriments. 

On  his  page  12  Laplace  referred  to  pendulum  experiments, 
and  stated  the  result  which  is  here  obtiuned;  and  then  be 
added  on  that  page 

On  voit  de  ploB,  en  les  oompannt  i  Tanalyse,  que  Im  density  dea 
oonohee  terrestres  vont  en  croisnnt  de  la  sorbce  an  oenb«. 

But  I  do  not  see  where  Laplace  really  establishes  the  state- 
ment thus  made. 

Moreover  he  says  that  the  heterogeneity  of  the  strata  must 
extend  from  tiie  surface  beyond  quantities  of  tiie  order  b,  in 
order  tliat  the  quantity  in  equation  (11) 

may  be  of  the  order  a  and  become  equal  to 

P  (-0054  - -004325)  (m*  -  g) . 
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It  seems  to  me  that  lAplace  should  not  say  that  it  must 
become  equal  to  this,  for  it  might  differ  &om  this  by  a  constant. 

Here  we  anire  at  the  end  of  the  fourth  section  of  the  Eleventh 
Book. 

Z320.  Laphkce  begins  his  next  section  thus:  "Comparons 
maintenant  I'analyBe  aux  obeervations,"  *  As  he  has  just  made  a 
veiy  important  comparison  of  this  kind,  he  ought  to  have  said : 
"let  HB  proceed  with  otir  comparison  of  the  analysis  with  obeer- 
TatioDS." 

In  this  section  such  comparison  is  made  with  respect  to  four 
different  things,  namely,  pendulum  experiments,  certain  terms  in 
the  lunar  theoi^,  measures  of  d^rees  of  the  meridian,  and  pre- 
cession and  nutation. 

1321.    Multiply  (8)  by  s->  reduce  it  to  oar  order  of  apjvox- 

imatiou  and  subtract  it  from  (10) ;  thus 

p=co»Btont+tor/^V^|-?^+^+?^+...}i, 

-lr.  +  W(M'-l) (it). 

Developing  V^  in  powers  of  - ,  and  oltimately  putting  a  for  r, 
we  obtain  an  expression  of  this  form 

where  0,  denotes  a  Laplace's  function  of  the  n*^  order.  Then  aa 
the  terms  arising  from  Y,  and  U,  may  be  indnded  in  tbe  con- 
stant, we  obtun  from  (12) 

p'-constant+terj^p|j|^  +  ?^+...}^ 

~^{U,  +  U,+  U,  +  ...]  +  2^'{m.'~1) (18). 

It  follows  from  numerous  experiments  with  tbe  pendulom  that 
p'  —  constant  +  o^P  ht'  —  =1 , 
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where  aq  is  very  nearly  equal  to  '0054,  aad  P  denotes  the  gravity 
at  the  equator,  so  that  au's'jP  approximately. 
Hence  it  follows  that 


r»    d  {2a*: 


^'^•■^^...U-t^.^u,.u...., 


is  vety  snmll  relatively  to  the  tenn  ajPI/t'  — =];   and  that  the 
junction 


^//^("■^J^ 


4s  very  nearly  equal  to  (aj  — 2;")  Pf/t*  — ^J. 

The  general  ezpresBion  of  the  above  Laplace's  function  (^  the 
second  order  is 

-4  (;*•- 1)  +  ^^  VCl  -  M*)  sin  *  +  ^^V(l -/*')«»*      . 

+  j1,  (1  -  fi*)  sin  2^  +A^(l-tt*)co»  2^ 
Hence ^j,  A^,  A,,  A^  must  be  very  small  compared  with  A; 
and  we  have  very  approximately 

Now  the  pendulum  experimentB  make  aq  =  1)0541  very  nearly ; 
and  j  -  525  :  thus  we  obtain 

^ ---00152?  (U). 

1S22.     Next  Z^place  takes   a   cei-bain   term   in  the   Lunar 
Theoiy,  and  compa];es  it  with  observations. 

Let  Q[fi'~a]  denote  the  part  of  I^  which  is  independent  of 

the  angle  0.    Then  he  finds  that 

A+^Q  =  -W1558P. (16). 

'  Laplace  obtains  Q  =  -  -00015P  from  equations  (14)  and  (15); 
but  it  should  be  —  '0000152P.  There  is  a  misprint,  but  not  the 
same,  in  the  original  memoir  at  this  point. 

A  second  term  in  the  Lunur  Tbeoiy  gives  also  the  same  result. 
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The  errors  of  obaerrations  and  of  experimente  TOuld  render 
this  value  very  uncertain  ;  but  Btill  we  may  safely  infer  that  Q  ia 
very  small.  Hence  we^conclude  that  the  sea  ia  neither  very  deep 
nor  very  dense. 

1323.    The  measures  of  degrees  of  the  meridian  reduced  to 
the  lerel  of  the  supposed  atmosphere  are  next  considered. 
Equation  (8)  is  put  by  Laplace  in  the  following  form : 

+  I7,+  I7,+  ...--?^(;i»-|)  +  con8tant (16); 

he  says  that  the  origin  of  coiMdinates  is  at  the  common  centre  of 
gravity  of  the  sea  and  of  the  terrestrial  spheroid,  which  makes 
the  quantitiee  T^  and  U^  and  the  o&ot  functions  of  the  same 
nature  disappear:   see  Art.  1310. 

The  comparison  of  degrees  measured  in  distant  parts  of  the 
world  led  Delambre  to  the  result 

«  Cy  +  S)  =  «>ii8tMit- -00324  (/**-s) (17). 

When  f  is  supposed  expanded  in  a  series  of  Laplace's  functions 
let  —  h"  (t**  ~  o]  ^  t^t  P^i^  of  trhe  function  of  the  second  order 

which  ia  independent  of  the  angle  ^  I«et  —  ^ff*'— a)  ^  ^^ 
umilar  term  in  y.     Thus 

aCS+A")  =  -00324 (18). 

Laplace  has  a  troublesome  misprint  as  to  this  notation  at  the 
top  of  his  page  46,  which  is  roproduced  in  the  national  edition ; 
the  original  memoir  is  correct. 

By  comparing  (17)  with  (16)  we  see  that  r„  Y^,  ...  U^,  U^ 
U^, ...  are  very  small ;  as  appears  also  from  the  pendaluQi  ej^>&- 
riment&    Then  &om  (16) 
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and  from  (18)  ve  obtun 

^  +  ^^  =  _-00151P- C19}- 

It  is  obvious  that  (19)  agrees  yery  closely  with  (15). 

I^lace  says  he  has  supposed  the  degrees  measured  on  the 
8ur&ce  of  the  spheroid  and  reduced  to  the  level  of  the  atmo- 
sphere, to  be  the  same  as  the  degrees  measured  at  the  surface 
of  the  atmosphere.  In  order  to  justify  this  it  must  be  shewn 
that  rejecting  <^  the  direction  of  gravity  is  the  same  at  the  sui&ce 
of  the  spheroid  as  at  die  surface  of  the  atmosphere.  He  proceeds 
to  shew  this  briefly.  What  he  seems  to  make  out  is,  that  the 
direction  of  gravity  at  the  level  of  the  sea  is  the  same  as  at  the 
level  of  the  atmosphere ;  and  this,  I  presume,  is  what  really 
ought  to  be  shewn,  as  the  degrees  measured  on  the  Earth's 
sur&ce  are  in  general  referred  to  the  lev^  of  the  sea.  That  the 
correspondence  required  between  degrees  referred  to  the  soi&ce 
of  the  sea  and  to  the  surface  of  the  atmosphere  really  exists, 
follows  from  the  fact,  that  the  former  surface  is  at  a  tmaU  con- 
*  ttofit  elevation  above  ths  latter :  see  Art.  1316.  Laplace's  re- 
marks are  rather  obscure ;  the  real  point  seems  to  me  to  lie  in 
the  statement  which  I  have  just  given  in  italics, 

1324.  Lastly,  Laplace  refers  to  Precession  and  Nutation.  This 
however  does  not  yield  any  very  decisive  result,  as  we  are  oUiged 
to  make  some  hypothesis  respecting  the  density  of  the  Earth. 
The  treatment  of  this  point  in  the  original  memoir  and  that  in 
the  Jf&anijtM  Ctflerte  are  rather  different  But  the  matter  belongs 
Moperly  not  to  oar  subject,  but  to  the  theory  of  Precession  aod 
Nutation.  It  will  be  sufficient  to  say  that  in  the  Micattique 
CileHe  Laplace  takes  as  an  hypothesis  Uiat  the  density  increases 
from  the  surface  to  the  centre  in  arithmetical  progression ;  and 
assuming  that  the  mean  density  at  the  surface  is  three  times  that 
of  the  sea,  he  finds  that  the  mean  denmty  of  the  Earth  is  4-761 
times  that  of  the  sea. 

Plana  has  discussed  this  passage  of  the  MAanique  CHeete  in 
iheAatTvnomiackeNdckrichten,YoLxxXY.peige8-l77...192.  Plana 
considers  that  the  mean  density  of  the  surface  cannot  be  so  great 
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aa  Laplace  supposed.  FJana  also  discusses  this  law  of  density  in 
tlie  Astronomiscke  Nachrichten,  Y0I.XXZVI. pages  313.. .334.  And 
a  memoir  by  Plana  in  Vol.  xxxvui.  oi  the  A  stnnomiscke  N^achrich- 
ten  may  be  said  to  go  over  nearly  the  same  extent  of  ground  as  the 
g§  2. ..5  of  Laplace's  Eleventh  Book. 

Here  we  arrive  at  the  end  of  the  fifth  section  of  the  Eleventh  ' 
Book. 

1325.  Laplace's  next  section  is  devoted  to  the  discussion  of  a 
certain  hypothetical  law  connecting  the  pressure  and  the  density 
inside  the  Earth ;   namely,  the  law   expressed  by  the  equation 

~j-  —  2kp,  where  II  is  the  pressure,  p  the  density,  and  k  a  constant. 

This  section  comes  from  the  Addition  to  the  original  memoir; 
see  Art.  1286.  This  section  has  now  passed  substantially  into  the 
elementary  books,  and  has  thus  become  familiar  to  us.  See 
Airy's  Mathematical  Tracts,  Pratt's  Figure  of  the  EarOi,  O'Brien's 
Maihematical  T^v.cU,  and  Resal's  TraitS  EUmentaire  de  Af^caniqtie 
CdUste.     I  shall  offer  only  a  few  remarks. 


1326.  Laplace  arrives  from  his  hypothesis  at  a  law  of  density 
which  Legendre  had  formerly  given  as  an  example  :  see  Art  942. 
Thus  Laplace  says  on  his  page  51 : 

Je  (toia  observer  ici  que  H.  Legendre  a  dfitermin^  raplatisaement  de 
la  Terre,  dans  le  cas  oil  la  deneit^  dea  conohes  est  exprim^  par  —  .  sin  on. 

But  this  does  not  ascribe  to  Legendre  the  idea  of  the  hypo- 
thetical law  expressed  by  -j-  =  Ikp ;  and  I  conclude  that  Besal  is 

wrong  in  saying,  as  be  does  on  his  page  227,  that  this  hypothesis 
was  imagined  and  discussed  by  Legendre. 

1327.  Laplace  arrives  in  his  discussion  at  the  following  dif- 
ferentia) equation 

S+(---l-)«-° « 

where  v  stands  for  A  (   oWa,  and  a'  is  sucb  tliat 
''      J.' 
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Laplace  observeB  that  it  is  easy  to  see  that  the  equation  for  v 

is  BatisEod  by 

v  =  Hp  (1  — n   +— i- J   > 
■^  \       na  /      »o  da 

,  where  If  is  aii  arbitraiy  constant. 

As  p'  may  be  supposed  equal  to  A  sin  (no  +  B),  where  A  and  B 
are  arbitrary  constants,  this  value  of  v  will  involve,  bb  it  should 
do,  two  arbitrary  constants.     Thus  in  iact  we  may  say  that 

,=  0|(l -^,)smH+J9)  +  ^C08(»<.+  B)|. 

For  the  int^;ration  of  a  general  equation  which  includes  (20) 
as  a  particular  case  see  Art.  942,  and  Boole's  Differential  Squations, 
third  edition,  page  424. 

1328.  A  troublesome  misprint  occurs  on  Laplace's  page  52 
in  the  fourth  line.     Instead  ot  I)  =  -4  we  must  read  7-r  =  -.  • 

This  misprint  occurs  in  the  original  AddiHon,  as  well  as  in  the 
Connaissance  des  Tema  for  1822,  and  in  the  national  edition  of 
Laplace's  works. 

A  student  who  wishes  to  verify  Laplace's  numerical  calculations 
must  remember  that  the  radius  of  the  earth  is  assumed  to  be 
unity.  The  results  obtained  on  page  52  should  be  compared  with 
those  given  in  Schmidt's  Lehrhuck  der  McUhematischen  wnd  Phy- 
mschen.  Gfeographie,  VoL  i.  page  387.  Schmidt  makes  the  mean 
density  of  the  earth  1'814  times  the  density  of  the  superficial 
stratum,  and  the  mean  density  of  the  earth  4*785  times  that  of 
water.  In  Humboldt's  Cosmos,  Vol  I.  Note  136,  this  number 
4785  is  mentioned  in  connexion  with  4761  given  by  Laplace  on 
his  page  47 ;  but  there  Laplace  has  a  very  different  law  of  density, 
and  there  is  no  just  ground  for  the  connexion. 

1329.  The  expression  obtained  by  theory  for  the  Precession 
of  the  Equinoxes  involves  various  Astronomical  elements,  such  as 
the  ratio  of  the  Moon's  mass  to  the  Earth's,  and  the  ratio  of  the 
mean  motion  of  the  Moon  round  the  Earth  to  that  of  the  mean  mo- 
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tion  of  the  Earth  round  the  Suo.   But  ia  connexion  with  our  subject 

lpa*da 
the  most  important  element  inrolved  ia  the  fraction  ■■—■ i^.  where 

p  denotes  the  density  of  the  stratum  having  the  parameter  a ;  the 
integrals  are  taken  between  the  limits  zero  and  the  extreme  value 
of  a.  Suppose  we  calculate  the  value  of  this  fraction  on  the 
assumption  that  p  has  the  form  which  Laplace  is  here  discussing ; 
then  we  can  make  an  interesting  comparison  of  the  theoretical 
expression  with  the  results  of  observation. 

Similar  remarks  apply  to  the  expression  for  Lunar  nutation. 

Such  a  comparison  is  made  in  the  three  elementary  works 
cited  in  Art.  1325 ;  so  that  I  need  not  enter  upon  it  here. 

I  shall  therefore  only  remark  that  Laplace  himself  treats  on 
this  comparison  briefly  in  his  original  memoirs;  see  Arts.  1285 
and  1286  :  but  he  does  not  reproduce  his  remarks  in  the  Mecanique 

Celeste. 

1330.  Some  general  observations  which  form  the  first  seven 
pages  of  the  Addition  are  reproduced  in  substance  in  the  first 
Chapter  of  the  Eleventh  Book  of  the  Mecanique  Celeste.  One 
slight  change  may  be  noted.  After  remarking  tiiaX  geometers  had 
not  yet  introduced  in  their  researches  on  the  figure  of  the  Earth 
the  compressibility  of  the  strata  I^piace  says  in  the  Addiiitm : 

M.  Yoting  vient  d'appeller  leur  attention  sur  cet  objet,  par  U  ro- 
marque  ing£nieuBe,  que  Ton  peut  expUqner  de  cette  mani^  raocroisae- 
raent  do  density  des  couches  du  ■pli6roide  terrestre. 

This  is  omitted  in  the  M^ntque  (Meste,  Tol.  T.  page  15,  and 
we  have  instead : 

...quoique  Daniel  Bernoulli,  dans  sa  pi^e  but  le  flux  et  le  reflux 
de  la  mer,  eAt  d£j^  indiquS  cette  cause  de  I'accroiasement  de  density  dee 
couches  du  ephfrolde  terreetre. 

The  remark  of  Young  is  to  be  found  in  the  ^ilosophiccU  Traris- 
aetiong  for  1819 :  see  his  Works,  Vol.  Ii.  pages  19,  78,  82. 

22—2 
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Some  observatioiiR  bearing  on  tbe  Bubject  of  this  section  of 
Laplace  by  Plana  -will  be  found  in  the  fifth  volume  of  De  Zach's 
Correapondance  Astronomique. 

Here  we  arrive  at  the  end  of  the  sixth  section  of  the  Eleventh 
Book. 

1331.  Take  equations  (13)  and  (16) ;  subtract:  n^lect  V„ 
Vf  Z^...oD  the  ground  that  the  action  of  the  sea  is  small  owing  to 
its  small  density  or  small  depth ;  and  assume  the  strata  to  be 
elliptical  BO  that  Y^  y^... vanish.    Thus 

y  -  J^  (y  +  5)  -  constant  +  |  i  ■?(/**-  g)  ■ 

Laplace  omits  the  constaut.     The  coeflScients  ot  ft'~^   in  —  y 

and  —  f  are  supposed  to  be  k  and  h"  respectively.     Let  «jP  be  the 
coefficient  of  this  term  in^'.     Then  from  the  above  equation 

aq+aih  +  h")"-^'. 

This  is  in  &ct  Clairaut's  theorem  applied  to  the  supposed  at-  ' 
mosphere  surrounding  the  earth.  It  will  be  observed  that  a  (X+ A") 
is  the  ellipticity  of  the  surface  of  the  atmosphere,  and  therefore 
of  the  sea,  since  one  of  these  surfaces  is  at  a  small  constant  distance 
from  the  other. 

Let  p  denote  the  gravity  at  the  surface  of  the  earth  corre- 
sponding to  p' ;  thus,  according  to  Laplace, 

If  then  aqP  be  the  coefficient  of  the  term  f^~^mpwe  must 
have  }  =  y  +  2ft". 

But  the  correct  formulae  should  be 

j.=p'  +  2atP,      q  =  q~2h". 

The  result  obtained  by  Laplace  would  give,  he  remarks,  the 
difTerence  oft"  of  the  ellipticities  of  the  atmosphere  and  of  the 
terrestrial  spheroid,  if  we  knew  by  the  pendulum  experiments  the 
values  of  q  and  q.  But  he  says  it  follows  from  the  experiments 
which  have  been  made  for  the  most  part  at  the  level  of  the  sea 
or  a  little  above  it  that  ah"  is  very  small  and  almost  insensible. 
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I  presume  he  means  that  q  is  determined  directly  hy  ohserva- 
tioQ,  and  q  is  deduced  by  allowing  for  the  difference  in  elevation, 
which  is  ascertained  hy  the  aid  of  the  barometer.  But  I  find  it 
difficult  to  catch  precisely  Laplace's  train  of  thought.  The  words 
which  immediately  follow,  on  his  page  54,  "  La  surface  de  I'atmo- 
sph^re  suppos^e"...  seem  to  me  the  commeucement  of  a  new 
paragraph,  and  they  should,  I  think,  have  been  eo  distinguished 
in  printing.  Laplace  is  actually  ahout  to  investigate  the  effect  of 
an  elevated  plateau,  like  that  on  which  Quito  is  situated,  on  the 
value  of  gravity. 

1332.  Accordingly  on  his  pages  So  and  56  Laplace  considers 
the  effect  of  the  attraction  of  a  mountain.  He  obtains  the  com- 
mon result  which  is  now  in  elementary  hooks ;  namely,  2irpjc  for 
the  attraction,  where />,  is  the  density  and  k  the  height  of  the 
mountain.  I^place  applies  this  to  an  experiment  recorded  hy 
Bouguer,.and  infers  that  the  density  of  the  mountains  near  Quito 
is  about  one-fifth  of  the  mean  density  of  the  Earth,  that  is  ahout 
the  density  of  water.  Plana  has  touched  on  the  subject  in  the 
first  of  his  three  memoirs  cited  in  Art.  1324. 

1333.  The  original  memoir  hy  Laplace  contains  in  its  paget< 
178.. .182  matter  which  is  not  reproduced  in  the  Mecanique 
Celeste.  This  relates  principally  to  the  influence  of  the  attraction 
of  a  mountain  on  the  measure  of  the  degrees  bf  the  meridian. 
It  is  interesting  and  not  difficult. 

1334.  The  memoir  terminates  with  some  remarks  on  the  sta- 
bility of  the  figure  of  the  Earth;  see  the  pages  182. ..184  of  the 
memoir.  These  remarks,  relate  to  the  subject  discussed  in  the 
third  Chapter  of  the  Eleventh  Book,  namely,  the  axis  of  rotation 
of  the  Earth,  The  remarks  hear  upon  the  case  in  which  the  sea 
is  not  supposed  to  cover  the  whole  earth ;  they  are  not  reproduced 
in  the  Mecanique  Celeste,  though  Laplace  alludes  to  the  same 
matter  on  his  page  71- 

1335.  In  leaving  Chapter  IL  of  the  Eleventh  Book  of  the 
Micanxque  CiUste,  I  may  state  that  there  are  numerous  mis- 
prints ;   and  most'oF  them  are  reproduced  in  the  national  edition. 

It  will  be  seen  from  our  analysis  that  the  Chapter  contains 
important  matter,  and  that  it  is  original. 
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1336.  The  third  Chapter  of  the  Eleventh  Book  of  the  M4ca- 
rnqva  Cileste  is  entitled  Be  taxe  de  rotation  de  la  Terre :  it  occu- 
pies ps^es  57. -.71. 

1337.  The  pages  57.. .67  are  devoted  to  the  investigation  of 
the  theorem  which  we  have  given  in  Art.  1282.  Ab  I  have 
already  remarked,  Laplace's  original  investigation  is  much  simpler 
than  that  which  he  gives  here.  , 

But  it  is  true  he  establishes  something  more  here.  We  know 
that  at  any  point  of  a  given  mass  a  system  of  principal  ajies  can 
he  found ;  Laplace  himself  gives  a  demonstration  of  this  in  his 
Livre  I.  §  27.  It  might  seem  at  first  sight  that  he  is  giving  t^ain 
a  demonstration  of  this  theorem ;  thus  he  says  on  hie  page  63, 
"L'existence  d'un  pareil  axe  est  done  toujours  possible...."  How- 
ever, what  he  really  shews  is  something  different,  namely,  that  if 
we  reject  the  square  of  the  usual  small  quantity  a,  the  conditions 
necessary  for  the  existence  of  principal  axes  can  be  satisfied.  But 
it  does  not  seem  to  me  that  for  his  main  purpose  this  result  is  of 
any  importance. 

1338.  Let  us  pass  on  to  his  next  point,  which  was  not  in  the 
original  memoir.  Suppose  the  Earth  covered  by  the  sea  to  be  in 
relative  equilibrium,  rotating  round  one  of  the  principal  axes 
through  the  centre  of  gravity ;  if  it  be  made  to  rotate  round  one 
of  the  other  principal  axes  instead  of  the  actual  axis  the  figure  of 
the  sea  would  change.  The  three  figures  which  can  thus  be 
obtained  by  taking  in  succession  the  three  principal  axes,  have 
bet^^■een  themselves  some  simple  relations  which  are  interest- 
ing to  know. 

Suppose  the  whole  mass  rotating  i-ound  an  axis,  which  we  will 
call  the  first  principal  axis.  With  the  notation  of  Art.  1303,  we 
havQ  for  the  radius  vector  of  the  surface  of  the  sea 

a{l  +  <il+a{Y^  +  Z;)  +  a(Y,  +  Z;)  +  a(T,+Z;} +  ...], 

where  2  is  a  constant,  such  that  aal  expresses  the  mean  depth 
of  the  sea. 
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If  am  denote  the  whole  volume  of  the  sea,  we  have 
am  =  a'  I     I   cddil>di*; 

therefore  am=s4ffa'ai (21). 

Now  we  have  by  Art.  1309, 

-  T<  (2t  + 1)  a*^  (a)  +j*p^  {of**  Z)  da 

except  -when  »' =  2,  and  then  we  must  add  a  certain  term  to  the 
numerator  on  the  right-hand  side. 

Hence  Zt+Yt  =  y,^.    ,, ''"  rn (22), 

'  j(2t+l)^(a)-aVJa*  ^    " 

except  when  »  =  2;  and  then  we  have 

...^  />-')s"-'^-)''°-li(''.'-i)'-'*w 

»"*■     »  {50  ta)  -  a'ff}  a" 

Let  u  denote  the  sum  of  the  values  of  the  expresaion  on  the 
right-hand  aide  of  (22)  from  t  =  l  to  i  =  infinity.  Then  the 
radius  vector  of  the  sea  becomes 

I  »)(»■'- 1)  »M 

60  (a)  —  a'ff 

Now  let  us  suppose  that  the  whole  mass  tumB  round  the 
second  principal  axis.  What  we  denoted  hy  /t,  may  now  be 
denoted  hy  /t,,  so  that  we  have  for  the  radius  vector 

a+aai  +  aau . .  >  l        i 

50  (a)  -  a'ff 

Laplace  says  it  is  clear  that  al  and  ou  corresponding  to  the 
same  point  of  the  sea  are  the  same  as  before.  This  is  obvious 
with  respect  to  i  from  equation  (21).  With  respect  to  u,  I  sup- 
pose we  see  them  to  be  the  same  hy  the  following  argument: 
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it  is  obvious  that  u  does  not  involve  the  angular  velocity,  &nd  if 
this  angular  velocity  be  zero,  the  two  eJ^pressioDs  denoted  by  u 
muat  be  the  same ;   hence  they  must  always  be  the  same. 

In  like  manner  for  the  third  principal  axis  we  find  that  the 
radius  vector  of  the  surface  of  the  .sea  will  be 

'  +  "'  +  ""■ 5»  (.)-.■„       • 

Now  we  know  that 

/*.'  +  /*/+/*.'=■!  - •■••  (23). 

eo  that  if  we  take  the  mean  of  the  three  values  of  the  radius 
vector  we  obt^n 

a  +  aol  -t-  am, 

which  is  independent  of  the  angular  velocity  of  rotation,  and  is 
the  same  as  the  radius  vector  of  the  sea,  supposed  in  equilibrium 
on  the  earth  without  any  rotation. 

Laplace  does  not  use  equation  (23),  but  proceeds  in  a  less 
sioiple  manner.  By  a  misprint,  followed  in  the  national  edition, 
be  omits  the  term  ^  (a)  in  the  numerator  in  the  expression  for 
the  radius  vector  in  the  second  and  third  casea 


I  shall  give  some  remarks  which  may  perhaps  be  of  a 
a  Btodent  of  this  Chapter  of  Laplace.     The  Chapter  is  original ; 
but  it  does  not  seem  to  me  very  important. 

1339.  On  page  57,  at  the  beginning,  Laplace  snys  that  the 
origin  is  supposed  to  be  at  the  centre  of  gravity  of  the  spheroid. 
By  spheroid  here  he  means  the  solid  part  of  the  Earth.  But  he 
really  does  not  make  any  use  of  the  supposition  that  the  origin 
is  at  the  centre  of  gravity  of  the  solid  part ;  the  ori^n  may 
be  at  any  fixed  point  very  near  this  centre  of  gravity. 

1340.  Let  fc^  and  ^,  denote  the  usual  angular  polar  coordi- 
nates. Let  there  be  a  fixed  radius  for  which  /*,  ia  cos  8,  and 
01  is  ^.  Let  fi  and  0  be  the  polar  coordinates  referred  to  this 
fixed  radius  as  a  new  axis,  the  angle  ^  being  counted  from  the 
meridian  wliich  contains  the  original  axis  and  the  new  axis. 
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Then  Laplace  gives,  oa  his   page  58,  the  following  formulae 
which  connect  the  old  and  the  uew  polar  coordinates : 
/t  =  cos  ©/*,  + ein  ©  ^(1 -/*,*)  COB  (^,  -  *), 
V{I  -  /*•)  Bin  0  -  V(l  -  /..'J  sin  (^,  -  *). 

These  are  obvious  from  Spherical  Trigonometry.  He  says 
they  lead  to 

V(I-m')  co8^  =  cos©  V{1 -/*!*)  co8(^,  —  *)-BinQ/*,. 

The  truth  of  this  last  result  may  be  shewn  thus.  If  we 
square  and  add  our  three  equations  we  shall  obtain  an  identity  ; 
so  that  aa  the  other  two  are  known  to  hold  this  must  hold.  But 
in  this  way  we  are  left  in  doubt  whether  the  sign  on  the  left-hand 
side  should  not  be  negative.  The  best  way  of  verifying  the 
formula  is  to  use  Spherical  Trigonometry.  If  we  employ  the 
ordinary  notation  the  formula  becomes 

—  sin  c  cos  ^  =  cos  a  sin  &  cos  £7  —  sin  a  cos  5. 
If  we  substitute  for  cos  B  and  cos  0  their  known  values,  we 
shall  find  that  this  is  always  true. 

1341.  On  his  page  61  Laplace  says:  "Four  que  le  centre  de 
gravity  de  laTerre  soit  libre,  et  dans  I'aze  principal  de  rotation,".,. 
I  see  no  meaning  iq  the  words  Boit  libre. 

1342.  On  his  page  63  Laplace  says:  "L'existence  d'un  pareil 
axe  est  done  toujonrs  possible...."  These  words  seem  to  me  pre- 
mature ;  for  it  is  not  until  page  65  that  Laplace  discusses  the 
equations  he  has  obtained,  and  shews  that  they  always  have  a  real 
solution. 

1343.  On  his  page  63  Laplace  quotes  the  equation  we  have 
given  in  Art.  1338,  connecting  what  we  call  Y^  and  Z,.  Laplace 
adds  "les  quantit^s  Z^,  Y^,  Y^,  ae  rapportant  ici  h  I'axe  des  /t. 
Mais  rapport^s  k  I'axe  des  /*i,  elles  restent  les  mgmcs:..,"  I 
cannot  understand  what  is  meant  by  the  last  four  words  I  have 
quoted.  It  seems  to  me  that  when  we  change  our  axes,  Z,,  Y^ 
and  Y^  do  not  remain  the  tame  ;  but  that  they  are  transformwl  by 
the  aid  of  such  formulae  as  we  have  given  in  Art.  1340. 
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1341.  Some  troublesome  misprints  which  occur  in  Laplace's 
edition  and  are  preserved  in  the  national  edition  may  be  noticed. 

On  page  63  in  line  4  for  H  read  II. 

On  page  65  at  the  bottom  there  is  a  letter  q  which  carries  a 
bar,  a  dash,  and  another  letter :   the  dash  should  be  omitted. 

On  page  67  Laplace  says  "  on  aura  j*"  =  0."  He  ought  to  say 
"  on  aura  I  (p  - 1)  ■  x:  ("'2'**)  '^  =  *''" 

1345.  The  fourth  Chapter  of  the  Eleventh  Book  of  the 
Mdoanique  C4leste  is  entitled  De  la  chdeur  de  la  Terre,  ei  de  la 
dindnvticm  de  la  durie  du  jour  par  son  refroidissement ;  it  occu- 
pies pages  72. ..85. 

1346.  This  Chapter  belongs  rather  to  the  researches  on  the 
theory  of  Heat,  by  Fourier,  Poisson,  and  others,  than  to  our 
proper  subject.  I  do  not  profess  to  have  verified  the  numerical 
calculations,  but  I  have  gone  over  the  analysis,  and  shall  m^e  a 
few  remarks  which  may  be  of  service  to  the  student.  The 
Chapter  is  substantially  reproduced  from  the  Connaissance  dea 
Terns  for  1823;   see  Art  1289:   but  the  last  page  is  new. 

1347.  Laplace  starts  with  two  fundamental  equations  given 
by -Fourier;  he  says  "j'en  donnerai  la  demonstration,  dans  un 
autre  livi-e."     I  do  not  find  tliat  this  intention  was  carried  out 

1348.  Laplace  arrives  at  the  differential  equation 

and  gives  a  process  of  solution. 

In  the  original  memoir  he  omitted  the  process  and  referred  to 
Legendre's  memoir  of  1789:   see  Art  942. 

1349.  As  I  have  stated  in  Art.  942,  the  solution  of  the  equa- 
tion is  now  known  to  take  the  following  compact  form, 

0  d'  sin(aVa  +  J9) 
a*  da'  i^a  ' 

where  unity  is  to  be  substituted  for  a  after  the  differentiation. 
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Laplace  requires  the  ezpresaon  to  be  finite  when  x  is  zero ; 
this  cannot  be  unless  5  =  0. 

We  shall  put  y,  for  t-;  ■  -  ,--  — ,  it  being  supposed  that 
unity  is  substituted  for  a  after  the  differentiations. 

Now  y,  vanishes  when  x  =  0.  Suppose  x  to  increase  from 
zero,  it  is  important  for  Laplace  to  know  when  y,  first  vanishes 
after  a;  =  0. 

It  is  obvious  that  y,  first  vanishes  when  x  =  ir.  Laplace  says 
that  y,  first  vanishes  when  x  is  between  ir  and   g-,  that  y,  first 


when  X  is  between  2ir  and  ■„  ,  "et  ainsi  du  reste";    see  his 
page  76. 

1350.     It  will  be  found  that 
1 


(sin  a;  —  *  COS  aj), 
y,=7-J8ina!  (1-  -sj-aicosjrl, 


and  thus  Laplace's  statements  witli  respect  to  y^  y,  and  y,  may  be 

verified.    The  following  formula  will  be  useful : 
dy,      rf"     d  sin  x-Ja 
dx  ~  da'  dx      ^/a  ■ 


X   dr^   sin  a  %/a 
2  da""'       V» 


Thus  y,  continually  increases  numerically  as  x  changes  from 
zero  to  the  value  for  which  y^,  first  vanishes. 
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1351.  At  the  bottom  of  his  page  82  Laplace  gives  a  formula 
which  reduced  to  his  degree  of  approximation  amounts  to  this : 

r-g,.i.^^r=Ul-iiir_l>.^'('-')('-^)''-a)-...l. 
Je  1^  a  v^  [  tt  it  ) 

But  it  ought  to  be  stated  that  if  s  is  even,  the  last  term  within 
the  brackets  must  be  doubled. 

Thus,  for   example,    |   — r  sin  —  dr  is  not  —  ( 1 = ) ,    but 

^      Jo  (^  «  ir\        ir/ 

—  [1  —  -J  J .  Laplace  seems  to  have  gone  wrong  here.  Thus  a 
coefficient  at  the  top  of  his  page  83,  which  he  makes  to  be 
3-«(l- -j],  should  be  3-«fl~-j].  This  correction  will 
affect  some  of  his  numerical  results  on  his  page  84. 

1352.  We  may  observe  that  Plana,  by  using  a  different  value 
of  the  quantity  denoted  by  e,  strengthens  Laplace's  conclusions  as 
to  the  permanence  of  the  length  of  a  day :  see  the  Astronomische 
Nachrickten,  Vol  X.2XV.  page  183. 

1353.  There  are  some  misprints  in  this  Chapter  which  do  not 
occur  in  the  original  memoir  nor  in  the  national  edition. 

1354.  The  contributions  made  by  Laplace  to  our  subject, 
which  are  contained  in  his  fifth  volume,  fall  below  those  of  his 
earlier  years  in  interest  and  importance ;  but  they  are  not  un- 
worthy of  his  eminent  reputation.  Those  in  the  second  Chapter 
seem  the  most  remarkable,  and  may  be  said  to  consist  of  three 
parts.  We  have  the  process  by  which,  instead  of  supposing  fluid 
to  cover  th^  whole  surface  of  the  Earth,  an  investigation  is  given 
which  may  apply  to  the  actual  constitution  of  the  Earth  and  sea ; 
we  have  the  important  theorems  respectii^  the  approximate 
values  of  Laplace's  coefiBcients ;  and  lastly,  there  is  the  discussion 
of  a  certain  hypothetical  law  connecting  the  pressure  with  the 
density.  The  later  volume  seems  more  obscure  than  the  earlier 
volumes,  and  is  certainly  more  disfigured  by  misprints ;  these 
defects  may  probably  be  attributed  to  the  infirmity  of  advancing 
age,  and  may  well  be  excused  in  the  closing  years  of  a  life  so  full 
of  great  scientific  achievements 


mzed  By  Google 


CHAPTER    XXXV. 

POISSON. 

1355.  I  HAVE  un<]ertakeii  to  carry  the  histoiy  of  the  theories 
of  Attraction  and  of  the  Figure  of  the  Earth  down  to  the  researches 
of  Laplace,  so  that  I  shall  not  in  general  pass  beyond  the  end  of 
the  first  quarter  of  the  present  century.  But  I  propose  to  make 
exceptions  with  respect  to  Foisson,  Ivory,  and  Plana,  and  to  give  an 
account  of  all  the  contributions  of  these  mathematicians  to  our 
subject.  The  labours  of  all  three  connect  themselves  closely  and 
naturally  mth  the  matters  we  have  already  discussed;  Poisson  and 
Plana  especially  may  be  regarded  as  disciples  and  successors  of 
Laplace,  and  may  be  conveniently  and  justly  associated  with  him 
in  mathematical  history. 

The  present  Chapter  will  be  devoted  to  Foisson. 

1356,  Tho  writings  of  Poisson,  arranged  chronologically,  which 
may  be  considered  as  belonging  to  our  subject,  ore  the  following, 
according  to  the  list  of  his  works  and  memoirs  drawn  up  by  him- 
self and  published  at  Paris  in  1851 : 

I.  Lemons  de  M^canique.  One  volume  in  4to.-  I  have  never 
seen  this. 

II.  Traits  de  M^canique.  First  edition  in  two  volumes  in 
8va    I  have  not  seen  this  edition,  which  appeared!  think  in  1811. 

in.  il^oire  sur  la  Distribution  de  I'electricit^  k  la  surface 
des  corps  conducteurs. 

Second  M^oire  sur  le  m@me  sujet. 

IV.  Extrait  d'un  M^moire  de  M.  Yvori  sur  I'attraction  dea 
Ellipsoid  es  homog&nes. 

V.  Addition  k  I'article  prA^ent. 

I  have  already  noticed  IV.  and  V.:  see  Art.  1160, 
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VI.  Eetnarques  sur  una  Equation  qui  s©  pr^eDte  dans  la 
tli^orie  <les  attractions  des  sph^roldes. 

I  have  already  noticed  this:  see  Art.  1237. 

VII.  M^moire  sur  la  distribution-  de  la  Chaleur  dans  les 
corps  solides. 

I  have  ahready  noticed  this:  see  Art.  1223. 

VIIL  Observations  relatives  i  ua  M^moire  de  M.  Ivory,  sur 
I'Eqttilibre  d'une  masse  fluide.     Annales  de  Chimie...l82i. 

This  criticises  an  assumption  made  by  Ivory  irhich  vill  he 
noticed  hereafter. 

IX.  Annonce  de  moD  M^moire  sur  1' Attraction  des  sph^roides. 
Nouveau  Bvlletin...Pkilomatique  1826. 

'  This  is  a  notice,  extending  to  about  a  dozen  pages  of  the 
memoir  numbered  X. 

X.  M^moire  Bur  I'AttractioQ  des  spb^roides.  Connaissance 
des  Tema  1829. 

XI.  Note  sur  une  formule  relative  k  I'Attraction  des  8ph^ro!des 
Biilosophical  Magazine  1827. 

XII.  Additions  au  M^ukoire  sur  I'Attraction  des  sph^roides. 
Conmiiaaance  des  Tema  1831. 

XIII.  Traits  de  M&»uuque.     Second  edition  1833. 

XTV,  M^moire  sur  rAttraction  d'un  ellipsoide  homog^ne. 
Paris  M^moirea  for  1835. 

XV.  Note  aur  I'Attraction  d'un  ellipsoide  h^t^rog^ne.  Con- 
naissance des  Tema  1837. 

XVI.  Not«  sur  un  passage  de  la  Micaniqae  celeste. 
I  have  ab^ady  noticed  this:  see  Art.  1265. 

XVII.  Remarquea  h.  I'occaaion  d'un  Rapport  relaUf  k  TAt- 
traction  des  ellipsoldes.     Comptes  Mendus.  ..VoL  TL 

Addition  k  ces  Remarques.     Comptes  Mmdus...Yo\,  vn. 

XVIII.  Note  sur  une  Propri^t^  g^n^rale  des  formules  rela- 
tives aux  attractions  dee  aph^oidee.     Comptes  Sendus.,.Vo\.  Yii. 
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I  proceed  to  give  an  account  of  such  of  these  writings  as  have 
not  been  already  noticed ;  the  first  of  these  is  that  Qumbered  IIL 

1357-  Two  memoirs  by  Poisson  entitled  Sur  la  distribniion 
de  VdlectriciU  d,  la  mrface  dea  corps  cvnducteura  are  contained 
in  the  M^moires.-.de  rinatitut  for  1811.  The  subject  of  the 
distribution  of  electricity  is  connected  with  that  of  attraction;  but 
it  is  too  extensive  and  important  to  be  included  in  the  present 
work:  I  must  therefore  content  myself  with  expressing  the  hope 
that  it  may  soon  find  its  own  historian. 

Here  I  will  only  just  notice  the  proof  of  Coulomb's  theorem 
which  was  supplied  by  Laplace  to  Poisson,  and  inserted  by  the 
latter  in  his  first  memoir:  see  pages  5  and  29  of  the  memoir. 

I  have  already  explsined  the  theorem  in  Art.  993,  The  pre- 
sent proof  resembles  that,  in  dividing  the  film  into  the  two  parts 
which  I  call  S  and  8' ;  but  differs  in  another  respect.  Here  it  is 
observed  that  if  the  film  is  spherical  we  have  obviously  4irp  for 
the  joint  action  of  8  and  S  at  JP";  this  is  independent  of  the  radius 
of  the  sphere. 

Now  whatever  be  the  form  of  the  film  we  may  consider  the 
part  8  cut  into  elements  by  planes  which  all  pass  through  the 
common  normal,  the  angle  between  two  consecutive  planes  being 
infinitesimaL  Then  we  may  admit  that  the  action  of  any  ele- 
ment will  be  the  same  at  P'  as  the  action  of  a  spherical  element  of 
the  same  curvature.  And  in  this  way  we  obtain  2irp  for  the 
whole  action  of  8  Then  as  in  Coulomb's  proof  we  obtain  4xp 
for  the  action  of  S  and  S,  since  the  two  parts  will  exert  equal 
actions. 

Some  remarks  for  the  purpose  of  rendering  the  demonstration 
more  rigorous  are  given  by  Plana  in  his  Mimoire  sur  la  distri- 
bution de  VilectricitS... Tunn,  1845:  see  page  2S  of  the  memoir. 

1358.  In  the  Connaissance  des  Tema  for  1829,  published  in 
1826,  there  is  a  memoir  by  Poisson  entitled  M^oire  sur  toMrac- 
tion  des  Sph^oides.  The  memoir  occupies  pages  329.  ..379  of  the 
volume.  There  is  an  Addition  to  the  memoir  in  the  Connaissance 
des  Terns  for  1831,  published  in  1828;  this  occupies  pages  49,. .57 
of  the  volume. 
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1359.  The  memoir  in  divided  into  three  sectiona.  The  first 
section  ia  entitled  FormuUs  prdliminaires ;  it  occupies  pages 
329. -.353.  The  second  section  is  entitled  Formtdes  relatives  aiuc 
attractions  des  corps  quehonquea ;  it  occupiespages354...364.  The 
third  section  is  entitled  Formules  relatives  a%ix  sphSroTdes  trhs-peu 
diff4reii8  dune  spkhe;  it  occupies  pages  364. ..379,  The  memoir 
may  be  said  to  form  a  new  edition,  with  important  improvements, 
of  Laplace's  researches  on  the  subject. 

1360.  The  first  section  constitutes  a  treatise  on  Laplace's 
Junctions.  Foisson  discussed  these  functions  in  a  peculiar  manner; 
he  seems  to  have  attached  great  importance  to  bis  process,  and 
repeats  it  in  various  phices.  He  refers  to  the  Journal  de  V&cole 
Polytechnique,  19*  cahier,  page  145.  Poieson  shews  that  a  func- 
tion of  two  variables,  6  and  -^y  can  be  expanded  in  a  series  of 
Laplace's  coefGcients;  the  expansion  holds  for  values  of  6  between 
0  and  TT,  and  of  -^  between  0  and  27r.  Exceptions  may  occur  at 
the  limiting  values  of  the  variables. 

It  is  unnecessary  to  enter  on  Poisson's  method  here,  because 
it  is  not  our  principal  subject,  but  belongs  rather  to  the  history  of 
the  theory  of  Laplace's  functions.  Moreover  it  is  readily  accessi- 
ble; for  instance  Poisson  repeats  it  in  the  eighth  Chapter  of  his 
Tkiorie  Matk^matique  de  la  Ohaleur.  Some  account  of  it  will  be 
found  in  Pratt's  treatise  on  the  Figure  of  the  Earth.. 

1361.  Supposing  that  a  function  has  been  expanded  in  a  series 
of  Laplace's  coefficients,  it  will  have  to  be  investigated  whether 
we  shall  continue  to  obtain  equtdities  if  we  integrate  or  differen- 
tiate both  members  of  the  equation  with  respect  to  either  of  the 
variables  9  and  ■^.  Poisson  discusses  this  important  point  with 
great  care.  He  shews  that  the  formulee  obtained  by  integration 
are  subject  to  no  restriction;  but  those  obtained  by  differentiation 
are  liable  to  exceptions  at  the  extreme  values  of  the  variables. 
He  refers  on  page  337  to  researches  of  his  own  on  the  subject 
"dans  les  demient  cahiers  du  Journal  de  VEcole  Polytechnique,.." 

1362.  Poisson's  second  section  gives  formula  for  the  attrac- 
tion of  any  body,  expressed  by  means  of  the  potential  function 
as  we  call  it. 
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Let  r,  &,  ^'  be  tlie  coordinates  of  any  element  of  the  attracting 
body;  let  p'  be  the  density  at  that  point.  Let  r,'0,  ^  be  the  co- 
ordinates of  the  attracted  particle.  Let  P^'  be  Laplace's  n*  coeflB- 
cient,  a  function  of  ff  and  ^'.  Let  u  denote  the  radius  of  the 
surface  correspondiug  to  ff"  and  ijr. 

Foisson  uses  d<a  for  sin  ff  dff  d^',  so  that  dea  may  be  considered 
to  be  the  element  of  the  surface  of  a  sphere  of  radins  unity 
which  is  described  with  the  origin  tks  centre.  The  double  inte- 
gration with  respect  to  ff  and  ^'  may  be  replaced  by  a  Bymbol  of 
single  inb^ratlon;  the  integration  will  extend  over  the  whole  or 
some  definite  part  of  the  spherical  surface. 

1363.  It  is  almost  unnecessary  to  write  down  the  formula  for 
F  when  r  is  greater  than  any  value  of  u,  as  it  has  been  given 
before.     But  for  convenience  we  may  repeat  it. 


^-'^[?«  iil?'''"' '''')''• ''"]■ 


.(1). 


Here,  and  throughout,  %  denotes  summation  with  respect  to  n 
from  n  =1  0  to  n  =  oo . 

Next  consider  such  an  internal  point  that  r  is  less  than  any 
value  of  u.     Then 

•^^["/(r'^)'-'*"] <')• 

Iq  the  last  place  suppose  the  external  or  internal  point  is 
such  that  r  is  greater  than  some  values  of  u,  but  less  than 
other  values.     Then 

■^^[^/,(/>"**')^-'*"] 
^^["liiy^)^-^] «■ 
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The  integral  iDdicated  by  |  extends  to  those  directions  of  f* 

in  which  u  is  leas  than  r ;  and  the  integrals  indicated  hj  I  to 
those  directions  of  r'  in  which  u  ia  greater  than  r. 

The  limits  of  the  integrals  f  and  |  relative  to  ^  and  i^  de- 
pend implicitly  on  the  position  of  the  attracted  point,  that  is  on 
its  coordinates  r,  0,  and  -^ ;  and  it  will  be  necesBaiy  to  remember 
this  when  we  differentiate  Twith  respect  to  these  variables.  But 
we  shall  find  that  this  will  not  affect  the  differential  coefiScients  of 
V  of  the  first  order. 

In  &ct  we  have  identically 

I  p'r''**dr'  -  [  pV'***  dr'  +  [  p'r"**  dr' ; 

/(j;,v"*0^-*-+/,(/>'"*')^-'*" 

-/(/>-*■)  p:  A., 

where  the  s3rmbol  I  indicates  the  complete  integral  extended  to 
all  the  directions  of  r. 

Therefore  the  last  formula  for  V  may  be  expressed  thus : 

^^[•'/,(/;'f^)'-h <♦'• 

Now  the  differential  coefficient  of  "V  with  respect  to  r,  6,  or 
^  will  not  involve  any  term  arising  Jrom  the  variability  of  the 

limits  in  the  integrals  denoted  by  I    and  /.     For  consider  the 

former  int^ral ;  a  differential  coefficient,  so  far  as  it  depends  on 
the  miriability  of  the  limits,  will  have  as  a  factor  the  value,  at  the 
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limit  considered,  of  I  pr"**dr' ;  but  at  this  limit  b;  sapposition 
r  =■  u ;   and  bo  this  factor  vanishes. 

1364.  FoissoD  says,  and  quite  correctly,  that  commonly  only 
two  formuliB  for  V  had  been  given,  namely  (1)  and  (2) ;  and  it 
had  been  assumed  that  (I)  held  for  all  external  points,  and 
(2)  for  all  internal  points.  It  is  however  obvious  that  there  are 
external  points,  and  there  are  intemal  points,  for  which  the 
correct  form  is  (3)  or  its  equivalent  (4).  For  example,  if  we 
consider  a  homc^^eous  ellipsoid,  and  place  the  origin  at  the 
centre,  the  formula  (1)  applies  only  to  such  external  points  aa 
have  the  radius  vector  r  greater  than  the  greatest  of  the  three 
semiaxes  of  the  ellipsoid ;  and  the  formula  (2)  applies  only  to 
such  intemal  points  as  have  the  radius  vector  r  less  than  the 
least  of  the  three  semiaxes. 

1365.  The  terms  in  (1)  and  (2)  considered  as  functions  of  0 
and  tfr  will  be  Laplace's  functions;  this  depends  on  the  fact  that 
the  limits  of  the  integrations  are  independent  of  0  and  ^.  But 
this  will  not  be  the  case  with  the  terms  in  (3)  and  (4). 

With  respect  to  an  internal  particle  we  may  always  take  the 
origin  so  that  r  does  not  exceed  any  value  of  h  ;  then  the  formula 
(2)  will  be  applicable. 

Accordingly  Foisson  makes  an  application  of  (2)  to  establish 
the  correction  which  he  had  introduced  in  Laplace's  fundamental 
equation  for  Fwith  respect  to  an  intemal  particle:  see  Art.  1237. 
Since  P.  satisfies  the  equation 

J_  d  (  .   f,dP,\  

Eia0  dd\^    de  )*  a^e  dy^  " 
we  have  from  (2) 

1      d  f.    adT\,     1      ^ 
S^  d0  r°  "WJ  *^n*0  dt' 

-2[n(.  +  l)r-/(/"i^')p.'<i»] («). 

23—2 
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If  we  differentiate  rV  once  with  respect  to  r  we  ehall  find 
that  no  term  arises  from  the  Tariability  of  the  limits  in  the  inte- 
grations with  respect  to  r'.    This  result  depends  on  the  fact  that 


|/;,v"*'=p^. 


drJr  r  r^ 

p  being  the  density  at  the  point  corresponding  to  r,  0,  ifr. 
Hence  we  have  simply 

+s[(»+i)^/(/;^)p.'*.]. 

But  when  we  differentiate  this  again  with  respect  to  r,  we 
shall  obtain  terms  from  the  variability  of  the  limits.  Thus  we 
shall  have 

+  s[„(n  +  l)r-/(/;<£)p:4.] 

-r^(2»  +  l) /i>T.'*»  .-. (6). 

Hence  from  (5)  and  (6)  we  have  for  an  internal  particle 

r^Pn+iyjp'P.'da, (7). 

Now  suppose  p'  dereloped  in  a  series  of  Laplace's  fiinctionfi ; 
so  that 

P'-  «.'+  «■'+  «,'+  -  +  «.'+••• 
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Then,  by  Art.  1069,  weTiave 

Therefore  the  right-hand  side  of  (7)  becomes 

that  ia  —Inn'p. 

Hence  too  if  K  be  expressed  as  a  function  of  the  rectangular 
coordinates  x,  y,  s,  "wo  shall  have  for  an  internal  particle 

jT   trr   JF 

1366.  FoisBon  on  his  pages  362.. .364  determines  the  value  of 
V  relative  to  a  sphere  for  any  point  external  or  internal ;  the 
method  which  he  uses  has  now  passed  into  the  elementary  books  : 
Bee  8tati4»,  Art.  240. 

1367.  In  his  third  section  Foisson  applies  hie  formulra  for  V 
to  the  case  of  spheroids  which  differ  but  little  &om  spheres.  He 
begins  with  supposing  the  body  homogeneous. 

The  radius  of  the  surface  is  denoted  by  a  (1  +a^')  where  a  is  a 
constant,  being  tho  radius  of  a  sphere  which  differs  but  little  from 
the  spheroid,  and  a  is  very  small ;  and  the  peculiarity  of  Foisson's 
investigation  ia  that  he  does  not  limit  himself  to  the  first  power 
of  a,  but  retains  in  general  all  the  powers  of  a. 

If  r  is  greater  than  the  greatest  value  of  u  we  take  the  for- 
mula (1) ;  we  can  separate  the  integrals  relative  to  /  into  two 
parts,  one  extending  from  r"  s=  0  to  r  =a,  and  the  other  from 
/  =  a  to  r'  =  u.  In  the  first  part  the  integrals  will  be  constants ; 
and  by  reason  of  the  properties  of  the  function  /*,'  we  shall  have 
simply 

Hence  the  complete  value  of  V  will  be  in  this  case 
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If  r  is  less  tlian  the  least  value  of  u  we  take  the  formula  (2).' 
Then  we  have 

The  int^rala  with  respect  to  r'  which  are  taken  between 
/  =  r  and  r  =  u  we  separate  iato  two  parts,  one  eztendiog  &om 
r' =r  to  r'  =  a,  and  the  other  from  r'  =  a  to  r'^u.  For  the 
first  part  wo  shall  have 

s[-'/(/;<i;')j'-'*']-2'/'(»*-o. 

Hence  the  complete  value  of  V  in  this  case  is 
r.!.^--?f^  +  ,S  [r-/(/;^^)i..-*,] (9). 

Let  y  denote  the  value  of  y'  when  for  ff  and  ■<y  we  put  $  and 
^  respectively ;  and  suppose  y  and  its  powers  developed  in  series 
of  Laplace's  functions. 

Let  y=r.+  r,+  y,+  ...+  r.+... 

and  generally 

j^>_  r«>+  r-rt+  r»+...  +  r,M+... 

Since  J  r^dr  =a"*'  (ay  +  gfy  +      ■„   fi-^a'y  +  — }■ 
we  shall  have 

to»-"f»--l  (.-!).„_     1 

2»  +  l|      •         2  •  2.3  •  ; 
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Hence  the  preceding  values  of  V  will  present  themfielves  as 
series  a/ranged  in  povets  of  a ;   we  slmll  liave  from  (8) 

„    iwpa'    *irpa'  (  -      1      a^_ 

2      2»+l.'     "*2.3  2n+l         ^  ■■.    f  ...J  ...  vw;, 

and  we  sball  liave  from  (9) 

7=2,p.--!^+4,^-(.S5^Jr. 

1368.  FoisBon  says  that  the  formula  (10)  holds  for  external 
points,  aod  the  formula  (11)  for  internal  -pomta,  provided  the  point 
is  not  too  near  the  eurface.  It  had  however  been  ueual  to  .n^lect 
this  condition,  and  to  apply  (10)  for  any  external  point,  and  (11) 
for  any  internal  point  The  matter  requires  examination,  and 
accordingly  FoisBon  proceeds  to  consider  it,  starting  from  equation 
(4),  which  has  been  rigorouely  demonstrated.  A&  we  have  stated 
in  Art.  843,  he  does  not  consider  it  sufficient  that  the  series 
finally  obtcuned  are  convergent;  he  holds  that  the  Eeries  em- 
ployed throughout  the  investigation  should  be  convergent;  see 
his  pt^  366. 

1369.  Since  the  spheroid  is  supposed  homogeneous,  the  first 
series  contained  in  (4)  is  reduced  to  its  first  term ;  and  is  equal  to 
47rpf^ 

3     ■ 
Also  whatever  (jf  may  denote  we  have  identically 

j'qd<«+j  Q^dta^JQ'dv. 

Hence  if  we  eliminate  successively  each  of  the  partial  integrals 

denoted  by  I    and  I ,  and  put  for  abbreviation 
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the  equation  (4<)  will  take  either  of  the  two  following  equivalent 
forms: 

r-*H!^+ps[,'|(J"^,)p;i„]+pxJ'cp;rf» (12). 

It  will  be  Bufficient  to  consider  the  first  of  these  formulie ; 
the  reasoning  will  apply  without  difficulty  to  the  second. 

Let  tt  =  r  —  «',  so  that  e  represents  a  function  of  ff  and  ^', 
the  value  of  which  is  very  small,  and  of  the  same  order  of  m^nt- 
tude  as  a,  for  those  values  of  r  which  we  have  to  consider. 

If  we  effect  the  integrations  in  CT'we  shall  find  that 
2»+l   „      2n  +  l(2»  +  l)  (»+!)» 

" 2~'  — aT''  *      27375? — "  ~- 

The  int^rals  denoted  by  /  extend  only  to  negative  values  of  2' ; 

but  if  we  denote  by  f '  a  discontinuous  function  of  ff  and  ■^',  such 
that  we  have  {['  =  /,  or  jT  =  0,  according  as  e'  is  negative  or  posi- 
tive, we  can  change  j  into  the  complete  integral  I ;  and  then  we 
shall  have 

jup:d«.^-!i±ljvpjd«-^jrpjd.+ (13). 

At  this  stage  Foisson  limits  the  approximation  to  the  order  a' 
inclusive,  by  rejecting  powers  of  ^  above  the  third. 

Now  suppose  ^  and  ^  are  developed  in  series  of  laplace's 
functions ;  and  it  mtist  be  observed  that  discontinuous  fimctions 
may  be  so'  developed :   let  then 

f  =  ^i  +  ^,  +  4  +  . . .  +  Z,  +  . .  . 
Then  by  the  known  properties  of  Laplace's  functions  we  shall 
have  &om  (13), 
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2jKP;rf«  =  27rf»-^S«. 


Now  by  the  naturo  of  ^  this  is  zero  wlienerer  the  attracted 
point  ie  outside  the  spheroid.  Thus  for  all  such  points  the  fiiBt 
equation  (12)  reduces  to 

r.i^.,x[A,/(/V.-,.)p..^]. 

This  will  agree  with  (8)  if  we  observe  that 

f  %'•*•  d/ =  J  V"*Vr' -  J V-"  dr', 
and  that  the  part  of  the  sum  denoted  by  2  which  corresponds  to 
the  second  integral  becomes  — s =—  . 

In  the  same  manner  it  may  be  shewn  that  the  sum  S  I  UPJdat 

which  occurs  in  the  second  of  equations  (12)  is  zero  whenever  the 
attracted  point  is  within  the  spheroid;  so  that  for  all  internal 
points  we  shall  have 

This  will  agree  with  (9)  if  we  oheervc  that 


Lr-'-J.^-'+J,?^' 


and  that  the  part  of  the  sum  denoted  by  2  which  coTrespondB 
to  the  second  integral  becomes  2'jra'  —  2Trr*. 

1370.  Poisson  then  says  that  it  has  been  shewn  that  the  two 
formulee  (8)  and  (9),  or  the  two  formulEs  (10)  and  (11),  which  are 
the  developments  of  them  in  convergent  scries,  will  apply  to  all 
positions  of  the  attracted  particle,  namely  (8)  and  (10)  to  all  exter- 
nal positions,  and  (9)  and  (11)  to  all  internal  positions.  If  we 
differentiate  the  expression  for  V  with  respect  to  r,  0,  and  ■>fr  we 
obtain  in  the  usual  way  espresdons  for  the  resolved  attraction. 
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For  example,  suppose  we  require  the  attraction  resolved  along 
the  radius.     We  thuB  got  from  (10) 

dV        4mf)cf     ifjTpc^  r  y  n+_I   q'  „ 

^(»H.|>t|)^r...  +  ...] (U); 


2.3 

this  holds  for  external  particles. 
And  we  get  from  (11) 
dV        iwor  ,  4irpa*  f  -     n      »*  „ 

J^.(.-l)^ 
2       2n  +  l 


dr' 

-«     _  ^-     i\  .. 

-  7(1) 

t"    " 

+  0^=^'?^-"--] a^» 

thia  holds  for  internal  particles.   ' 

137L  I  do  not  quite  understand  the  view  which  Poissoa 
takes  of  his  results.  Both  here  and  in  the  latter  part  of  his 
memoir  he  seems  to  imply  that  they  are  true  for  all  powers  of  a, 
whereas  he  has  only  demonstrated  them  so  far  as  a'  inclusive. 
In  a  paper  published  in  the  Ptoceedings  of  ihe  Royal  Society, 
YoL  XX  1872,  I  have  extended  Foisson's  investigation  to  all 
powers  of  a. 

1372.  When  the  point  coosidered  is  on  the  surface  of  the 
spheroid  the  values  of  V  ought  to  coincide,  as  well  as  those  of 

-T—,     We  will  verify  this  coincidence  as  far  as  the  order  <f 

dr  ^ 

inclusive. 

We  put  then  r  =  o  (1  +  ay).    Thus  (10)  becomes 

-*'^-»1-2^^''-<"-'^S^^--^ ('«• 
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In  the  same  way  (11)  becomes 

Now  it  is  obvious  that  in  these  two  Tallies  of  V  the  term 
without  a  is  the  same  iu  both ;  so  also  the  term  involviDg  a  is  the 
same  iu  both.    The  terms  inTolvicg  ^  will  ^ree  provided 
l,«  +  2         ,_       n  +  l^  j^ 

a-'sn+i   •     »  an  +  i'-^a 

a^'Sn  +  l     •     **    2«+l-'"     6' 
this  leads  to  isr.m-ySr. +^-0, 

that  is  Ijy.Oj-j'  +  ^.O; 

and  tliis  is  obviously  true. 

Now  let  us  compare  the  values  of  -7-  for  a  point  OB  the  Buriace. 
We  put  then  r  =  0(1  + ay).    Thus  (14)  hecomea 

In  the  same  way  (15)  becomes 

Now  it  is  obvious  that  in  these  two  values  of  -r-  the  term 

without  a  is  the  same  in  both.    The  tenns  involving  a  agree,  for 
by  equating  them  we  arrive  at  the  identity  —  S  y,  +  y  =  0.    The 
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-l^irn^-"-'^ 


terms  inTolviug  a*  agree,  for  by  equating  them  we  arrive  at  the 
identity  -  S  F,™  +  2^S  r.  -  j"  -  0. 

1373.  Some  of  the  coefiScients  which  occur  in  the  preceding 
Article  admit  of  transformationa  which  ma;  be  occaaionaUy  usefiiL 
Thus  the  coefficient  of  c^  in  (16)  is  transformed  by  Foisson  in  the 
following  manner: 

l^n+2        „       ,  n  +  1  y     y- 

!»+l     •      "^   J»+l       •*! 
2     2»+l     •        2*     •     2     2»  +  l     -^3 

6     2n+l     "        2     2n  +  l     " 

1S74.    Let  OS  proceed  with  PoiBBoa  to  an  appUcatioo  of  the 

formulsB  in  Art  1372. 

dV 
Take  the  value  of  V  from  (16)  and  the  value  of  -j-  from  (18) ; 

tbuB  we  shall  find  that 

1     („  +  2)(.-H)  ,(.  +  2)(»  +  l)  I 

2*       2»  +  l        ■'•    *»*       2«  +  l  •     »)• 

The  term  involTing  a  disappears ;  that  inrolving  a*  is 

%/«a'|-2(»+2)r.<«+2y2(n+l)y,+4j,S^jy.-^, 
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which  may  be  reduced  to 


^/»a' ] -  2n r,<»  +  2y Sn Y,  +  4^2  ^^-^  Y,-t 


Foisson  does  not  work  out  the  term  a*  as  it  is  given  here ;  and 
I  do  Dot  knov  that  any  previous  writer  baa  put  it  ezplicitty  in 
this  form.  If  we  neglect  the  term  in  a*  we  arrive  at  Laplace's 
equation :  see  Art.  11!)6. 

1375.  Foisson  for  an  application  of  his  formulee  discusses  the 
relative  equilibrium  of  a  mass  of  homogeneous  fluid  in  rotation. 
His  method  presents  some  novelty. 

In  order  that  the  figure  may  be  nearly  spherical,  the  centrifugal 
force  must  be  small  compared  with  the  attraction.  Accordingly 
he  supposes  that  a  expresses  the  ratio  of  the  centrifugal  force  at 
the  distance  a  from  the  axis  to  the  mean  attraction  at  the  same 
distance ;  so  taking  a  as  the  radius  of  a  sphere  equal  in  volume  to 

that  of  the  fluid,  the  mean  attraction  is     f^ ,  and  the  centrifugal 

force  is  — ^-^ .    Hence  at  a  distance  x  from  the  axis  of  rotation, 

the  centrifugal  force  will  be  ■  ^^ .  Therefore,  by  the  principles 
of  Hydrostatics,  the  surface  of  the  fluid  will  be  determined  by  the 
equation 

?^|^+  r=constant (19), 

where  V  and  x  relate  to  the  same  point  of  the  surface. 

Now  Foiason  does  not  assume  as  usual  that  the  axis  from  which 
his  0  is  reckoned  coincides  with  the  axis  of  rotation,  but  only  that 
the  two  straight  lines  are  paralleL  Let  e  denote  the  distance 
between  them.  The  plane  containing  these  two  straight  lines  is 
the  plane  from  which  the  angle  -^  is  reckoned. 

Since  the  distance  from  the  axis  of  d  of  a  point  on  the  surface 
is  a  (1  +  ajr)  sin  d,  we  see  that 

a?  -  o"  (1  +  oy^sin'^  -  2a«  (1  +  ay)  sin  5cos  •f  +  e" (20). 
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In  (19),  Bubstitate  the  value  of  a:"  from  (20),  and  the  value  of  V 
from  (16) ;  then  collecting  the  constant  tenns,  we  have 

con8tant=|  (l+ay)*Bin'ff-'^(H-oy)8in5co8++3a:  (^^~i  ^--l) 

-'•■{i^£^^-'"-»^£^  >-■-§+ m- 

Since  a  ia  the  radiua  of  a  sphere  of  equal  volume,  we  have 

^jj{l  +  .sr£ngdedf-^ (22), 

the  integrals  being  taken  for  0  from  0  to  w,  and  for  tfr  from  0  to  2w. 

If  we  expand  y,  ^,  and  ^  in  a  series  of  Laplace's  functions,  we 

shall  obUun  hj  the  aid  of  the  fundamental  properties  of  the  functions 

r,+ar,M+|o'r,(«=o (23). 

where  the  notation  is  that  of  Art.  1367. 

Then  in  order  that  nothing  may  be  left  undetermined  it  is 
convenient  to  fix  the  position  of  the  origin  of  coordinates ;  let  us 
take  it  at  the  centre  of  gravity  of  the  tobsb.  Then  we  have  the 
three  conditions 


(1  +  ay)*  cos  5  sin  fl  rf(?  d^  =  0, 
(1  +  ay)*  ain*  ^sin  ■ijrd$d^  =  (f, 
(1  +  ay)'  Bin*e  cos  ■<^dBd-^  =  0. 


Now  if  we  substitute  in  these  integrals  the  expansions  of  y,  ^, 
y*,  and  y*,  all  the  terms  disappear  from  the  integrals  except  those 
which  involve  Laplace's  coefficients  of  the  first  order.  Moreover, 
each  of  these  coefficients  of  the  first  order  ia  of  the  form 

h  cos  $  +  h'  sin  d  sin  ^  +  A"  sin  6  cos  ^, 
where  h,  h'  and  K'  are  constants. 

Hence  the  integrations  can  be  completely  effected;  and  by 
adding  the  results  we  obtfun 

y;+yr,w+«'7w+|y;»)=-o (24). 
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The  equations  (23]  and  (24)  shew  that  F,  and  Y^  are  both  of 
the  order  a,  on  our  hypothesis  as  to  the  value  of  a  and  the  posttion 
of  the  origin  ;  and  as  these  terms  are  multiplied  by  a  in  the  ex- 
pression a(l+ay),  they  are  to  be  neglected  when  we  neglect 
quantities  of  the  order  a*. 

The  quantity  t  is  unknown ;  but  as  only  whole  positive  powei? 
of  a  occur  in  equation  (21)  we  see  that  €  may  be  represented  thus 

e  =  «  +  c'a+eV  +  ..., 

where  the  coefficients  «,  e',  «",...  are  quantities  independent  of  a, 
which  have  to  be  determined. 

1376.  Thus  we  see  that  the  novelties  in  the  process  are 
these :  Foisson  has  the  aocurate  equations  (23)  and  (24),  of  which 
I^place  used  the  approximate  forms.  Also  Foisson  does  not 
assume  that  the  axis  of  rotation  passes  through  the  centre  of 
gravity ;  but  takes  the  distance  of  the  centre  of  gravity  from  the 
axis  of  rotation  as  one  of  the  quantities  to  be  determined. 

1377.  Let  us  proceed  with  Poisson's  solution.  Take  the 
equation  (21)  and  retain  only  the  first  powers  of  a.    Then 

constant  =  5  sin' 5 sinfl  coB^r  +  SaS  (5— — y  5',— |)i 


constant  =  5  sin*  tf sin^cos^-SaS  Y^ 

Equate  to  zero  in  the  right-hand  member  the  sum  of  the 
terms  which  relate  to  each  index  n,  except  n  =  0;  then  since 

sin*  S—  0  is  of  the  nature  of  Y^,  and  sin  0  cos^  is  of  the  nature 
of  y,,  we  see  that  F,  must  be  zero  for  every  valae  of  n  greater 
than  S.     And  also 

«-0, 
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Hence  the  radiua  of  the  Bur^ice,  which  is  a  (1  +  aif),  becomes 

»{:4'(.i.-.-|)}. 

If  we  wish  to  proceed  to  a  second  approximation  we  ma;  put 

and  suppose  that  z  is  expanded  in  a  series  of  LapUce'a  Functions; 
BO  that  £  =  SZ.. 

Neglect  in  (21)  the  powers  of  a  above  the  second.  It  will  be 
easily  seen  that  Z^  vanishes  if  n  be  greater  than  i.  Also  it  will 
he  found  that  e'  =  0,  and  Z,  =  0 ;  &ad  the  values  of  Z^  and  Z^  will 
be  obtained.  The  values  of  Z,  and  Z,  must  be  obtained  from  (23) 
and  (24) ;  which  will  give,  to  the  order  of  approximation  with 
which  we  are  concerned, 


and   I^<0  and   y^''^.  are  known  by  our  first  approximation,  which 
indeed  gives  F,0)  =  o,  neglecting  a  as  we  may  here. 

1378.  We  will  work  out  the  approximatioo  to  the  second 
order,  which  Poisson  only  sketches,  as  hy  comparison  with  what 
we  gave  from  L^endre's  fourth  memoir,  the  two  processes  will 
afford  mutual  verification. 

The  equation  (21)  ^ves  us  to  the  second  order 
constant  =|(l  +  227Jwn'5-^(l  +  a7J  sin  5  coB^ 

o     *  2n  + 1    ' 

+  33' 1-2  "'''^   rn>-^  iSl 
^■*'^t6^2»+l-'-         2-  Sj- 

where   Y^  stands  for  j  (sin* 5  —  g )  • 

The  transformation  of  Art.  1373  has  been  used  here. 
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Thaa  the  equation  reduces  to 

constant  =a*K8in'^ sin  0  cos  ^  —  2;^S  ;: =-Z. 

*  a  ^  2n  +  l    ■ 

Now  8m*5  =  ^y,+  5.    Hence 

constant  =  I  <^  y,  -  —  Bin  S  COB  t  -  a"*  2  #^ -2". 
3       '      a  zn  +  l 


We  may  divide  by  o^  which  is  constant.  Since  there  is  no 
term  to  halance  ^  when  n  is  greater  than  4,  we  see  that  then  Z^ 
most  vanish.  Also  ^  =  0,  for  there  is  no  term  of  the  lirst  order  in 
L^lace's  functions,  except  that  in  which  ^  occurs.  In  like 
manner  ^=0.  The  terms  Z^  and  Y^^  may  be  included  in  the 
constant.    Hence  finally 

Therefore 
and 


that  35  (P/  =  18P.  +  lOP,  +  7.    See  Art.  913. 

Thu.  ^.-14^, 

_     5„^3.26_         1   25 

And  from  Art.  1377  we  find  that 

T.  M,  A.      VOL.  II., 
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Heoce  we  obtain  for  the  radius  vector  of  the  mahice 

.{>..r..^[|.f,P,-|.Sp.-i]}. 

It  will  be  found  that  the  tenn  involvuig  a*  redaces  to 
,r75      ,.     *3    26      .,  ,   26.371 

80  that  the  ladiuB  vector  of  the  Bur&ce  becomes 

fi,5/.,»     2\,jr75      .,     *3   25      ,..25.3711 
a|l  +  ja(™M-5)  +  .-[^3j  COB'S-.,-. ^cc-a  +  ^^j-gjj}. 

Let  i  deoote  the  polar  ladius ;  then 

I        fi      5    2    ^.ns     13   25  ,    25.3711 

Suhstitute  for  a  in  terms  of  &  in  the  expressioD  for  the  radiuB 
vector;  and  to  the  second  order  we  shall  find  that  the  radius 
vector 

=  .(l+|..in.....ain..[-«(.^c».^^f.g^||]} 

=  j{l  +  |.sin-«  +  .-d.-«(||do'<--g)}. 

We  may  now  compare  this  with  Le^endre's  result. 
The  expression  in  equation  (16)  of  Art,  914  becomes,  when 
the  body  is  homogeneous, 

Now  w  being  the  angular  velocity  we  have  Ijegendre's  k  =  ~sg~. 


K      6* 

«  =  a  —  s  of  approximately. 
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Ueing  this  value  of  k  in  terras  of  a  we  shall  find  that  Legendre'a 
expressioQ  for  the  rodias  vector  coincides  with  Foiason'B. 

To  complete  the  compariBon  of  the  two  results  we  may  deter- 
mine the  ellipticity  furnished  hy  Poisson's  process ;  this  of  course 
wUl  agree  with  Legendre's.  Let  the  equatorial  radius  he  denoted 
by  6(1  +  ^;  then 

J(l+<).a{l  +  A.  +  ^,.-}. 

and  J  =  „>l_g,__a.|; 

hence  by  division  we  find  that  to  the  order  a* 

5       25.17  , 

-i'-  +  -7T32''- 

Now  Legendre'a  value,  given  in  equation  (17)  of  Art.  914, 

becomes  when  the  body  is  honu^neona 

_^  5  _  .  75 .  15   , 

Put  ( 
with  the  value  obtained  hy  Poissoa'e  process. 

1379.  PoisBon  concludes  his  discussion  of  the  problem  with 
some  remarks ;   one  passage  haa  been  quoted  in  Art.  1084. 

1380.  We  will  now  return  to  equations  (10)  and  (11).  Sup- 
pose in  succesaion  two  spheroids  of  the  aame  matter,  very  little 
different  from  the  same  sphere.  Let  a  (1  +  ay]  denote  the  radius 
vector  of  one,  and  let  a{l+ay  +  at)  denote  the  radius  vector  of 
the  other.  Here  z  is  supposed  to  he  a  given  function  of  0  and  ^, 
as  y  is;  and  we  suppose  also  that  t  may  he  developed  in  a 
series  of  Laplace's  functions,  which  may  be  denoted  by  XZ^.  Let 
A  y  represent  that  part  of  V  which  arises  from  the  matter  be- 
tween these  two  aurfaces.  Then  if  we  neglect  powers  of  a  superior 
to  the  first,  we  have  firom  (10)  and  (11)  respectively 

_4a»:»         1       a- 
r  2n+l  r" 


21—2 
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The  first  formula  snpposea  the  attracted  particle  to  be  onteide 
the  outer  sui&ce^  and  the  second  fonuula  supposes  the  attracted 
particle  to  be  inside  the  inner  snr&ce.  Let  B,  denote  the  aclJOB 
tovarda  the  centre  in  the  first  case,  and  S^  that  in  the  second 
case.    Then 


If  we  make  r  =  a  in  these  fonnulie  ire  see  that 
Bj  —  B^  =  WpaaZZ,  —  4firpaax. 

This  shews  that  if  two  particles  are  situated  on  the  same  radius, 
one  at  the  outer  narface  of  the  stratum  and  the  other  at  the  inner 
aur&ce  of  the  stratum,  the  difference  of  the  actions  at  these  points 
in  the  direction  of  the  radius  is  proportional  to  the  thickness  of 
the  stratum  and  is  the  same  as  if  the  stratum  were  sphericaL 

Foisson  adds : 
On  tronre  une  d&ntmstration  Bfiitli^que  et  plus  g&i4nde  de  oette 
mtoie  jHY^tositioi),  dans  auta  premier  Mgmoire   snr  rElectricitS ;    11. 
Ganoliy  I'a  ausd  d6moDtr£e  d'one  autre  mani^  dans  le  Bulletin  de  la 
Soci6t^  Philomatique. 

The  synthetical  demonstration  is,  I  presume,  more  general 
from  not  assuming  the  form  to  be  nearly  spherical :  see  Art.  1357. 

1381.  The  transition  ia  easy  and  obvious  fi*om  the  formole 
that  have  been  given  to  those  which  will  apply  to  a  heterogeneous 
body,  in  which  the  density  is  a  fiinction  of  the  parameter  a  by 
which  each  stratum  is  determined. 

Xet  0  be  the  value  of  a  at  the  surfece.  Then  from  (10)  we 
see  that  for  an  external  particle 

where  QJf>  stands  tor  j  p  ■■'■     ,    -'—  da. 


mzed  By  Google 


POtssoH.  S7S 

For  fui  internal  particle  situated  on  the  stratum  of  which  the 
parameter  is  a,  vq  shall  have  for  V  a  formula  consisting  of  two 
parts }  one  part  is  derived  from  (10)  applied  to  the  hodj  ho  far  as 
it  is  Gompmed  between  a  =  0,  and  a  =  a^;  and  the  other  part  ia 
derived  from  (11)  so  &r  as  it  is  comprised  between  a-'a^  and 
a  »  c.    Thus 

r.^/V^.^  [^t,^A.4t  i^X»....] 

+  4,£,«A.  +  4,[aJ2^5.-^s(^S.»  +  ...]...(23). 


where  AJf>  stands  for 


and  JiJ^  stands  for 


Moreover  we  must  remember  that  r  =  o,  (1  +  ay),  so  that  if  we 
substitute  this  value  V  will  become  a  function  of  0  and  ■<fr. 

The  subscript  may  be  omitted  from  a,  without  danger  in  the 
use  we  shall  make  of  the  formula  for  V. 

1382.  We  shall  have  to  be  carefiil  in  determining  the  values 
of  the  differential  coe£Scient8  of  V  for  an  internal  particle.  Foisson 
says  that  the  differential  coefficients  of  Fwith  respect  to  $  and  '^ 
are  to  be  taken  before  the  substitution  of  the  value  of  r;  and 
hence  n^lecting  of  we  shall  have  from  the  fundamental  equation 
of  Laplace's  functions  applied  to  V, 

1      d  /.    a^V\^     1     iPV 

a       (2»+l)o"^  2n+l        '     ^    ■* 

It  seems  to  me  that  Poisson  oi^ht  also  to  have  stated  that  the 
differential  coefficients  of  V  with  respect  to  $  and  ■^jr  are  formed  on 

the  Bappositioa  that  r  is  constant.    Hence  when  we  require  -33 
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tbia  Trill  not  have  aoy  influence  to  the  order  he  liaa  retained. 

dV 
To  find  -J—  PoisBon  substitutes  for  r  ito  value :  thus  neglecting 

a'  we  have 

.  r=  —  (I  —  ay)  I    pa*da  +  47r  i    pada 

If  we  differentiate  with  respect  to  a  we  shall  find  that  the 
terms  which  arise  from  the  variation  in  the  limits  of  the  integrals 
cancel ;  and  so  we  get 
dV        iw 


putting  for  -r—  its  valu^  it  follows  that 
dV        Anr,.      „„  ,  (■•     ,. 


o*       (2n  +  l)a"     "       o        2n  +  l 

Foisson  says  that  this  is  the  same  result  as  we  should  have 

obtained  if  we  had  differentiated  V  before  the  value  of  r  was  sub- 

fitituted,  and  had  not  varied  a ;  hut  we  should  go  wrong  if  we 

d'V 
formed  the  value  of  -^-g  in  this  other  way. 

The  equations  (27)  and  (28)  give 
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Differentiate  with  respect  to  ti,  and  multiply  b;  r  -?- ,  that  is 
"by  a  [1  —  aa  -j?] .    Then  we  shall  get 

after  suppresrang  the  terms  which  vanish  unce 

y  =  SF„and^  =  2-^. 

The  formula  in  (29)  inclades  the  term  -  iwpa*  (1  +  23^)  which 
would  not  hare  appeared  if  we  had  differentiated  twice  with  re- 
spect to  r  without  varying  a. 

From  (26)  and  (29)  we  have  by  addition 

The  right-hand  member  is  —  iirpt',  since  we  hare  Delected  a*. 
Thus  the  result  agrees  with  one  already  found,  namely  Poisson's 
correcUon  of  Laplace's  fundamental  equation  for  the  case  of  an 
iuternal  particle ;  see  Art  1365. 

138S.    There  la  nothing  inadmissible  in'  the  way  in  which 

Foisson  finds  the  raltie  of  -3-  for  an  internal  particle;  but  I 

prefer  another  way.    It  seems  to  be  more  natural  to  take  equa- 
tion (26)  and  to  put 

ar    /dV\,/dV\da 

where  f -j-  1  means  thst.  r  alone  varies,  and  ( -,— )  means  that  a 
alone  varies.    Then  after  differentiation  substitute  for  r  its  value. 
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Thus 

/dV\        4nT  f     „       *7r_     n  +  1        ^..-   n»^'    a 

U)=- W. '"'^-^ '^^^+lp^+*^2^TT^-' 
Whea  we  develop  the  expression  for  (-v-J  we  find  tbat 
Thus  to  our  older  of  approximation 

*«[_,      »  +  l        .       4irtt-    Tig"     „ 
Id  like  nuutner 

*!r  <'<^'r\   „/<t'n  &    /JFA  /.fay    /^r\  <Pa   . 

di'''\W}*    \dadr)  dr^\MI\dTl  '^Xdaldr'' 
Now  it  will  be  found  that  to  our  order 

I )  —  t^pil  +  ayi-m^ Wp-^ 


so  that  {^(^.^,p. 

Hence  to  our  order 

^- (y) -«"+*'''- (S -'^'^ 

1384.    That  part  of  FoisBon's  memoir  which  relates  to  the 
expaoBioD  of  a  series  in  terms  of  Lajdace's  fUQCtioas  was  criticised 
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by  Ivory  in  the  ^iloMjAical  Magazine  for  May  1827 :  I  do  not 
see  any  iresh  matter  of  importance. 

PoLDson  replied  in  a  paper,  inserted  in  the  ^Hosophioal  Maga~ 
tine  for  July  1827,  entitled  Observationg  rdativee  d  un  Artide  de 
Mr.  Ivory,  ingfy^  dana  le  No.  5.  du  Philosophical  Magazine. .  .This  is 
numbered  XI.  in  the  list  of  Art  1336 ;  the  title  there  given  was 
probably  quoted  by  Poisson  from  memory,  aa  it  is  not  quite  ac- 
curate; also  the  paper  is  assigned  to  June  1827,  instead  of  to 
July  1827.  FoisBOn's  reply  seems  to  me  sufficient.  He  states 
here  without  demonstration  the  general  theorem  in  the  first  section 
of  the  work  numbered  Xn.  in  Art.  1356,  to  which  we  now  proceed. 

1386.  We  have  to  notice  the  Addition  to  Foisaon's  memoir  which 
was  published  in  the  Connaiesancedes  Terns  tot  1831:  see  Art.  1358. 

This  Addition  consists  of  four  Articles,  and  is  mainly  occupied 
with  the  theory  of  Laplace's  functions. 

1386.  In  his  first  Article,  Foisson  finds  the  value,  when  1  —a 
is  infinitesimal,  of  the  double  int^ral 

_c_  f'  j'^ {l-cr;f{ff,^')imffdffd-^' 
ir2'"J(,  Jo  {l~Z7p  +  t^f*i  ' 

where  ^  =  cos  ^  cos  5'  +  sin  6  sin  0'  cos  (^  ~  ^'). 

This  is  a  more  general  process  than  that  in  the  original  memoir, 
where  he  had  confined  himself  to  the  case  of  c  =•  1. 

The  value  of  the  double  intend  is  found  to  he/{0,  ^). 

1387.  In  his  second  Article,  Foisson  gives  a  particular  case' 
of  the  general  investigation  of  his  first  Article ;  namely  that  in 
which /(I?*,  ^')  =p. 

1388.  In  his  third  Article,  Foisson  combats  the  notions  of 
Ivory  on  Hydrostatics ;  these  notions  will  come  before  iis  in  the 
next  Chapter.    Foisson  says  on  his  page  53  ( 

...M.  Ivaej  a  peraut6  dans  wm  opmion,  et  en  a  pris  occasion  de  la 
d^velopper  dans  plutdeim,  arUcIes  du  PhilogophiMl  MagaaAne,  Je  per^ 
siate  ^[alement  dana  la  mienne,  et  j'abandonne  an  jngement  dee  g6o- 
mdtrea  les  motiis  qne  j'en  ai  donnSs ;  je  demande  touteftus  la  permisnon 
d'ajonter  ^  la  note  qui  les  renfermel  une  obeervation  dobt  j'ai  lieu 
d'espftw  que  mon  honorable  advenaire  sera  frKg[>L 
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The  argnment  which  is  thua  introduced  is  f^ren  t^un  by 
Poisson  in  his  TraitS  de  M^canique,  Vol  ii.  page  549,  but  there  he 
does  not  mention  Ivory. 

We  may  obeerre  that  the  French  writers  or  printers  have  been 
very  unfortunate  in  their  eSbrts  to  spell  Ivory's  name.  Poisson 
baa  Tvory  in  the  ConnaiasajKe  dea  Terns  for  1829,  and  Tvori  in 
his  Traits  de  Mdcanigue,  YoL  I.  page  194.  Laplace  has  Ivori  in 
the  Mdcanijue  Celeste,  YoL  y.  page  10. 

1389.  In  his  fourth  Article  Poisson  treats  of  the  convenience 
of  the  series  obtained  when  a  function  is  expanded  io  a  series  of 
Laplace's  functions.  This  Article  is  reproduced  by  Poisson  in  his 
Throne  de  la  Chaleur,  pages  222  and  223.  A  few  lines  at  the  end 
respectii^  approximate  values  of  Laplace's  coefficients,  in  which 
Poisson  refers  to  the  third  page  of  the  Supplement  to  the  fifth 
volume  of  the  M4cam.igue  Celeste,  are  not  reproduced. 

1390.  The  second  edition  of  Poisson's  TraiU  de  M4camqae 
was  published  in  1833  in  two  octavo  volumes.  There  is  nothing 
new  in  the  work  with  regard  to  our  subject  The  first  volume 
contains  a  Chapter  on  the  attraction  of  bodies,  which  occupies  pages 
169. ..202;  and  also  a  calculation  of  the  attraction  of  a  moun- 
tain, on  pages  492...496:  this  arrives  at  the  result  which,  as  we 
stated  in  Art  363,  was  first  given  by  Bouguer.  The  second  volume 
contains,  on  pages  5S8...549,  a  brief  account  of  the  problem  of 
the  Figure  of  the  Earth  considered  as  a  homogeneous  fluid 
rotating  with  uniform  angular  velocity. 

1391.  We  pass  now  to  the  memoir  which  is  numbered  XIY. 
in  Art  1356. 

In  the  Mimoirea...de  rinstitvt  de  F^nce,  Yol.  xm.,  published 
in  1835,  there  is  a  memoir  entitled  M4moire  sur  VattmcHon  <f«« 
^psoide  homog^te.  The  memoir  occupies  pages  497.. .545  of  the 
volume.     The  memoir  was  read  to  the  Academy  on  October  7, 


1392.  The  memoir  may  be  described  as  conaiBting  essentially 
of  a  new  and  easy  demonstration  of  the  final  result  obtained  by 
Legendre  in  his  remarkable  but  most  difficult  memoir  of  1788 : 
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Poissod's  memoir  is  a  fine  specimen  of  bia  great  mathematical 
powers;  admirable  alike  for  simplicity  and  profundity.  He  treats 
of  the  attraction  both  on  an  internal  and  an  external  particle ; 
but  it  is  only  in  the  treatment  of  the  latter  that  the  novelty  of 
the  method  consists. 

1393.  Foisson's  introduction  is  very  interesting,  giving  a  brief 
sketch  of  the  labours  of  preceding  writers ;  I  have  quo^«d  a  pas- 
sage from  it  in  Art  887. 

1394.  The  main  principle  of  the  memoir  is  the  mode  of  de- 
composition of  the  elhpsoid  into  elements.  Poisson  decomposes 
the  ellipsoid  into  films  bounded  by  similar,  similarly  ntuated,  and 
concentric  ellipsoids.  He  determines  the  attraction  of  such  a 
film,  and  demonstrates  the  remarkable  result  that  the  attraction 
it  exerts  on  an  external  particle  is  directed  along  the  axis  of 
the  cone  which  has  its  vertex  at  the  attracted  particle  and  en- 
velopes the  film.  An  elementary  demonstration  of  this  result 
was  given  by  St«iner  in  Crelle's  Journal  fiir  Matkematik,  Vol  III. 
See  Statics,  Chapter  xni. 

1395.  We  have  in  this  memoir  expressions  for  the  components 
of  the  attraction  of  an  ellipsoid  under  a  form  sUghtly  different 
from  that  vhich  had  been  previously  given  by  all  the  writers  on 
(he  subject,  except  Rodrigues. 

Let  a,  &,  c  be  the  semiaxes  of  an  ellipsoid ;  let/  g,hhe  the 
corresponding  coordinates  of  an  attracted  particle,  Then  the  re- 
solved attraction  parallel  to  the  direction  of  a  is 


^'^[(1+^' 


where  T={i  +  e^(t  +  b*)  {t  +  ^, 

and  T  is  found  &om  the  equation 

for  the  case  of  any  external  particle. 

For  a  particle  on  the  surface  or  within  the  body  we  put  Q 
for  T." 
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Poiaaon's  own  notation  i^  not  symmetrical  like  tbia ;  bat  bis 
result  is  subfftaatiall;  tbe  same. 

Tbe  resolved  attractions  parallel  to  the  directions  of  b  and  e 
can  be  immediately  deduced  by  symmetry  from  tbe  formula 
whicb  bas  just  been  given. 

1396.  Tbe  expression  ^ren  in  tbe  preceding  Article  may  be 
easily  obtained  from  tbe  older  form  by  transformation.  In  the 
formula  of  Art  885  suppose 

s  +  o 
then  y/e  arrive  at  tbe  new  expression  for  tbe  case  of  an  external 
particle. 

And  conversely  from  tbe  new  expression  given  by  Foisaou  we 
can  pass  as  he  does  to  tbe  older  form. 

Tbe  expression  given  in  the  preceding  Article  may  also  be 
readily  obtained  from  the  value  of  tbe  potential  V  which  is  inves- 
tigated in  Art  1184 ;  RodrigueB  himself  brings  out  results  whicb 
are  practically  equiviUent  to  Foisson's  exprossioa. 

1397.  It  will  be  found  on  examination  that  Foisson's  fiint 
three  sections  contain  nothing  that  is  really  new,  except  tbe  pages 
508  and  509,  which  are  used  in  his  fourth  section.  The  fourth 
section  which  occupies  pages  €33... 545  in  the  important  part. 


1398.  Poisson  has  followed  L^endre's  memoir  of  1812  in 
expressing  tbe  attractions  on  an  external  particle  by  means  of 
elliptic  int^rals. 

Let  X,  Y,  Zhe  tbe  resolved  attractions  on  tbe  external  point, 
y,ff,h;  then  Foisson  shews  that 

X     r    Z    4TO&C 

/  +  y  "^  S"VI(T  +  <0(T  +  i'){T  +  <J^)  ■ 
where  t  is  the  some  bb  in  Ait.  1395. 
It  could  also  he  shewn  that 

X(T+a-)     r(T+y)     g(T+c')_    Wail!    -,, 
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where  F(k,  ^)  ia  a  certaiD  elliptic  int^ral  of  tbe  first  kind,  and  a 
is  the  least  semiazis  and  c  the  greatest. 

These  results  are  due  to  L^ndre :  see  his  memoir  of  1812. 

It  follows  that 
Ja\  Yb'Zc?        4firaho     „„._.,  ,     ^aber 


See  Arts.  116?  and  1158  for  the  case  of  an  internal  particle. 

1399.  In  the  Supplement  au  Livre  V,  of  his  TMorie  Analy- 
Uque  du  Byathne  du  MoTide,  Pont^coulant  reproduces  the  sub- 
stance of  Poiseon's  memoir  of  1835.  Pont^ulant  confines  him- 
self to  what  is  new  in  the  memoir,  and  thus  condenses  it  into 
pa^s  1...20  of  his  supplement. 

Font^coulant  makes  some  chimges  in  the  notation  which  I 
think  are  not  improrements ;  he  has  a  few  misprints,  which  are 
not  serious  except  on  his  pages  20  and  21,  where  he  gives  two 
results  which  were  obt^ned  by  Legeudre  in  his  memoir  of  1812. 
The  second  of  these  results  Pont^coulant  states  incon-ectly  both 
for  the  internal  and  external  point:  see  Art  1398. 

1400.  In  the  Oonnaiasance  des  Terns  for  1837,  which  was 
puhhshed  in  1834,  there  is  a  note  by  Poisson  entitled  Jfote  r^iim 
d,  FattracHon  (ttm  dlipaoide  Mt^roghie.  The  note  occupies  pages 
93... 102  of  the  volume:  it  was  read  to  the  French  Academy  on 
Nov.  24th,  1834,  This  note  may  be  considered  as  an  Appendix 
to  the  memoir  in  the  M4mo»'e8...de  FInetitut  for  1835. 

1401.  Poisson  begins  by  referring  to  a  letter  recently  sent  hy 
Jacobi  to  the  French  Academy,  in  which  two  results  were  enunci- 
ated. One  was  what  we  call  Jacobi's  theorem,  namely  that  an 
ellipsoid  is  a  posmhle  form  of  relative  equilibrium  for  rotating 
fluid.  The  other  related  to  the  attraction  of  a  heterogeneous 
ellipsoid ;  the  components  of  this  attraction  might  be  expressed 
in  certain  cases  in  a  finite  form,  by  arcs  of  circles  and  l(^;arithms, 
without  the  aid  of  elliptic  functions.  Poisson's  note  relates  to 
the  second  result ;  Jacobi  had  not  published  hia  demonstration, 
and  meanwhile  Poisson  proposed  to  shew  that  the  int^;ratio]) 


LJ,y,l,z=^uy  Google        — 


cotdd  be  readily  dedneed  from  tlie  fonuulffi  which  he  had  giveB  io 
his  memoir. 

1402.  Suppose  tai  ellipsoid  to  consist  of  infimtesimally  thin 
sheila,  each  shell  beiog  hounded  by  similar,  simUarly  situated, 
afid  concentric  ellipsoids.  Let  the  principal  semiaxes  of  a  shell 
be  denoted  by  k,  k  t/m,  and  k  •jn,  where  m  and  n  are  constant  for 
all  the  shells.  Let  the  density  of  the  shells  be  expressed  by  a 
function  of  k.  Then  Poisstm  gives  formulie  for  detcrmiuiog  the 
compouents  of  the  attraction  of  the  ellipsoid  at  a  given  point, 
external  or  internal. 

1403.  Poisson  works  out  fully  the  particular  case  in  which 
the  den^ty  varies  inversely  as  k.  In  this  case  although  the 
density  is  infinite  at  the  centre,  yet  the  components  of  the  attrac- 
tion are  finite  quantities.  If  the  attracted  point  is  within  the 
ellipsoid,  the  components  remain  constant  along  a  given  direction 
from  the  centre  to  the  surface. 

This  particular  case  is  also  discussed  by  Font^ulant  in 
pages  22... 26  of  the  work  named  in  Art  1399.  Pont^ulant 
follows  Poisson  closely,  though  with  rather  less  detaiL 

Poisson  said  in  his  note  that  it  would  be  difficult  to  discover 
&om  the  ancient  formuhe  for  the  attraction  of  an  ellipsoid,  when 
the  integration  could  be  effected  in  finite  terms ;  but  Pont^coulant 
does  not  admit  this.  In  fact  the  ancient  formulae  and  those  which 
Poisson  prefers  are  connected,  as  we  have  seen  in  Art.  1396,  by  a 
very  simple  transformation.  Thus  practically  what  could  be 
derived  from  Poisson's  formulas  could  also  be  derived  from  the 
ancient  formulas. 

1404.  It  will  be  convenient  to  notice  here  the  controversy  in 
1837  between  Poisson  and  Polnsot  concorning  the  history  of  the 
problem  of  the  attraction  of  an  ellipsoid  on  an  external  particle. 
See  the  Comptes  fiendwa...VoL  vi.  pages  808.. .812,  837.. .840, 
869. ..872 ;  and  Vol.  vn.  pages  1...3,  23  and  24. 

Poisson's  share  in  the  controversy  forms  the  articles  which  are 
numbered  XVII.  in  the  list  (£  Art.  1356. 


mzed  By  Google 


Chaalea  presented  to  the  Academy  a  memoir  entitled  Solution 
tynth4tique  du  prohl^me  de  Vattraction  dea  ellipsoides,  dans  le  cos 
ginSral  d'un  ellipsoide  ket^ogine,  et  d'vn  point  extirieur.  The 
memoir  was  referred  by  the  Academy  to  Libri  and  Poinsot ;  and 
the  report  on  the  memoir  was  made  by  Foinsot. 

1405.  In  thia  report  Foinsot  gave  no  reference  to  Foisson's 
memoir.  Foissou  made  some  remarks  on  the  report;  in  these 
remarks,  after  stating  the  nature  of  Legendre's  memoir  of  1788,  he 
proceeds  to  his  own  researches.  He  lays  great  stress  on  the  fact 
that  he  had  decomposed  the  ellipsoid  into  shells  indefinitoly  thin 
and  bounded  by  homotbetical  surfaces,  and  had  determined  the 
attraction  of  such  a  shell  on  an  external  particle.  He  does  not 
hesitate  to  say  that  this  is  the  only  mode  of  decompositiim  by 
which  the  double  integrals  occurring  in  the  problem  can  be  re- 
duced to  single  integrals.  He  thinks  that  the  title  of  his  memoir 
might  have  been  mentioned  in  the  report  Te^>ecting  Chasles's 
memoir,  in  which  the  same  method  of  decomposition  was  in  fact 
adopted.  It  seems  to  me  that  Poisson  is  both  just  and  reasonable 
in  all  he  says. 

The  following  pass^e  from  page  839  is  of  sufficient  interest  to 
be  reproduced : 

Si  quelqn'im  ae  fSt  aTia£  de  difilrentier  les  expressions  que  Laplace 
a  donn€  le  premier,  des  eompo«antea  de  I'attraction  d'un  ellipsoide  stir 
un  point  exUrieor,  en  fiusant  varier  lea  trois  axes  suivaut  on  m@me 
n^iport,  il  &iirait  tu  que  les  int^grales  diaparaiaaent  dans  le  r^aultat,  et 
que  lee  o(»npoa&ut«s  de  I'attraction  d'nne  oouche  elliptique  o'expriment 
B011B  forme  finie.  Cette  mnarqiie,  que  je  n'ai  faite  qu'apr^  conp, 
aurait  mis  sur  la  Toie  de  la  solation  direote  do  probJime,  en  montrant 
que  poor  rgdnire  tea  int^gralea  doubles  &  des  int^grales  simples,  il 
Buffiaait  de  determiner  h  prifrt,  en  grandear  et  en  direction,  par  dea 
considerations  gtonStriquea  ou  par  I'analyae,  I'attraotion  but  un  point 
ext^rieur  d'nne  coucbe  infinimeut  minoe,  comprise  entre  deux  surfaces 
elliptaqnes  semblablea 

1406.  I  may  observe  that  Foisson  in  his  remarks  speaks  of 
the  theorem  o/Lajdace;  and  I  am  glad  to  have  his  authority  for 
this  title,  which  I  had  adopted  before  I  had  read  this  passage,  or 
that  cited  from  Ivory  in  Art.  1142. 
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1407.  PoissoD  draws  attention  to  a  slight  vast  of  accura<7  in 
a  phrase  used  by  Poinsot,  who  spoke  in  fact  of  an  infinitely  thin 
ellipsoidal  shell,  without  expUcitly  stating  that  the  inner  sniiace 
was  homothetical  with  the  outer.  Poisson  is  right ;  bat  Foinaot 
probably  assumed  that  his  context  made  the  matter  clear. 

1408.  Poinsot  replied  to  Foisson's  remarks.  In  the  reply 
Poinsot  insists  strongly  that  Legendre's  solution  is  a  direct  soln- 
tioD,  and  the  Jirat  direct  solution.  He  also  holds  that  the  merit 
of  de<»mposing  the  ellipsoid  into  films  in  the  manner  of  Poisson'a 
memoir  belongs  to  Kodrigues.  Poinsot  allows  on  his  page  870 
that  Maclaurin  established  a  particular  case  of  the  theorem  which 
I  call  Laplace's;  thus  he  is  more  correct  than  many  other 
French  writers :  see  Art  260.  ' 

1409.  Thus  far  we  have  been  consulting  the  sixth  volume 
of  the  Comptea  Rendus... ;  the  last  words  on  the  subject  are 
contfuned  in  the  seventh  volume,  which  we  will  reproduce,  and 
then  add  a  few  remarks. 

1410.  The  first  paper  is  by  Poisson ;  it  occurs  on  the  fiist 
three  pages  of  the  volume : 

Addition  auae  Remarquea  inairiea  dant  le  Compte  rendu  de  la  akmev 
du  ISjttin;  par  M.  Foiason. 

Cee  remarques  ayant  4t£  Tobjet  d'nne  Kote  qui  &it  partde  du  Oomple 
retidu  de  la  stance  suivante,  je  me  trouve  obligS  d'y  fiure  une  trte^conrte 
addition. 

Ainai  que  je  I'ai  dit  dans  cet  article,  j'abandonne  mon  analyBa  an 
jugement  des  gtemStrefl.  II  ne  me  oonviendrait  pas  d'en  &ire  moi-m£me 
la  comparaifiOD  aveo  celle  de  Legendre,  ni  de  tout  autre.  Ja  ferai 
seulement  remarquer  la  difKrence  eBsentielle  qui  existe  entre  la  lod- 
thode  que  j'ai  suivie  et  celle  qu'avait  eiJployde  cet  iUiutre  g^mitre; 
difl&ence  qui  ne  r^sulte  pas  des  progr^  de  raoalyse ;  car  je  n'u  fait 
usage  d'aucuu  proc^€  de  calcnl  qu'il  n'ait  pu  figalement  employer,  et 
m4me  lAgrange,  en  1773,  it  I'Spoque  de  son  premier  MSmoire.  Pad 
d^oompoB^  I'ellipeoide  en  coaches  termiii4es  par  des  surfacee  eDiptiqura 
et  eemblables;  oe  qa'on  n'arut  pas  felt  auparavant,  et  ce  qui  m'a  eon- 
dait  ^  an  thdordme  nguveau  sur  I'attractiou  d'une  pveille  ooocbe,  qui 
trouTs  une  application  immediate   daus    la   tb6oiie  de   I'dectrititi. 
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Legendra  &  £yis6  oe  oorpa  «n  conches  ooniqtice  dont  le  Bommet  eet  an 
poiiit  iittir&  Mais  i  raison  de  la  oomplicatdon  dn  calcnl  qui  en  est 
rteolt^,  11  a  £U  oontraint,  ^  la  page  480  de  aon  MAnoire,  de  reoonrir  k 
one  oonsidtotioii  particaH^  et  d'abandonner  le  proofid^  direct  d'int^ 
gration  qu'il  avait  snivi  jusqne  1^  et  qui  n'aniait  pa  le  oondnire,  oomme 
il  le  dit  lui-mfime,  preaque  it  auoune  eondtuion  apria  d'tnati  longt 
ealeuia. 

Sourent  il  est  arrive  qu'une  id£e  tr^  simple  a  fbomi  la  scdntion 
d'nne  diffieoltt  qui  avait  long-terops  arrdtj;  mais  nlativement  %  la 
dficompositiou  des  coaches  elliptiques  et  semblables,  je  dois  dire  qne 
cette  id6e,  qnel  que  soit  le  peu  d'importanoe  qn'on  y  reoille  attacher,  ne 
■"est  pr^sent^  a  moi  qn'aprte  plusieuni  aatres  tentatiTeB,  et  que  j'y  ai 
€t&  conduit  par  la  oonsidSration  attentive  des  formolea,  ainsi  qu'on  pent 
le  voir  dans  le  n'  i  de  mon  Memoire.  H  7  a  plus ;  Legendre  dit,  k  la 
fin  du  sien,  que  la  decomposition  du  sph^rolde  en  couches  coniques,  Ini 
parait  £tre  la  senle  que  Ton  puisse  emploTer ;  et  il  fant  ohserver  que  oe 
Mtimoin  avait  prfcis^ment  ponr  objet  gSn^nd,  le  choir  des  variables  le 
plus  propres  i  la  reduction  des  int^gtales  doubles,  on  en  d'autres  termus, 
1a  manidre  la  plus  courenable  de  decomposer  les  corps  auxquels  elles  se 
rapportent  L^endre  ajoute  qne  I'attraction  d'une  ooucbe  oomqne 
ezigeont  nne  int^ration  trds-difficile,  le  probUme  eet  Traisemblablemeot 
aa-desBUB  des  moyens  ordinaires  de  la  sjtitbAse,  ce  qui  serait  effectiTe- 
ment  vnu  en  Buivant  la  marclie  qu'il  avait  «dopt6e ;  maia,  au  conta'aire, 
I'inUgratioa  Klative  i  une  conche  elliptique  eet  aBsez  simple,  pour  qu'oa 
ait  pa  &oilemeiit  I'efiectuer  par  des  considerations  g6ometriqaea,  d^  que 
le  risnltat  en  a  et^  connn. 

£nfin,  dans  la  Note  &  laquelle  je  reponds,  il  est  dit  qne  M.  Rodrigaes, 
en  BOntenant,  il  7  a  vingt  ani^  one  thtee  ponr  le  doctorat,  avait  employe 
bien  avant  moi  cetto  decomposition  de  I'dlipsolde  en  couches  infiniment 
minces,  pour  le  calcnl  mgme  de  I'attoactJon  sm*  les  points  exUrienrs: 
cela  n'est  aucunement  vrai ;  et  il  eet  mSme  evident,  pour  tous  cenz  qui 
comprennent  la  question,  qne  M.  Bodrigues  n'aurait  point  atteint  le  but 
qu'il  se  propoaait,  par  la  consideration  de  ooucbea  pareilles  i  cellee  dont 
il  i^agit.  L'eneur  oii  est  tombe  I'autenr  de  la  Note,  vient,  sans  donte, 
de  ce  qu'il  n'a  point  eu  ^ard  k  la  condition  de  similitude  dee  deux 
sur&ces,  extene  et  interne,  de  chaque  coache  elliptique,  qui  en  est 
Dependant  le  caract^re  essentiel.  En  aucun  eadroit  de  sa  th^  d'aillenrs 
fort  remsrquable,  M.  Bodrigues  n'a  considere  I'attraction  d'une  couche 
elliptique  temiinee  par  des  Bui&ces  semblablea  Dans  I'eudroit  oft  il 
demontre  le  theotime  de  Maclaurin  ou  de  Laplace,  il  diSSrentie,  rela> 
T.  H.  A.    VOL.  II.  25 
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ttvemedt  anx  trms'  axes  de  I'^ipeolde  «t  en  snppoeant  coDstantefl  les 
daux  distances  focales,  l«  rapport  de  son  attnuition  ^  son  volume,  s&n  de 
faire  voir  qne  cette  diSSreotielle  se  rfdoit  olora  k  lin.  Sil  e&t  diffi^ 
renti^,  sons  ce  point  de  TUe,  I'atbBCtion  m^me,  il  auiait  obtcmn  cells 
d'nne  ooncbe  elliptiqne  dofit  les  deux  Borfitces  out  las  m^es  tojen,  et, 
par  ooneeijnent,  ne  sont  poa  semblablee.  Les  ngnes  d'int^iuticm 
u'aaraieDt  pas  disparu  dans  son  expresBion,  et  la  consideration  de  cette 
force  n'edt  pas  £t6  plus  simple  que  oelle  de  I'attraction  de  I'ellipBotde 
entier;  au  lieu  qne  Tattiaotion  d'une  concbe  elliptique,  termin^e  par 
deox  stufaocB  semblables,  s'expiime  sons  forme  £nie;  oe  qui,  quand  oa 
a  d6tensin£  sa  Taleur  d  priori,  r6duit  ensnite  1  une  int^gnle  simple, 
I'attrectiwi  de  I'ellipac^de  entier,  homog&ae  ou  h^t^mg^e.  Au  re8t«,  la 
d^monstfation  que  M.  Bodrigues  a  rapports  dans  sa  th^se,  est  celle  que 
M.  Gauss  a  donntie  en  1813,  et  qui  est  fond6e  snr  la  tnuLsformation  des 
Tariabtea  employfes  par  M,  Iroiy,  et  sur  una  ^roptiiti  gfotirale  des 
surfaces  fenn^ea 

1411.  Next  ve  hare  Foinsot's  reply  on  pages  S3  and  24  of 
the  Tolume. 

Ifole  de  M.  Foinsot,  en  ripoTue  d  tavtettr  de*  Remarque*  interiea 
dan*  le  Corapte  rendu  de  la  s^amce  du  S  juiUet. 

Le  dissentiment  qui  exlste  entre  cet  auteur  et  moi,  au  sujat  de  la 
pairtie  hiatorique  du  probl^me  de  I'attraction  d'un  ellipsolde  sur  an  point 
exUrieuT,  ronle  but  les  trois  propositions  saiTantes : 

J'ai  avanc^: 

1°.  Que  M.  Legendre  avoit  r£soln  la  question  direetenunt,  c'eet-il-dir^ 
sans  passer  par  le  thSor^e  de  Maclaurin.     {Gompte  Tcndu,  page  869.) 

2".  Que  M.  Rodrigues,  poor  la  demonstration  du  th^or^me  de 
Maclaurin,  auquel  il  nunene  le  cos  des  points  ext^rieurs,  a  fait  usage  de 
]ft  consideration  d'tiTW  covche  injiniment  minee,  comprise  entre  deux 
tur/acet  semblabU*  entre  eHe*,  rf  temhlahle*  d  la  naface  de  Fellipgcnde 
dan*  laqvelle  la  couehe  est  prise. 

3°.  £ufin,que  la  phrase  de  notre  Bapport,  oil  I'auteur  a  cru  voir  nne 
ituceaclitude  (Compfe  rendu,  page  840),  est  geomHriquemeTit  et  gramma- 
ticalement  exacte,  et  qn'il  a'y  a  rien  &  j  changer. 

Je  main^ens  ces  trois  propositions. 

Je  les  Boumets  &  I'attention  des  g^om^trea,  et  j'eapera  qu'apr^  nn 
nouvel  examen,  I'autenr  dea  Remarque*  lui-mSme  ee  rendra  a  I'Svidence, 
sans  que  j'aie  besoin  de  )ui  signaler  les  erreurs  sur  lesquelles  il  a  fond€  sk 
pr§tendue  refutation  do  I'opinion  que  j'avais  emise  au  sujct  du  travail  de 
M.  Rodriguet. 
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There  are  two  notes  at  the  foot  of  the  pagea ;  one  relate  to 
the  first  of  Foinsot'B  three  propositions,  and  the  other  to  the 
second.     They  BtaaA  thus : 

L'auteur,  aa  oontraire,  aralt  avanoS  qae,  "pour  le  cas  gdniitH, 
M.  Legendre  B'6tait  contents  de  donner  nne  d&aoQBtratioQ  du  th£0T^m« 
de  lApIace  (litez  de  Maolaurin),  enoore  plus  compliqufe  que  celle  de 
l'auteur  (/ism  de  Laplace)."  Cample  rendu,  page  83S. 

Vo^eg,  tome  nL  de  la  Correapondaiux  wur  VEeale  Polyteehnique,  le 
eommcoioemeat  de  la  page  367,  oil  Ton  trouve  ces  mote;  CaneidSrons  wns 
eouche  eUiptique,  etc,  et  voyez  si  cette  couche  n'est  pas  bien  pr6cis6ment 
celle  qu'on  vient  de  dfifinir,  et  si  la  coosid^ratioii  de  cette  mSme  coache 
n'eatre  pas  esaentieUemeut  dans  la  dgmonstratLon. 

1412.  Let  us  take  ttie  points  in  the  order  adopted  by  Foinsot. 

L  Ab  to  the  value  of  Legendre's  solution.  Perhaps  Foisson 
rather  underrates,  and  Foinsot  rather  overrates  this.  Legendre, 
as  we  see  from  Art.  1150,  claims  for  it  the  merit  of  being  direct, 
and  Foinsot  lays  great  stress  also  on  this  merit.  But  the  term 
direct  ought  to  be  carefully  defined  if  so  much  importance  ia 
attached  to  it;  and  it  does  not  appear  to  me  that  it  can  be 
applied  in  any  very  strict  sense  to  the  whole  of  L^endre's  pro- 
cess. In  the  note  Foinsot  elaborately  corrects  Foisson's  phrase, 
^  theorem  of  Laplace,  into  the  theorem  of  Maclaurin ;  it  ia  of  no 
great  importance  by  what  name  we  call  the  theorem,  provided 
we  understand  what  theorem  is  meant,  but  I  consider  that 
Laplace's  name  and  not  Maclaurin's  is  the  proper  one. 

II.  As  to  what  had  been  accomplished  by  Bodrigues.  Here 
I  hold  Foisson  to  be  right.  It  is  true  that  in  order  to  effect  a 
certain  integration  Bodrigues  -decomposed  the  ellipsoid  in  the 
manner  which  Foinsot  indicates ;  but  Kodrigues  did  not  deter- 
mine the  attraction  of  one  of  the  infinitesimal  shells:  and  this 
was  the  important  novelty  which  Foisson  claimed,  and  justly,  for 
himself. 

III.  As  to  the  charge  of  inexactness.  The  matter  is  of 
small  account,  but  Foisson  was  certunly  right :  see  Art  1407. 

25— a 
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388  PotSBOS. 

1413.  We  now  arrive  at  the  last  of  Foisson's  oontribatioiii: 
It  is  enlAtled  Note  eur  une  propri&i  giniraie  dea  formulea  rdO' 
Uvea  aux  attractions  dea  aph^roidea.  This  is  given  in  the  CompUa 
Jtendua...  YoL  TU.  1838,  pages  3.. .5. 

Let  there  be  a  sphere  in  which  the  density  is  any  function  of 
the  distance  from  the  centre.  Iiet  a,  h,  e  he  the  coordinates  of 
the  centre.  Let  x,  y,  s  he  the  coordinates  of  any  other  point ; 
and  let  dm  denote  the  element  of  mass  at  that  point  Suppose  a 
body  entirely  external  to  the  sphere ;  and  let  dm  0,  {x,  y,  e)  de- 
note the  attraction  of  this  body  on  dm  parallel  to  the  axis  of  k  ; 
similarly  let  dm  0,  («,  y,  e)  and  dm  ^,  {x,  y,  e)  denote  the  attrac- 
tions paraUel  to  the  axes  of  y  and  z  respectively.    Then  will 

J0i  (j>i  y,  2>  dm  =  |l4^  (a,  b,  c), 
J0,  {x,  y,  t)  dm  -  /*0,  (o,  i,  c), 

where  ft  denotes  the  nuws  of  the  sphere,  and  the  int^pations  ez> 
tend  Uiroug^ont  the  sphere. 

Foisson  demonstrates  llie  equations  thus :  let  P  denote  any 
element  of  the  external  body.  Then  the  attraction  of  the  sphere  on 
P  is  the  same  aa  if  the  sphere  were  collected  at  its  centre.  Hence 
the  attraction  of  P  on  the  sphere  will  be  the  same  as  if  the  sphere 
were  collected  at  its  centre.  Hence  the  attraction  of  the  whole 
external  body  on  the  sphere  will  be  the  same  in  magnitude  and 
direction  as  that  of  the  attraction  of  this  body  on  a  partide  of 
mass  fi  at  the  centre  of  the  sphere.  This  result  is  the  transla- 
tion of  the  three  equations  which  were  to  be  demonstrated. 

Also  if  dmf{x,  y,  e)  denote  the  potential  of  ^e  external  body 
on  dm  we  shall  have 


[/(«,  y,e)dm  =  /tf(a,  b,  c). 


Poisson  says  that  this  is  a  remarkable  example  of  the  rare 
cases  in  which  simple  reasoning,  or  what  may  be  called  the  syn- 
thetical method,  has  a  great  advantage  over  analysis ;  {<x  it  would 
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'be  Tery  difficult  to  demonBtrate,  in  all  their  generality,  the  pre* 
ceding  equations  by  mathematical  analysis.  But  laouville  sheved 
that  the  equations  could  be  easily  obtained  by  analysis;  see 
pages  84.. .86  of  the  same  volume. 

1414.  Let  us  now  give  Liouville'a  process  He  takes  tiie  last 
equation  for  example.  Then  expressing  dm  in  Ae  usual  polar 
coordinates  ve  have  to  shev  that 

jJ'L  fix,!/,e)pr'maedrdddf''/tf(fl,h,c), 

where  p  is  the  density,  and  I  the  radius  of  the  sphere. 
Denote  the  left-hand  member  by  U. 
By  tbe  definition  of  the  function  f[x,  y,  x)  we  have 

^<---'-///k.-.)-:':t.(.-^-,*- 

where  af,  ^,  i  denote  the  coordinates  c^  an  element  ^  daSd-^  d^ 
of  the  external  body. 

let        S-ffT pf^'irMd-^f 

SMt  ((»-aO'+(y-»')'+C«-»Tl' 
Then  U-jjJBp'iUdi^dt: 

A]m  iB»a4-r cofid,   yaih  +  ranSaa'fr,    g^c  +  rsax6 ooa^fr\ 

and  aa  we  awame  that  (x-a^'+(y— yO'+  (i - g)'  cannot  Taniali, 
the  conunon  methoda  give 

^    M 

{(o-af)'+(i-!r')-+(o—ri*" 

that  is,  U=  ti./(a,  b,  c), 

which  was  to  be  demonstrated. 
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$90  POISSOKT 

This  analytical  demoDstrstion  is  fonndeil  on  principles  like 
tboie  which  M.  Poisson  himself  employs  ib  the  fifth  Article  of  his 
Memoir  Sw  la  propagation  da  mowwment  dam  les  milieua  ^las- 
tiquet.  It  corresponds  exactly  to  the  synthetical  demwistration; 
we  jnaff  say  that  they  substaptially  coincide ;  at  leaet  they  difier 
only  in  language. 

1416.  It  will  he  seen  that  Poisson  holds  a  distinguished 
place  in  the  history  of  onr  Bubject.  The  correction  which  he 
supplied  to  Laplace's  difFerential  equation  for  the  "potential,  has 
hecome  a  permanent  part  of  the  theory ;  so  also  has  the  ezten- 
uon  of  Ivory's  theorem  to  any  law  of  attraction. 

The  two  great  memoirs,  which  I  hare  numbered  X.  and  XIV. 
in  my  list,  still  deserve  the  careful  study  of  those  who*  wish  to 
obtain  a  profound  knowledge  of  the  subject ;  the  latter  memoir 
may  be  jiistly  considered  to  be  the  immediate  preparation  for 
the  researches  of  Chasles, 

FoisBon  himself  appears  to  have  attached  great  importance  to 
bis  method  of  treating  the  theory  of  Laplaice's  functions;  lor  he 
repeated  it  in  various  places.  But  this  method  does  not  seem  to 
find  favour,  with  later  writers ;  I  doubt  whether  it  is  even  alluded 
to  in  Heine's  -work,  cited  in  Art.  784. 

We  may  well  concur  with  L^^dre  in  thinking  that  the  task 
of  improviDg  the  M^ednique  C£leste  seemed  to  devolve  naturally 
on  Foisson.:  see  Pont^ulaut's  SysUme  du  Monde,  Vol.  III.  at  the 
beginning. 


mzed  By  Google 


CHAPTER  XXXVI. 


1416.  The  writingB  of  Ivory,  airaDged  olironologically,  which 
may  be  considered  as  coDuected  with  our  subject  are  the  following : 

I.  On  the  Attractions  of  Homogeaeous  Ellipsoids.  Philoeoj^dcal 
Tranaactions  for  1809.     I  have  noticed  this  in  Chapter  XZIZ. 

II.  On  the  Qrounds  of  the  Method  which  Laplace  has  giveo 
in  the  second  Chapter  of  the  third  Book  of  bis  Micani^M  C&eaU 
for  computing  the  Attractions  of  Spheroids  of  erety  Description. 
Fhilosophiccd  TransOctiona  for  1812.  I  have  noticed  this  in  Chap- 
ter zxx. 

III.  On  the  Attractions  of  an  extensive  Class  of  Spheroids. 
Fhilosophical  Transactions  for  1812. 

IV.  On  the  Eipanaion  in  a  Seiies  of  the  Attraction  of  a 
Spheroid.    Fhilosophical  Transactions  for  1822, 

V.  On  the  Figure  reqaisite  to  maintain  the  Equilibrium  of  a 
Homogeneous  Fluid  Mass  that  revolves  upon  an  axis.  I%iloso- 
jAical  TVajxsactions  for  1824. 

YL  The  article  Atlra^ifion  for  the  Supplement  to  the  Enoydo- 
podia  Britannica. 

VII.  Remarks  on  the  Theory  of  the  Figar«  of  the  Earth. 
I^ilosophical  Magazine,  May  1824. 

VIII.  Investigations  connected  with  the  Properties  of  the 
Geodetic  Line  on  an  Oblatum  will  be  found  in  the  Philosc^hical 
Magazine  for  July  1824,  April  1825,  April  1S26,  and  May  1826. 
Towards  the  end  Ivory  compares  some  results  which  Bessel  bad 
obtained  with  his  own,  and  expresses  himself  in  a  tone  of  dissatis- 
faction. But  the  matter  belongs  rather  to  Analytical  Geometry 
than  to  our  subject,  and  so  I  shall  not  notice  it  fui-ther. 
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IX.  On  the  Theory  of  the  Figure  of  the  Earth.  Pkiloaophi- 
cal  Magazine,  April  1826. 

X  On  the  Variation  of  Density  and  Pressure  in  the  interior 
Parts  of  the  Earth.     Philosophical  Magazine,  November  1825. 

XL  On  the  Theory  of  the  Figure  of  the  Planets  coattuned 
in  the  Third  Book  of  the  Miicanique  Celeste,  PhAloaophical  Maga- 
tine,  December  1825,  January  1826,  and  February  1826. 

Xn.  Notice  relating  to  the  Theory  of  the  EquiUbriuiQ  of 
Fluids.    Philosophical  Magaeine,  June  1826. 

XIII.  On  the  Equilibrium  of  a  Fluid  attracted  to  a  fixt 
Centre.     PhUoeophical  Magazine,  July  1826. 

XIV.  Six  papers  of  various  titles,  but  all  relating  to  pendu- 
lum experiments,  are  published  in  the  volume  of  the  PAtfosopAtcai 
Magaeine  which  extends  from  July  to  December  1826. 

XV.  Notice  respecting  the  Seconds  Pendulum  at  Port  Boweo. 
Philosophical  Magazine,  March  1827. 

XVI.  Some  Remarks  on  a  Memoir  by  M.  Poisson,  read  to 
the  Academy  of  Sciences  at  Paris,  Nov.  20,  1826,  and  inserted  in 
the  Conn,  des  Terns,  1829.    Philosophical  Magazine,  May  1827. 

XVII.  Six  papers  of  various  titles,  but  all  relating  to  Lar 
place's  Functions,  or  to  the  conditions  of  Suid  equilibrium,  are 
pubUshed  in  the  voluine  of  the  PhUoeophical  Magazine  which 
extends  from  July  to  December  1827.  • 

XVni.  Three  papers  on  the  ElUpticity  of  the  Earth,  as  de- 
duced &om  Experiments  with  the  Pendulum,  and  two  papers  on 
the  Figure  of  the  Earth,  as  deduced  from  Measurements  of  the 
different  Portions  of  the  Meridian,  are  published  in  the  volume  of 
the  PhUosopkical  Magazine  which  extends  from  January  to  June 
1828. 

XIX.  Some  Remarks  on  an  Article  in  the  Bulletin  des 
Sdences  Matb^matiques  Physiques  et  Chimiques,  for  March  1828, 
PhUosophicQi  Magazine,  October  1828. 
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XX.  Four  pa]>er8  of  various  titlee,  but  all  relating  to  the 
•  measurement  of  an  arc  perpendicular  to  the  meridian,  are  pub- 
lished in  the  volume  of  the  PkHoBophitxU  Magadne  which  extends 
from  July  to  December  1828 ;  and  two  papers  connected  with 
these  are  published  io  the  volume  which  extends  from  January  to 
June  1829. 

XXI,  Some  Arguments  tending  to  prove  that  the  Earth  is  a 
Solid  of  Itevolution.    Philosophical  Magatine,  March  1829. 

XXIL  Some  Remarks  on  an  Article  in  the  "Bulletin  des 
Sciences  Matb^matiques"  tot  June  1829,  §  269.  PkilosojAical 
Magazine,  October  1829. 

XXIII.  Letter  relating  to  the  Figure  of  the  Earth.  FfiHoao- 
phical  Magazine,  April  1830. 

XXIV.  On  the  Figure  of  the  Earth.  PkUo80phio(U  Magaeiaie, 
June  1830. 

XXT.  Two  papers  relating  to  the  Shortest  Distance  between 
Two  Points  on  the  Earth's  Surface  are  published  in  the  volume  of 
the  Phihst^ical  Magaeine  which  extends  from  July  to  December 
1830. 

XXVI.  On  the  Equilibrium  of  Fluids  and  the  Figure  of  a 
Homt^neous  Planet  in  a  Fluid  State.  PkUosophical  jPranaadums 
for  1831. 

XXYIL  On  the  Eqnilibriam  of  a  Mass  of  Homogeneous 
Fluid  at  liberty.    Philosophical  Transactions  for  1834. 

XXym.  Of  sucb  Ellipsoids  consisting  of  Homogeneous  Mat* 
ter  as  are  capable  of  having  the  Hesultant  of  the  Attraction  of 
the  Mass  upon  a  Particle  in  ihe  Surface,  and  a  Centrifugal  Force 
caused  by  revolving  about  one  of  the  Axes,  made  perpendicular 
to  the  Sur&ce.  Halosophical  Transactions  for  183S,  with  a  note 
in  the  Volume  for  1S39. 

XTfTY,  Three  papers  of  various  titles,  but  all  relating  to  the 
subject  of  Buid  equilibrium,  are  published  in^the  volume  of  the 
PhSloaophioal  MagoMM  which  extends  from  July  to  December 
1838. 
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S94  ivobt; 

XXX  Od  the  CbnditioDs'of  Elquitibrium  of  ao  Incompresfdble 
Fluid,  the  Particles  of  which  are  acted  on  by  Accelerating  Forces. 
Philompkieal  Transactiona  for  1839. 

I  proceed  to  give  an  account  of  such  of  these  writings  as  have 
not  been  already  noticed;  the  first  of  these  is  that  numbered  III. 

1117'  A  memoir  entitled  On  tke  AttraciionB  of  an  extensive 
Class  of  Spheroids  is  contained  in  the  Fkilosopkical  Tra^iioctions 
for  1812,  published  in  that  year.  The  memoir  occupies  pages 
46.. .82  of  the  volume ;  it  was  read  on  November  14,  1811. 

1418.  The  class  of  spheroids  to  which  this  memoir  relates 
consists  of  thoae  which  bave  their  radii  vectores  rational  integral 
functions  of  the  angular  coordinates. 

By  a  rational  int^ptil  function  Ivory  seems  to  mean,  at  least 
tometimes,  any  function  which  can  be  expanded  in  a  series  of 
rational  integral  terms :  see  his  page  75,  and  also  pages  43  and  41 
of  the  memoir  II.  in  the  list  of  Art,  1416. 

IvoTy  arrives  at  results  equivalent  to  those  given  by  Laplace 
in  bis  treatment  of  the  problem  in  the  third  Book  of  the  Mdca- 
nique  Celeste.  Ivoiy  does  not  use  any  property  of  Laplace's  func- 
tions; but  carries  on  his  jHW^ess  so  far  as  to  sbew  bow  the  requisite 
integrations  can  be  theoretically  efiected. 

On  bis  pf^  48  he  repeats  an  objection  which  he  bad  given 
on  pi^e  33  of  bis  memoir  II.:  see  Art.  121S. 

The  memoir  seems  to  me  of  small  importance  now ;  it  might 
have  been  of  some  service  perhaps  as  establishing  various  formuliB 
rigorously,  so  as  to  liberate  an  early  student  from  any  doubts  left 
on  bis  mind  by  Laplace's  process. 

1419.  A  memoir  entitled  On  the  expanei<m  in  a  series  of  the 
attraction  of  a  Spheroid  is  contained  in  the  Philosophical  Transac- 
tions for  1822,  published  in  that  year.  The  memoir  occupies 
pages  9d...ll2  of  the  volume;  it  was  read  January  17, 1822. 

1420.  Ivory  has  doubts  as  to  the  statement  that  any  function 
can  be  expanded  in  a  series  of  Laplace's  functions,  though  he 
allows  that  any  rational  integral  function  of  the  three  rectanguW 
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coordinatea  of  a  point  can  be  ao  expanded.  He  holds  that  there 
ifi  a  i-eal  distinction  to  be  made  between  the  case  in  which  the 
function  proposed  for  expanBion  is  an  explicit  function  of  the 
three  rectanguUr  coordinates  of  a  point,  and  the  case  in  which  it 
is  not.    He  says  on  his  page  106 : 

A  metliod  of  calculation  which  is  clear,  exact  and  elegant,  when  it 
is  confined  to  the  first  case,  becomes  clouded  with  obscurity,  if  not 
merely  symbolical,  when  it  is  extended  to  the  other  case.  To  say  the 
least,  there  ara  certainly  great  difficulties  which  are  not  explained ;  and 
if  there  be  any  goometers  who  hesitate,  and  have  doubts,  they  are  not 
without  their  excuse,  and  onght  not  to  be  entirely  condemned. 

I  have  ab^adf  adverted  to  one  of  the  topics  considered  in  this 
memoir;  see  Art  1224.  I  do  not  attach  any  importance  to  the 
memoir.  Perhaps  Ivory  is  less  confident  in  his  condemnation 
of  the  proposition  about  the  expansion  of  any  function  than  he 
was  ten  years  earli^. 

1421,  A  memoir- entitled  On  the  figure  requisite  to  maintain 
the  eqmlibriwm  of  a  homogeneous  ftaid  maaa  that  revolves  upon  an 
axis  is  contained  in  the  PhiloK^hical  TVansacfions  for  1824,  pub- 
lished in  that  year.  The  memoir  occupies  pages  85.  ..150  of  the 
volume ;  it  was  read  December  18, 1824. 

1422.  This, memoir'  assumed  a  new  principle  to  be  necessary 
fi>r  fluid  equilibrium,  niunely  the  following :  in  order  that  a  mass 
of  fluid  may  be  in  equilibrium  it  is  necessary  that  the  ajrang<e- 
ment  of  the  strata  be  such  that  the  matter  comprised  between 
any  two  .level  surfaces  should  exercise  no  attraction  on  a,  particle 
within  the  inner  boundary.  Ivory  attempts  to  justify  this  assump- 
tion ;  but  his  efforts  seem  to  me  quite  in  vain. 

We  shall  End  that  Ivory  continued  to  advocate  his  peculiar 
notions  in  subsequent  memoirs ;  he  supposed  that  he  modified 
them  sHghtly  in  the  memoirs  XXVI.  and  XXVIL,  as  we  shall 
see  herea^r. 

PoissoQ  criticised  Ivory's  assumption;  see-  the  Amiaies  d» 
Ghimie...  Vol.  xxtil  1824,  pages  225.. .236,  and  the  Connaissance 
des  Terns  for  1831,  page  53.  See  also  a  paper  by  Robert  Leslie 
Ellis  in  the  Cambridge  Mathematical  Joumal,\ol.  ii.  pages  18.. .22. 
We  shall  notice  some  miscellaneous  topics  in  the  memoir.    ' 
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1423.  On  his  pi^  93  Ivory  detnonfitrates  Uie  fonutda  for 
Legeodre's  coefficients,  vliich  had  been  previoualy  given  by 
Bodriguea:  see  Art.  1187.  We  may  infer  that  Ivoiy  obtained 
^e  formola  independently,  as  he  adds  no  reference. 

1424i.    A  theorem  is  given  on  page  94,  which  may  be  repro- 
duced.    Let   V  denote  the  potential  of  an  attracting  mass   at 
a  point  of  which  the  radius  vector  is  r,  let  dm'  denote  an  element 
of  the  attracting  mass  of  which  the  radius  vector  ia  / ;  then 
dm' 


^-k 


JV(r'-2rr'7  +  0' 
where  y  is  the  cosine  of  the  angle  between  the  directions  of  t*  and 
f'.    Therefore 

~^dr     J  (,^-2/^7  +  0'* 
Put  «  for   VC^-SiVy+f");    thus   r'-rr'y^a'+rr'y-r*; 
■nd 


Now  substitute  for  dm'  the  usual  expression  pr'^dft'  d^'  dr^, 
where  p  denotes  the  density ;  thns 

This  may  he  expressed  thus. 

If  the  body  is  homogeneous  bo  that  p  is  constant,  we  obtain 

where  r*  now  represents  the  radius  vector  of  a  point  on  the  sot&ce 
of  the  body  corresponding  to  the  other  polar  coordinates  pi 
and  ^'. 
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1425.  On  his  page  99  Iroiy  says  that  in  a  heterogeneous 
fluid  body  it  is  easy  to  perceive  that  the  densities  must  decrease 
in  approaching  the  outer  surface.  His  reason  for  this  furnishes  a 
good  specimen  of  the  vi^ueness  and  inconclusiveneas  of  his  lan- 
guage;  he  says: 

For,  in  two  coutigaous  strata  of  diflerent  densities,  if  we  take  two 
molecoles  equal  in  volnme,  and  placed  at  the  same  point  of  the  sepa- 
rating Borfiice ;  the  common  gravity  acting  upon  both  will  produoe  a 
greater  preasnre  in  the  denser  molecule.  Wherefore,  if  the  denser 
matter  were  nearer  the  outer  sur&oe,  it  would  penetrate  into  the  rarer 
matter  below  it ;  whioh  is  contrai?  to  the  peoiect  separation  <rf  the 
strata  of  different  densities. 


1426.  Ivoiy  enunciates  on  his  pages  111  and  112  his  first 
FropodtioQ  in  these  words: 

If  a  homogeneons  fluid  body  revolTlng  about  an  axis,  be  in  eqni- 
lilnif  bj  the  attractioD  of  its  portioles  in  the  inverse  proportion  of  the 
square  of  the  distance;  any  other  mass  of  the  same  fluid  haying  a  Bimilar 
figure,  and  rerolving  with  the  same  rotatoiy  velocity  about  an  axis 
similarly  placed,  will  likewise  be  in  equilibrio,  supposing  that  its  par^ 
ticlee  attiact  one  another  by  the  same  law. 

This  he  establishes  in  four  pages  of  general  reasoning. 

1427.  On  his  page  115  Ivory  enunciatea  his  second  Propo- 
sition in  these  words : 

If  a  b<»nogeneoiis  fluid  mass  revolve  about  an  axis,  and  be  in  tqta- 
librio  by  the  attraction  of  its  partidea  in  the  inverse  proportion  of  the 
square  of  the  distance  j  all  the  level  surfiices  will  be  Bimilar  to  the  outer 
one :  and  any  stratum  of  the  fluid  contained  between  two  level  snr&cea 
will  attract  particles  in  the  inside  with  equal  force  in  opposite  directions. 

To  this  he  devotes  three  pages  of  general  reasoning,  hut  I  can- 
not allow  that  it  is  satisCiictory.  The  proposition  asserted  is  true 
in  tbe  case  in  which  the  fluid  takes  the  form  of  an  ellipsoid  or  «^ 
an  oUatum,  A  we  know  from  other  sources ;  but  we  cannot  affirm 
that  it  is  necessarily  true. 
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1128.  On  Ivory's  page  1S5,  cconbined  with  ha  page  98,  ve 
have  a  curioiu  error. 

He  haa  shewn  that  if  certain  radii  are  in  the  aame  proportion 
then  K—K^;  and  he  wants  to  shew  conversely  that  i£  Ks=K^ 
these  radii  are  in  the  same  proportion.  Now  he  ohtains  in  fact 
the  equation 

K-K,=  jj  log  ^  C»  dfi'  din', 

where  jB'  and  B,'  are  the  radii,  and  <7®  is  a  Laplace's  coefficient 
of  the  second  order ;  the  integratioQ  ia  supposed  to  extend  over 
the  entire  surface.     To  make  this  vanish  it  is  not  necessary  that 

log-^  should  be  constant,  as  Ivory  implies ;  it  may  be  a  Iiaplace's 

coefBcient  of  any  order  except  the  second, 

1429.  If  a  homogeneous  stratum  he  bounded  hy  similar, 
similarly  situated,  and  concentric  ellipsoids,  it  exerts  no  attrac- 
tion on  an  internal  particle  :  this  is  well  known.  Conversely  we 
might  take  this  problem ;  Given  that  a  homogeneous  stratum 
bounded  by  similar,  similarly  situated,  and  concentric  surfaces 
exerts  no  attraction  on  an  internal  particle,  find  the  form  of  the 
surfaces  from  this  condition.  Ivory  in  feet  discusses  this,  though 
he  does  not  formally  enunciate  it  in  this  way.  By  using  the  pro- 
perties of  Laplace's  coefficients,  he  comes  to  the  conclusion  that 
the  BUtfaces  must  be  ellipsoida:  Bee  his  pages  125. ..129.  Ivory 
repeats  this  investigation  in  later  memoirs ;  see  page  512  of  the 
memoir  XXVII.  and  page  263  of  the  memoir  XXX. 

1430.  Ivoiy  says  on  hb  page  131 : 

We  are  now  to  conclude  that  a  homogeneoua  fluid  maSB  cannot  be  in 
equilibrio  by  the  attraction  of  its  particles  and  a  centriiugal  force  of 
rotation,  unless  it  have  the  figure  of  an  ellipsoid... 

That  is,  Ivory  claims  to  have  solved  the  problem  which  I  have 
called  Legendre's  in  Art  744,  even  without  the  limitation  to  sur- 
faces of  revolution.  But  it  is  almost  needless  to  say  that  Ivory's 
-process  ia  unsatisfactory,  for  it  is  based  on  the  principle  which  he 
unjustifiably  assumed:  see  Art.  1422. 
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1431.'  Id  bis  pfl^^  132., .139  Ivory  gireain  effect  a  solution 
of  the  problem  of  the  attractioD  of  aa  ellipsoid  on  an  internal 
particle.  He  exhibits  the  potential  in  the  form  of  an  expression 
ivhich  involves  only  single  integrals. 

1432.    On  his  page  141  Ivory  expresses  in  an  interesting  form 
the  standard  equation  of  Art  681,  namely 
2£     (X.'  +  3)taD-'X-3X 
3  "  \'  ' 

this  may  be  -written 

Put  tan"*  \=^»ft;  thus  we  get 

9      3     W*     SA       tan^j W- 

Now  if  7~i  be  expanded  in  powers  of  sin  <ft  it  may  be  shewn 
that  the  expansion  is  of  the  form 

1— j4, sin'^  — .i, 8in'^-...-ji^  Bin'"0-  ..., 

where  -4,=  g,  and  A^  =  ■  ' ■  '    ' ' '^  "  ~   -  if  b  is  greater  than  1 ; 

see  Differential  Caiculus,  Art.  374. 
Hence  we  find  that  (1)  becomes 


"*-.. 


6. 7. 9. 11. IS 

Ivoiy  gives  the  tenns  so  lar  with  a  slight  misprint  in  the  last. 
The  general  term  on  the  right-hand  side  of  (2)  is 

2.«...(2«-2)    2«-0     .  „ 
5.7...(2m+S)'      2     ■""    *' 

where  n  is  supposed  greater  than  2. 

Digitized  By  Google 


■400  ivoRr. 

The  convergent  series  which  fonaa  the  right-hand  side  of  (S) 

vanifihes  when  ^  =  0 ;   it  must  also  vanish  when  ^  » -3  ,  as  we  see 

by  looking  at  the  ezjwession  in  (1),  from  which  it  was  derived. 
It  will  be  observed  that  the  series  presents  only  one  chatty  of 
»ign;  and  if  we  differentiate  with  respect  to  ^  we  obtain  the 
product  of  sin  ^  cos  ^  into  a  series  which  has  only  one  change  of 
siffn.    Hence,  by  employing  a  principle  which  is  explained  in  the 

Theory  of  Equations,  we  infer  that  as  ^  changes  &om  0  to  ^ 

the  series  is  always  positive,  firat  increases  continually  from  zero 
to  its  maximum  value,  and  then  decreases  continually  from  its 
maximum  value  to  zero.     See  Theory  of  Equations,  Art.  22. 

Thus  from  the  form  of  the  second  side  of  (2)  we  have  an  evi- 
dent demonstration  of  the  result  established  in  Art.  586. 

1433.  Ivoiy  makes  the  following  remarks  on  his  pages  142 
and  143: 

When  &e  rotatory  velocity  is  greater  than  the  maximum,  the  eqni- 
lilmum  cannot  take  place :  for,  on  the  one  hand,  the  proposed  rottUion 
ia  inDonaiEteiit  with  the  figure  of  an  ellipsoid;  and,  on  the  other,  it  has 
been  proved,  that  a  homogeneous  fluid  cannot  be  in  equilibrio  uoIgbb  it 
have  tiiiat  figure.  In  this  caae,  therefore,  the  fiuid  would  first  extend 
itael^  and  flatten  to  a  certain  degree  vith  a  decreasing  velocity  of  ro- 
tation, and  then  oscillate  back  with  an  increasing  rotatory  motion.  But 
the  tenacity  of  the  particles  would  gradually  dimimah,  and  finally  destroy, 
the  oacillationa  of  the  fluid ;  which  would  therefore  ultimately  aettle  in 
one  of  the  figures  of  equilibrium ;  that  is,  in  an  elliptical  sphermd  of 
revolution  having  the  equatorial  diameter  more  than  2-71..  times  the 
azia  of  revolution. 

This  for  the  most  part  is  merely  aaaertion  on  the  part  of  Ivory, 
and  it  ie  obvious  that  difficult  problems  in  hydrodynamics  cannot 
be  solved  in  this  rapid  mann^. 

1434.  Ivory  admits  that  the  ordinary  equation,  which  we 
denote  by  (1)  in  Art.  831,  is  necessary  for  equilibrium ;  this  is  his 
equation  (A).  But  he  asserts  that  it  is  not  sufficient  for  equili- 
brium ;  one  reason  which  he  gives  for  this  assertion,  on  which  he 
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aeema  to  lay  great  stress,  is  quite  unintelligibld  to  me ;  he  Bays 
on  his  page  144  : 

M°l«,urm  fint  proved  eyntlietically  that  the  ellipsoid,  whatever  he 
the  d^ree  of  oblateuees,  fulfils  all  the  conditions  reqnimte  for  main- 
taining the  equilibrium  of  a  homogeneous  fluid  mass  that  revolves  about 
an  axis.  If  therefore  the  equation  (A)  were  alone  sufficient  for  the 
equilibrium,  the  ellipsoid  must  be  deduoible  from  it,  not  in  pertioular 
suppoaitions  and  approximately,  but  generally,  and  hy  an  accurate  pro- 
ceas  of  reasoning.  But  this  has  not  been  accomplished,  nor  even  at- 
tempted, bj  anj  geomettf. 

See  also  his  pages  145  and  150. 

1435.  We  have  next  to  notice  the  article  Attraction,  which 
Ivory  wrote  for  the  Supplement  to  the  Enct/clopisdia  BrUanntca; 
the  article  occupies  pages  627.. .644  of  the  volume,  published  in 
1824,  and  it  forms  a  good  elementary  treatise,  proceeding  as  &r 
as  a  complete  account  of  the  attraction  of  hom<^neoue  ellipsoids. 
The  following  points  may  he  noticed : 

Ivory  deduces  the  attraction  of  a  sphere  on  an  external  particle 
from  the  attraction  of  a  sphere  on  a  particle  at  its  surface,  by  an 
elementary  process  of  the  same  kind  as  he  used  in  establishing  the 
theorem  on  the  attraction  of  ellipsoids,  which  is  called  by  his  name. 

Ivory  investigates  Laplace's  theorem  which  we  have  given  in 
Art.  1046.  Ivory  adopts  the  method  of  expansion  which  we  have 
noticed  at  the  end  of  the  Article.  He  says  that  "  Laplace  has 
arrived  at  the  same  conclusion  by  a  different  process" :  but  Ivory's 
process  ia  rather  a  modification  of  Laplace's  than  essentially 
different. 

Towards  the  end  of  his  article  Ivory  says : 

In  the  preceding  invustigatlonB,  we  hare  followed  the  meihod  of 
Madaurin  £>r  pointa  situated  in  the  Burfiue  of  a  Bpheruid,  or  within  the 
solid.  This  method  has  always  been  justly  admired ;  but  neither  its 
inventor,  nor,  as  &r  as  we  know,  any  other  Geometer,  has  applied  it, 
excepting  to  spheroids  of  revolution ;  and  it  is  here,  for  the  first  tim^ 
extended  to  ellipsoids. 

But  it  must  be  observed  that  the  extension  of  Maclauriu's 
method  to  ellipsoids  in  general  is  so  obvious  that  it  does  not 
require  any  formal  explanation ;  D'Alembert  for  instance,  as  we 
have  seen  in  Art.  615,  took  this  view. 

T.  M.  A.     TOL.  II.  26 
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1436.  An  Article  entitled  Remarks  on  the  Theory  of  the 
Figure  of  the  Earth,  occurs  on  pages  339..  .348  of  the  Philoso- 
phical Magazine  for  May,  1824. 

This  article  gives  first  a  good  sketch  of  the  history  of  the 
subject,  and  then  a  brief  account  of  Ivory's  pecuUar  views  on 
fluid  equilibrium,  with  a  reference  to  the  memoir  V.  for  proofs. 
The  following  pass^e  occurs  on  the  first  page : 
To  whatever  branch  of  th«  philoBOpbical  tystem  of  the  univeise  we 
turn  our  attention,  we  are  immediately  led  to  the  immortal  author  of 
the  true  theory  founded  on  the  law  of  uuiversal  gravitation.  Newton 
not  only  laid  down  the  principles ;  he,  in  a  great  measure,  reared  the 
Buperstruotnre ;  or,  at  leaat,  he  eketclied  out  bo  accurately  the  proper 
view  to  be  taken  of  every  part  of  the  subject,  that  hia  followers  have 
done  little  else  but  fill  up  his  original  outlines.  The  modem  theory  of 
the  figure  of  the  planets,  still  Imperfect  in  some  respects,  coincides  in 
the  main  with  the  physical  ideas  of  Newton,  which  the  progress  of  the 
mathematical  sciences  has  enabled  the  philosopheis  of  the  present  day 
to  develop  and  extend. 

1437.  An  article  entitled  On  the  Theory  of  the  Figure  of  the 
Earth  occurs  on  pages  241. .  .249  of  the  Philosophical  Magasine  for 
April,  1825. 

This  consists  mainly  of  the  two  Propositions  which  we  have 
noticed  in  Arts.  1426  and  1127. 

1438.  An  article  entitled  On  the  Variation  of  Density  and 
Pressure  in  the  interior  Parts  o/(A«£ariA  occurs  on  pages  321. ..329 
of  the  Philosophical  Magazine  for  November,  1825. 

This  is  substantially  coincident  with  the  matter  contained  in  the 
Mdcanique  C^ste,  Livre  xi.  §  6,  to  which  Ivory  refers :  see  Art  1325. 

1439.  We  have  next  to  notice  an  article  entitled  On  the 
Theory  of  the  Figure  of  the  Planets  contained  in  the  Third  Sook 
of  the  M4caniqve  Celeste.  This  is  published  in  the  Philosophictd 
Magazine  in  three  parts,  which  occur  respectively  on  pages  429. .  .439 
of  the  number  for  December,  1823,  on  pi^es  31 . .  .37  of  the  number 
for  January,  1826,  and  on  pages  81.  ..88  of  the  number  for  Feb- 
ruary, 1826. 

The  first  two  parte  repeat  the  objections  (^inst  Laplace's 
favourite  equation,  and  the  consequence  which  he  drew  from  it: 
we  have  sufficiently  considered  the  matter  in  Chapter  XXX. 
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The  third  part  is  devoted  to  Ivory's  peculiar  views  on  fluid 
equilibrium,  as  developed  by  him  ia  the  memoir  numbered  V. 

The  foUowiog  passage  occurs  at  the  end  of  the  second  part  of 
this  series  of  papers : 

An  ftttentive  reader  who  considerB  the  forej;oiiig  obserratiooB  must 
allow  that  itome  material  inadvertencies  and  inaccuraciea  have  originally 
Blipt  into  the  analyaie  of  Laplace.  Bat  the  theory  having  bmn  pab- 
lished,  it  has  beeu  deemed  advuable  to  repel  all  objeoticou,  and  to  dafwd 
it  to  the  utterance. 

1440.  An  article  entitled  Notice  relating  to  the  Theory  of  the 
Equilibrium  of  Fluids  occurs  on  pages  439. ..442  of  the  Philo- 
aophicai  Magazine  for  June,  1836. 

Ivory  repeats  the  statement  of  his  peculiar  opinions  on  fluid 
equilibrium. 

1441.  An  article  entitled  On  (A«  equilibrium  of  a  Fluid  at- 
tracted to  a  fist  Centre  occurs  on  pages  10  and  11  of  the  Hiito- 
tophical  Magazine  for  July,  1626. 

The  equation  (2)  of  Art.  57  represents  an  ellipse  approximately 
when  am*  -;-  -j  is  small.  Ivory  proceeds  to  interpret  the  equation 
to  a  closer  order  of  approximation,  which  he  does  accurately.  We 
shall  notice  the  matter  hereafter  in  connexion  with  a  paper  pub- 
lished by  Dr  Thomas  Young  in  1826. 

1442.  The  six  papers  which  we  have  brought  t<^ether  under 
the  number  XIV,  are  not  very  closely  connected  with  our  subject. 
The  flrst  just  touches  on  our  theories.  After  having  Eitated  his 
peculiar  opinions  on  fluid  equilibrium.  Ivory  says  ou  his  page  5  : 

The  theory  we  have  been  explaining  baa  been  opposed,  and  has  been 
rejected  snpercilioaBly  without  examination.  But  it  ia  founded  on  tmth, 
and  will  ultimately  be  adopted.  No  other  way  Imt  hy  investigating  the 
pbysioal  properties  Of  eqoililHium,  can  be  BuooeBslul  in  simpliJ^Qg  a  very 
difficult  subjeot,  and  in  lenderivg  it  completely  Batisfootory. 

Ivory  then  states  that  be  has  oarried  s  certain  process  of  ap- 
.proximation  so  far  as  to  include  the  squares  of  the  ellipticities ; 
.And  accoTdiqgly  be  gives  without  demonstratJon,  an  equation 
which  corvesponds  to  CUiraut's  primafy  equation,  extended  so 
as  to  include  small  quantities  of  the  second  order. 

26—2 
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I  have  not  been  encouraged  to  attempt  to  verify  Ivory's  eqaa- 
tion ;  indeed  it  is  not  quite  intelligible,  for  it  contains  a  symbol  A 
wbich  ia  described  as  an  "  unknown  fuoction "  of  the  polar  axis 
of  a  stratum  of  equal  density.  We  are  told  however  on  page  6, 
that  A  vanishes  if  the  density  is  constant ;  and  thus  we  can  test 
one  of  Ivory's  formulte,  and  indeed  his  main  result  He  gives  an 
expression  for  the  value  of  gravity  which  is  meant  to  be  true  to 
the  second  order  of  small  quantities.  According  to  this  expression ' 
the  value  of  Clairaui a  fraction  ia 

where  a  and  /3  have  the  meaning  assigned  in  Art  978. 

Now  the  fluid  being  homogeneous,  we  know  that  Clairaut's 
fraction  is  exactly  equal  to  a ;  see  Art.'922. 

Hence  we  must  have,  true  to  the  second  order 


«-5^-«+f-r> 

therefore 

''\^4-'i^. 

therefore 

.=i^-^^^. 

But  this  does  not  agree  with  the  last  result  given  in  Art  978 ; 
so  that  we  may  infer  the  incorrectness  of  Ivory's  formula. 

1443.  The  paper  which  we  have  numbered  XV.  occurs  on 
pages  170.. .172  of  the  Philosophical  Magaxine  for  March,  1827. 

Ivory  draws  attention  to  the  discrepaacy  between  an  obser- 
vation made  by  Lieutenant  Foster  at  Fort  Bowen,  and  an  obser- 
vation made  by  Captain  Sabine  at  Greenland. 

1444.  An  article  entitled  Some  Remarks  on  a  Memoir  hy 
if.  Poiason,  read  to  tK«  Academy  of  Sciencei  at  Paris,  Nov.  20, 1826, 
and  inserted  in  ike  Conn,  dea  Terns,  1829,  occurs  on  pages  324... 331 
of  the  Fkilosaf^ical  Magazine  for  May,  1827. 

This  article  relates  to  the  subject  of  the  expansion  of  ftinctioas 
in  a  series  of  Laplace's  functions ;  I  do  not  see  anything  of  im- 
portance in  the  paper  in  addition  to  what  Ivory  had  already 
given.     Foissou  replied  to  the  criticism :  see  Art  1384, 
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Ivory  advertn  to  the  paper  hj  Professor  Airy  read  to  the  Cam- 
Iridge  Philosophical  Society  in  May,  1826:  see  Art.  1227.  The 
toDe  which  Ivory  adopts  in  controversy  is  so  confident  that  it  may 
be  furly  called  arrogant. 

The  following  passage  of  interest  occurs  on  the  last  page  of  the 
article : 

The  theoiy  of  tlie  figure  of  the  plaoets  oiiginatod  with  Kewton  and 
Huygena  :  it  has  been  the  subject  of  inceiaant  diocnsaion  fur  a  century : 
it  has  been  attended  vith  greater  diffioalty,  and  hu  occasioned  a  greater 
number  of  memoire,  than  any  other  branch  of  the  system  of  the  world. 

1445.  A  hrief  notice  will  suffice  of  the  six  papers  which  we 
have  numbered  XYII.     The  titles  are  the  following : 

A  letter  to  Professor  Airy,  in  reply  to  his  Remarks  on  some 
Passages  in  a  Paper  by  Mr  Ivory;  this  occurs  od  pages  16.. .20  of 
the  volume. 

Letter  to  O.  B.  Airy,  Esq.,  Luoatian  Professor  of  the  Maike- 
maticsinthe  University  of  Cambridffe;  thisoocurson  pages  88... 92. 

Letter  from  Mr  Ivory  to  the  Editors  of  the  PhUosophitxU  Maga- 
tine  and  Annais  of  Philosopky  ;  this  occurs  on  p^^es  93  and  94. 

On  the  Figure  of  Equilibrium  of  a  Ebmogetieoua  Planet  in  a 
Fluid  State;  in  reply  to  the  Observaiuma  of  M,  Poitson....  Thia 
is  in  three  parts,  which  occnr  n>speGtively  on  pages  161. ..168, 
241. ..247,  and  321. ..326  of  the  volume. 

There  ie  nothing  to  call  for  spedal  remark  in  these  papers,  aa 
they  merely  repeat  Ivory's  known  opinions.  But  it  may  be  of 
interest  to  observe  some  acknowledgement,  however  slight,  of 
fallibility.  We  have  on  page  17  the  words :  "...I  find  that  I  have 
drawn  a  wrong  infereDce  from  my  analysis..."  and  on  page  90 
the  words;  "...I  have  expressed  myself  racier  unguaidedly  with 
respect  to  li.  Foisson's  theorem:..," 

1446.  The  papers  which  we  have  numbered  XVUL  consist  of 
numerical  application.  The  three  which  relate  to  pendulum  ex- 
periments occur  respectively  on  pages  165. ..173,  206.. .210,  and 
241. -.243  of  the  volume.  The  two  which  relate  to  measured  arcs 
occur  respectively  on  pages  343.. .349  and  431. ..436  of  the  volume^ 
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■  Ivory  eoDsidera  that  the  area  measured  in  Peru,  India,  France 
and  England  give  ^--  for  the  ellipticity ;  and  tfaat  Svanberg's 
Swedish  arc  is  consistent  with  this, 

1447.  An  article  entitled  Some  Remarks  on  an  Article  in  the 
Bulletin  des  Sciences  Math4maliques  Physiques  et  Chimiquee,  for 
March,  1828,  occurs  on  pages  245... 246  oi the  Philoaopkical  Maga- 
zine for  October,  1828. 

Ivory  asserts  the  accuracy  of  his  peculiar  views  on  fluid  eqiri- 
librinm ;  and  says  he  will  address  a  short  work  on  the  subject  to 
the  Koyal  Society. 

1448.  The  titles  of  the  first  four  of  the  set  of  papers  whidi  we 
have  numbered  XX.  are  the  following ; 

On  fh«  IxOitudes  and  Difference  of  Longitude  of  Beachy  Head 
and  Dunnose  in  the  Isle  of  Wight...;  this  occurs  on  pages  6. ..11 
of  the  Tolurae. 

Ok  Measurementa  on  the  Eartli'a  Surface  perpendicular  to  the 
Meridian;  this  occurs  on  p^es  189.. .194  of  the  volunte. 

On  the  M^hod  employed  in  the  Trigonometrical  Sarvey  for 
finding  the  Lengtli  of  a  Degree  perpendicular  to  the  Meridian;  this 
occurs  ou  pages  241.  ..24a  (^  the  volume. 

On  the  Method  in  the  Trigmiometrical  Survey  for  finding  the 
Difference  of  Longitude  of  two  Stations  very  little  different  in  Lati-  ' 
tude;  this  occurs  On  pages  432... 435  of  the  v<^ume. 

The  most  interesting  matter  considered  in  these  papers  is  a 
theorem  to  which  we  alluded  in  Art.  1037.  The  original  iuvesti* 
gation  of  the  theorem  waa  obscure  and  unsatisfactory ;  and  Ivory 
was  led  to  the  erroneous  conclusion  that  the  theorem  was  inac- 
ourate :  see  page  244  of  the  volume.  He  Speaks  of  the  method  of 
calculation  based  on  the  theorem  as  "  the  greatest  delusion  that 
has  ever  prevailed  in  practical  mathematics";  and  he  pronounces 
an  unfavourable  opinion  on  a  demonstration  of  the  theory  pub- 
Tished  by  Dr  Tiarks :  see  page  435  of  the  volume. 

1449.  The  titles  of  the  last  two  of  the  set  of  papers  which 
we  have  numbered  XX.  are  the  following: 
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On  the  Method  of  deducing  the  Difference  of  Longitude  from 
&ie  Latitudes  and  Azimuths  of  two  Stations  on  the  Earth's  Surface; 
this  occupies  pages  24. ,.28  of  the  volume. 

On  the  Method  of  deducing  the  Difference  of  Longitude  from 
the  Azimuths  and  Latitudes  of  tioo  Stations;  this  occupies  pages 
106...109  of  the  volume. 

Ivory  shews  in  the  first  paper  that  the  theorem  to  which  we 
have  just  alluded,  is  really  very  approximately  true  for  aa  obla- 
tum  which  is  nearly  spherical ;  and  in  the  second  paper  he  ex- 
tends the  range  of  the  theorem  to  the  case  of  any  figure  of 
revolution  which  is  nearly  spherical.  He  makes  no  reference  to 
the  contrary  opinion,  which,  as  we  have  observed  in  the  preceding 
Article,  he  bad  formerly  held.  See  also  a  paper  by  Dr  Tiarks  on 
pages  52  and  53  of  the  volume. 

1450,  An  article  entitled  Some  Argumettts  tending  to  prove 
that  the  Earth  is  a  Solid  of  Revolution,  occurs  on  pages  205. ..209 
of  the  Philosophical  Magazine  for  March,  1829.  Ivory  arrives  at 
the  conclusion  that  certain  measurements,  transverse  to  the  meri- 
dian, agreed  well  with  the  hypothesis  that  the  Earth  is  an  ellip- 
soid of  revolution. 

1451,  An  article  entitled  Some  Bemarks  on  an  Article  in  the 
"Bulletin  des  Sciences  MaHi^matiques"  for  June,  1829,  §  269, 
occurs  on  pages  272,. ,275  of  the  Philosophical  Magazine  for 
October,  1829.  Ivory  states  briefly  and  obscurely  some  of  his 
peculiar  opinions  on  fluid  equilibrium,  and  on  the  expansion  of 
a  function  in  a  series  of  Laplace's  functions.  Ivoiy  asserts  that  in 
Clairaut's  theory  of  the  equilibrium  of  fluids  some  of  the  forces 
which  act  are  omitted ;  but  it  is  needless  to  say  that  this  asser- 
tion is  contrary  to  the  fact. 

1452,  An  article  entitled  Letter  relating  to  the  Figure  of  the 
Earth  occurs  on  pages  241.  ..244  of  the  Philosophical  Maga^ne  for 
April,  1830.  Ivory  merely  states  in  a  controversial  tone  his  peculiar 
opinions  on  fluid  equilibrium.     He  says  in  his  first  paragraph : 

It  ia  not  my  intention  to  add  anythmg  new  on  this  subject^  bat 
merely  to  state  briefly  what  I  have  contributed  to  the  theory,  and  to 
assert  my  claim  to  my  own  proper  notioDB, 
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1453.  An  article  entitled  On  the  Figure  of  lM  Earth  occurs 
on  pages  412. ..416  of  the  Philosophical  Magcmne  for  June,  1830. 

Biot  had  inferred  from  pendulum  experiments  that  the  lengths 
of  the  pendulum  in  different  latitudes  "  are  not  accurately  repre- 
sented hy  the  formula  usually  employed";  he  found  that  "the 
coefficient  of  the  term  proportional  to  the  square  of  the  sine  of 
the  latitude,  is  not  an  invarishle  quantity,  as  usually  assumed, 
but  a  quantity  decreasing  gradually  from  the  pole  to  the  equator," 
Ivory  does  not  agree  with  Biot's  opinion. 

1454.  The  titles  of  the  tiro  papers  which  we  have  connected 
in  numher  XXV.  are  the  following : 

A  direct  Method  of  finding  the  shortest  BistaTice  between  two 
Foints  on  the  Earth's  Surf  ace.  when  their  Geographical  Position 
is  given;  this  occurs  on  pages  30. ..34  of  the  volume.  On  the 
Shortest  Distance  between  two  Points  on  the  Earth's  Surface ;  this 
occurs  on  pages  114. ,,117  of  the  volume.  These  two  papers 
belong  rather  to  Solid  Geometry  than  to  our  subject. 

1455.  A  memoir  entitled  On  the  Equilibrium  of  Fluids,  and 
the  Figure  of  a  Homogeneous  Planet  in  a  Fluid  State,  is  contained 
in  the  Philosophical  TraneacHona  for  1831,  published  in  that 
year.  The  memoir  occupies  pages  109. ..145  of  the  volume;  it 
was  read  on  January  13  and  20,  1831. 

1456.  The  memoir  seems  to  me  quite  destitute  of  value;  it 
contains  nothing  that  is  new,  and  repeats  the  errors  which  Ivory 
had  already  published  in  his  memoir  of  1824. 

It  will  be  sufficient  to  give  a  few  specimens  of  the  statements 
i_  Ivory  makes,  and  for  which  there  is  no  foundation.  He 
says  on  ] 

In  a  homogeneoS&^pIanet  in  a  fluid  state,  there  are  force*  which 
prevail  in  the  interior  parte  and  vanieli  at  the  stuface;  and,  a«  Claimit's 
theory  notices  no  funvea  except  those  in  action  at  the  inr&ce,  it  leaves 
out  some  of  the  canaee  tending  to  change  the  figure  of  the  flnid,  and 
therefore  it  cannot  lead  to  an  exact  determination  of  the  equilibrium. 

Let  A  be  such  a  function  that  t^,  \^,  and  -?  denote  the 
dx    ag  dz 

accelerating  forees  parallel  to  the  corresponding  axes ;  then  Ivory 

says  on  bis  page  124: 
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...for  ^  tnnst  be  always  po^tive,  and  it  roust  increase  contiDiially 
&om  the  centre  of  gravity  to  the  rarfitce  of  the  fluid. 

Ivory  asserts  on  his  page  135  that  an  ellipsoid  cannot  be  aform 
of  fluid  equilibrium  unless  two  of  the  axes  are  equal. 

The  language  is  often  Ti^e  and  scarcely  intelligible.  Thus 
on  page  111  we  have : 

..Jdm  IB  the  motive  force  of  the  cylinder  or  prism,  or  the  effort  it 
makes  to  move  in  the  direction... 

On  page  126  we  have: 

It  m»y  be  proper  to  add  that  the  mass  of  fluid  has  no  tendency  to 
turn  upon  an  ails.'  For  no  motion  of  this  kind  can  be  prodnced  l^  the 
preesuivs  propagated  inward  from  the  surface  the  directions  of  which 
pass  through  the  centre  of  gravity.  Neither  can  the  aooelerating  forces 
nrgii^  the  particles,  cause  any  such  motion,  these  being  wholly  employed 
in  counteractiDg  the  inequality  of  pressure^ 

1457-  -A.  memoir  entitled  On  the  EquUtbriv/m  of  a  Maa$  of 
Eomogeneoua  Fluid  at  liberty  is  contained  in  the  Fkilosophical 
Trajtsactione  for  1834,  published  in  that  year.  The  memoir  occu- 
pies pages  491. ..5S0  of  the  volume;   it  was  read  May  29,  1834. 

146S.  This  memoir  also  seems  to  me  quite  destitute  of  value ; 
the  old  errors  are  repeated,  and  statements  made  without  any 
foundation.  Thus  Ivory  asserts  on  his  pages  494  and  498  that 
the  forces  must  be  such  as  to  vanish  at  the  centre  of  gravity; 
"  for  without  this  condition  the  equilibrium  of  the  mass  of  fluid 
vould  be  impossible." 

On  bis  page  501  be  has  two  functions  ^{x,y,t)  and  ^'  {x,y,e); 
be  says  that  ^'{x,y,z)  must  not  contain  such  terms  as  Ax,  By, 
Cz;  and  that  as  ^{x,  y,  z)  coincides  with  <^'{x,  y,  e)  at  the  sur- 
face, ^{x,  y,  e)  can  contain  no  such  term.  But  this  is  untenahla 
For  suppose  u  =  1  to  be  the  equation  to  the  surface ;  and  let 

4!{x.y,z)=/{x,y,s)+Ax+By+Cz+{u-\){Ax-vByi-Gz), 
and  ^ {ar, y, s)  ^/(x,  y,  s)-\-Ax+By-\-  Cz. 

Then  ^'{x,  y,  e)  does  not  contain  such  terms  as  Ax,  By,  Cz ; 
while  ^(x,  y,  z)  does  contain  them ;  and  yet  the  two  coincide 
at  the  surface. 
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On  page  513  Ivory  DDdertakes  to  demonstrate  that  fluid  in 
the  form  of  an  ellipaoid,  with  three  unequal  axes  cannot  be  ii 
equilibrium :   but  ve  know  that  his  result  is  untrue. 

1459.  We  have  stated  in  Art.  1122  the  new  principle  of  fluid 
equilibrium  which  Ivory  assumed.  In  his  memoir  of  1831  he 
modified  his  Btatemeot ;  see  page  133  of  that  memoir.  In  the 
present  memoir  he  calls  attention  to  the  circumstance  that  there 
■was  something  exceptionable  in  the  memoir  of  1824,  but  that  the 
memoir  of  1831  is  not  liable  to  the  same  reproach :  see  pages 
528  and  529  of  the  present  memoir.  The  difference  between  bis 
two  opinions  may  be  thus  expressed  in  modern  langu^e ;  at  first 
be  assumed  that  the  potential  of  the  fluid  bounded  by  the  level 
surfaces  would  be  constant  throughout  the  space  enclosed  by  the 
interior  surface,  but  afterwards  he  assumed  that  it  would  be  con- 
stant for  all  points  on  the  interior  Buriii£e.  However  we  now  know 
that  there  is  really  no  difference  between  the  two  opinions ;  for, 
by  a  theorem  due  to  Gauss,  if  the  potential  is  constant  for  all 
points  of  the  interior  surface,  it  will  also  be  constant  for  all  points 
of  the  space  bounded  by  that  surface ;  see  Gauss's  memoir,  AU- 
gemeine  Lehradtze...  1840;  or  the  Cambridge  and  DuUin  Mathe- 
matical Journal,  Vol,  iv,  page  200. 

1460.  A  memoir  entitled  Of  such  Ellipsoids  consisting  of 
Homogeneous  Afatter  as  are  capable  of  having  the  SesvUajii  of  the 
Attraction  of  the  Mass  upon  a  Particle  in  the  Surface,  and  a  Cen- 
trifugal Force  caused  by  revolving  about  cwie  of  the  axes,  made 
perpendicular  to  the  surface,  is  contained  in  the  Philosophical 
Trarisactions  for  1838,  published  in  that  year.  The  memoir  occu- 
pies pages  57. ..66  of  the  volume ;  it  was  read  December  11,  1837. 
There  is  a  note  connected  with  the  memoir  on  pages  265  and  266 
of  the  succeeding  volume  of  the  Philosophical  Transactions. 

The  memoir  discusses  Jacobi's  theorem  ;  it  contains  numerous 
importaut  errors,  which  I  have  corrected  in  a  paper  published  in 
the  Proceedings  of  the  Eogal  Society,  Vol.  six.  1871. 

1461.  The  titles  of  the  papers  which  we  have  numbered 
XXIX.  are  the  following : 

On  the  Conditions  of  EqidliJyriiim.  of  a  Homogeneous  Planet  i» 
a  Fluid  State ;   this  occupies  pages  81  and  82  of  the  volume. 
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A  Remark  on  an  Article  of  M,  PoUaon't  Trmtide  Sfiaamique 
(Edition  Sod.  No.  5d3) ;  this  occupies  pages  274... 27a  of  the 
volome. 

On  a  Principle  laid  down  by  ClaCraut  for  determining  the 
Figure  of  Equilibrium  of  a  Fluid,  the  Particles  of  which  are 
urged  by  accelerating  forces...;  this  occupies  pages  321. ..324 
of  the  volume. 

These  papers  are  merely  repetitions  of  the  peculiar  viewa 
-which  Ivory  had  already  frequently  published;  perhaps  they 
are  ezpresaed  even  with  raore  than  the  usual  confidence.  Th© 
following  sentences  from  page  82  may  serve  as  an  illijstraticffi  of 
the  style : 

Kow  the  leaat  attentlou  to  the  muura  of  this  equation  will  shew- 
that  the  attraction  of  the  matter  without  the  level  aur&tce  is  entirely 
independent  of  the  rest  of  the  equation... 

Now  these  two  equatioua  are  the  same  with  those  Riven  in  a  paper 
in  the  Philoso^ical  Transactiona  for  1 624,  and  in  two  Bubitetjiient  papers 
-written  for  the  purpose  of  obviating  some  objections  (I  Lad  almost  said, 
frivolous  objections)  of  M.  Poisson. 

1462,  A  memoir  entitled  On  the  Conditions  of  Equilibrium  of 
an  Incompressible  Fluid,  the  Particles  of  which  are  acted  upon  by 
Accelerating  Forces,  is  contained  in  the  Philosophical  Tranaactiona 
for  1839,  published  in  that  year.  The  memoir  occupies  pages 
243.. .264  of  the  volume ;    it  was  read  June  20, 1839. 

1463.  This  memoir  is  only  a  reproduction  of  the  same  un- 
satisfactory matter  as  Ivory  had  already  often  published ;  there 
does  not  seem  to  be  any  improvement,  nor  even  any  novelty.  Ivory 
still  holds  to  his  assumption  that  it  is  necessary  for  equilibrium 
that  the  fluid  between  two  level  surfaces  should  exert  no  tangen- 
tial action  on  a  particle  placed  on  the  inner  surface ;  that  is,  in 
modem  language  he  a^umes  that  the  potential  of  the  stratum  is 
constant  all  over  the  inner  surface.  A.  reference  is  given  on 
page  257  to  Poisson,  who  had  recorded  his  dissent  from  Ivory's 
opinion  ;  and  it  is  plainly  suggested  that  this  dissent  arises  from 
the  want  of  a  "  little  patience." 
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On  page  253  we  are  told  that  the  true  prindple  of  the  eqnili- 
hrium  of  a  fluid  is  that  "the  level  surfaces  at  all  depths  most 
have  detenniiiate  figures"  :  it  may  be  aafely  said  that  no  valuable 
result  could  he  deduced  from  such  an  obvious  truism. 

1464.  The  writings  of  Ivoty  on  our  subject,  disregarding 
those  which  were  published  in  the  Philosophical  Magazine,  occupy 
about  300  quarto  pages  of  the  Philosophical  Transactions;  probably 
all  which  is  valuable  in  them  could  be  compressed  into  a  tenth  of 
that  space.  I  consider  these  meritorious  investigations  to  consist 
of  three  parts;  the  demonstration  in  the  first  memoir  of  the 
theorem  which  is  usually  called  Ivory's,  the  indication  in  the 
second  memoir  of  a  weakness  in  one  of  Laplace's  demonstrations, 
and  some  analytical  results  in  the  memoir  of  1824,  relating  to 
Laplace's  coefficients:  in  the  last  part  however  Bodrigues  bad 
anticipated  Ivory;  see  Art.  1187. 

But  the  discussions  on  fluid  equilibrium  are  unworthy  of  Ivory, 
and  their  publication  reflects  little  credit  on  the  state  of  English 
mathematics,  or  on  the  administration  of  the  Boyal  Society,  at  the 
epoch.  It  might  perhaps  have  been  permitted  to  a  writer  of 
Ivory's  reputation  to  expound  once  his  peculiar  opinions ;  though 
even  this  ia  doubtful,  since  these  opinions  were  opposed  to  the 
principles  received  by  every  scientific  authority  of  the  period : 
but  even  if  the  appearance  of  the  memoir  of  1824  is  thus  excused, 
there  can  he  no  justification  for  the  repetition  of  the  same  unsatis- 
factory matter  in  the  memoirs  of  1831,  1834,  and  1839. 
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1465.  Thz  writings  of  Plana,  arranged  chronologically,  which 
belong  to  our  subject  are  the  following : 

I.  Sulla  teoria  dell'attrazione  degli  sferoidi  elittici.  I  have 
already  noticed  this :   see  Art.  1147. 

H.  M^moire  sur  I'attraction  des  Sph^roides  Elliptiques  Ho- 
mog^nes.     Gergonne's  AnnaUs  de  Maihimatiques,  1812  and  1813. 

III.  A  Letter  relating  to  Satum'a  Ring  occure  in  De  Zach's 
Correspondance  Asironomique,  Yol.  I.  1818.  We  have  already 
noticed  this  letter  in  Art  867. 

IV.  Solution  de  diff^ns  Probl&mes  relatifs  k  la  loi  de  la 
r^snltante  de  I'attraction...    Turin  Memorie,  VoL  xxiv.  1820. 

y.  Note  Bur  la  Density  et  la  Fression  dee  Couches  du 
Sph^lde  Terreetre.  De  Zach's  Corresptmdance  AntTonomique, 
Vol.  V.  1821. 

VI.  M^moire  snr  DifF^rene  Froc^^  d'int^ration,  piv  lea- 
quels  on  obtient  I'attractioQ  d'un  EliipeoIdeHomog^ne...  Crelle's 
Journal  fiir...Mai3iejruaik,  1840. 

VII.  Note  sur  I'int^grale  |  — =  V....  This  occurs  in  the 
same  volume  as  number  VL 

VIII.  Appendix  to  the  memoir  number  VI.  Crelle's  Joumai 
/ar...Mathematik,  1843. 

IX.  Two  Notes  relating  to  propoBitiong  in  Newton's  Principia 
occur  in  the  Turin  Memorie,  VoL  xi.  1851. 

X.  Note  sur  la  density  moyenne  de  \'4coTce  superfidelle  de 
la  Terre.    Astronomieche  Nachnckteii,  Vol.  xxxv. 
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XI.  Note  Bur  la  Figure  de  la  Terre  et  la  loi  de  la  Pesaoteur  a 
Bft  surface  d'apr&s  I'hypothfese  d'Huygens,  public  en  1690.  Astro- 
nomist^  Nachnchten,  Yo).  xxxt. 

XII.  Sur  la  Th^rie  matb^matique  de  la  Figure  de  la  Terre, 
public  par  Newton  en  1687.  Etsur  I'^tat  d'^uilibre  de  I'eUipsolde 
fluide  ik  trois  axes  in^aux.  Astronomiache  Nachrickten,\o\.  XXXVi. 

XIII.  Sur  la  loi  des  Fressions,  et  la  loi  des  Elltpticit^  des 
couches  terrestres,  ...     Astronomiscke  Nachrickten,  Vol.  xxxvi, 

XIY.  Sur  la  loi  de  la  Fesanteur  k  la  Surface  de  la  mer,  dans 
son  ^tat  d'Equilibre.     AstroTionuache  Nachriohten,  Vol.  xxxviii. 

I  proceed  to  giv£  an  account  of  such  of  these  writings  as  faave 
not  been  already  noticed ;   the  first  of  these  is  that  numbered  II. 

1166.  A  memoir  entitled  Memoire  aur  tattraction  des  Spk^- 
r(^d«s  EUipUquea  Homoginea  is  contained  in  the  third  volume  of 
Qergonne's  Annalea  de  Math4matiques,  which  ia  dated  1812  and 
1813.     The  memoir  occupies  pi^es  273.  ..279  of  the  volume. 

1467.  The  memoir  may  be  described  as  a  commentary  on  a 
passage  of  Lagrange's  M4camque  Anaiytique,  which  occuib  on 
pages  113  and  114  of  the  second  edition,  and  on  pages  106.. .lOS 
of  the  third  edition. 

Flana  investigates  the  ^neral  result  which  is  quoted  in 
Art.  1004 ;  this  he  does  by  transforming  the  variables  in  the 
manner  of  Ivory,  to  whom  he  refers.  The  transformation  ia  the 
"Same  as  was  also  used  by  Gauss  :   see  Art.  1173. 

Plana  illustrates  the  advantage  of  Lagrange's  result  in  a  sub- 
sequent memoir:  see  Crelle's  Journal fUr ...if athematik.  Vol.  xx 
jwge279. 

1468.  We  now  come  to  a  memoir  entitled  8(^\dion  de  dif- 
firmx  problimes  rdatifs  d,  la  loi  de  la  risuUante  de  rattractum 
excrete  «Mr  un  point  materiel  par  le  cercle,  lea  couches  cylindriques, 
et  quelgues  autrea  corps  qui  en  dependent  par  la  forme  de  leun 
eUmena. 

This  memoir  is  contained  in  Vol.  xxir.  of  the  Tuiin  Menwnt 
which  was  published  in  1820.  Tbememoiroccupiespages889...450 
of  the  volume.  The  memoir  was  read  on  the  28th  of  February,  1819. 
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I4<69.  The  first  problem  considered  is  the  attraction  .exerted 
by  the  perimeter  of  a  circle  on  a  given  point  which  is  not  neceasarily 
in  the  plane  of  the  circle :  this  occupies  pages  394>...4(J8.  Plana 
gives  expressions  for  the  two  components  into  which  the  attraction 
may  be  resolved :  the  expressions  involve  complete  elliptic  integrals. 

1470.  In  the  particular  case  in  which  the  ^ven  point  is  situ- 
ated on  the  straight  line  drawn  through  the  centre  of  the  circle  at 

right  angles  to  its  plane,  the  resultant  attraction  is ,;  where 

k  is  the  radius  of  the  given  circle,  and  z  is  the  distance  of  the 
given  point  from  the  centre  of  the  given  circle.  Plana  says  on 
his  pages  403  and  404 : 

Cette  expreeaion  est  remarqiiable  par  sa  Bimplicit^,  et  en  ce  qn'elle 
nous  &it  voir,  que  la  masse  de  la  p6ri|ih6rie  du  oercle  agit  comme  si 
elle  Stait  tuute  coDcen(r€«  daas  im  quelconque  de  ees  poiute. 

This  remark  seems  to  me  unnecessary :  it  is  of  course  obvious, 
without  any  calculations,  that  every  element  of  the  circumference 
of  the  circle  is  at  the  same  distance  from  the  given  point,  and  also 
exerts  the  same  attraction  along  the  direction  of  the  resuhant. 

1471.  Plana's  formulae  may  be  applied  to  the  case  in  which 
the  given  point  is  in  the  plane  of  the  circle.  likewise  he  obt^ns 
immediately  the  attraction  which  a  sphere  exerts  on  a  ring  which 
is  outside  it  in  a  plane  passing  through  the  centre  of  the  sphere : 
this  leads  to  the  remark  as  to  the  instability  of  such  a  system  made 
by  Laplace,  to  whom  Plana  refers.     See  Art.  872. 

1472.  Plana  passes  naturally  to  consider  the  attraction  of  a 
shell,  supposed  to  be  of  uniform  infinitesimal  thickness,  and  in 
the  form  of  a  surface  of  revolution,  at  a  given  point  in  the  axis. 
He  stales  the  definite  result  for  the  case  in  which  the  shell  is  in 
the  form  of  an  oblongum,  with  the  given  point  at  the  focus :  see 
his  p^e  407.  But  his  result  is  wrong.  Let  e  be  the  excentricity ; 
then  adopting  his  mode  of  expression,  the  result  should  be 

3         e   ~  6"  +  «■  **°    V(l-«)' 

But  instead  of  the  first  two  terms  Plana  has 
47rfl     IStt 
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Since  tan"*  ■■}:    ^  '  =2  +  5  8''i"'«>  *-^^  result  may  be  expreesed 

thus: 

*jre      4m      4TrV(l-e^    .  _, 

■3        e  ^         ?         ^"^   *■ 
This  is  the  Attraction /rom  the  centre. 
It  is  shewn  in  Di^vrential  Calcuiva,  Art  374<.  that  . 

Heoce  the  attraction  towartjs  the  centre  is 

4«-(2  .^2.4  .,  2.4.6  ,,      1 

1473.  Plana  concludes  this  section  of  his  memoir  thus,  re- 
feiiing  to  the  particular  case  just  considered : 

Ce  cu  particolier  satiB&it  poor  fttire  voir  qu'nn  point  materiel  ne 
sanrait  demenrer  en  6quiUbre  dona  I'iDt^rieur  d'lme  couohe  elliptdque 
d'gpaisaenr  ooiurtante;  11  fknt  poor  cela,  que  I'^paiasear  solt  Tariable 
oomme  riaterralle  oompria  entre  deux  ellipew  dont  I9  rapport  des  axes 
est  le  mSme. 

He  leaves  his  readers  to  establish  this  statement  for  themselves. 
The  ailment  may  take  the  following  shape,  which  holds  whether 
the  surface  be  of  revolution  or  not. 

The  inner  surface  of  the  shell  is  assumed  to  he  that  of  an  ellip- 
soid ;  if  possible  let  the  outer  surface  be  of  some  other  form,  and 
not  a  similar  and  similarly  situated  and  concentric  ellipsoid.  Take 
a  similar,  similarly  situated,  and  concentric  ellipsoidal  suiface  just 
big  enough  to  include  the  supposed  outer  surface,  and  therefore 
touching  it  at  least  at  one  point,  say  P.  Then  we  have  two  shells 
which  exert  no  attraction  on  an  internal  particle;  namely  one 
shell  by  hypothesis,  and  another  by  a  known  demonstration. 
Hence  the  difference  of  these  two  shells  exerts  no  attraction.  This 
difference  is  a  shell  which  is  of  zero  thickness  at  P.  Suppose  a 
particle  very  near  to  P  inside  the  shell ;  draw  a  plane  through  the 
particle  parallel  to  the  tangent  pltme  at  P.  Then  of  the  two  parts 
into  which  the  shell  is  thus  divided,  that  round  P  ultimately  exei^ 
cises  no  attraction :  the  attraction  being  in  fact  2wp  where  p  is 


I  .y  Google 


PLANA.  417 

ultimately  zero :  see  Art  993.    Hence  the  attractioD  of  the  other 
part  is  unbalanced  and  the  particle  cannot  be  in  equilibrium. 

ThuB  the  outer  boundary  of  the  shell  can  be  nothing  but  an 
ellipsoid  homothetical  with  the  inner  boundary. 

1474.  I  will  For  an  example  solve  one  problem  su^ested  hj 
this  section  of  Plana's  memoir. 

To  find  the  attraction  exerted  by  the  circumference  of  a  circle 
at  an  external  point  in  the  plane  of  the  ciivle. 


Let  (7  he  the  centre,  Pthe  external  particle ;  let  it  denote  the 
radius,  and  p  the  distance  CP. 

Dtav  from  P  any  straight  line  PQR  to  cut  the  circle.  Let 
CPQ=e.and  CQB"^;  let PO-r^  and  PB  =  V 

The  attraction  of  the  element  of  tiie  circumference  of  the  circle 
at  Q  may  be  denoted  by  ~ , — -  ,  and  the  attraction  of  the  ele- 
ment of  the  circumference  at  R  by  -* s — ^ . 

Hence  the  attraction  of  the  two  elements  resolved  along  PO 
_  (r,  +  r,)  sec  ^  COB  fl  dg  ^  2p  cos'g  sec  ^  d^ 
r,r,  J)'  —  jf 

Now  itein^=psind;  therefore  A: cos ^d^=j> cos ddd.  Hence 
the  whole  attraction  of  the  circle 

Thus  the  whole  attraction  is  expressed  as  a  complete  elliptic 
integral  of  the  second  order. 

T.  K.  A.    VOL.  II.  27 
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Flana's  result  uTolves  tvo  complete  elliptic  iat^inla ;  me  of 
the  first  order  and  one  of  the  second  order;  see  his  p^e  4>0i  at 
the  top.  He  rather  has  in  view  a  point  within  the  dicle,  but  the 
requbite  slight  modilicatioQ  is  easily  mada  His  result  can  he 
made  to  agree  with  that  j  ust  given  by  means  of  the  known  proper- 
tJes  of  complete  elliptic  integrals. 

We  may  put  the  above  expression  thus 

As  p  diminishes,  the  factor  ontsidfl  the  int^ral  sign  increases ; 
and  eo  also  does  the  expression  uoder  the  integral  ago.  Thas  the 
attraction  continnally  increases  as  P  approaches  the  circumference ; 
this  might  probably  have  been  anticipated,  though  the  demon- 
skation  is  not  immediately  obvious. 

1*75.  The  second  problem  considered  by  Plana  is  the  attrac- 
tion exerted  by  a  circular  lamina  on  a  particle  which  is  not  neces- 
sarily in  the  plane  of  the  circle. 

This  occupies  pages  40S...42I.  Here,  as  in  the  first  problem, 
the  expressions  obtained  for  the  components  of  the  attraction 
involve  elliptic  integrals. 

1476.  On  his  page  410,  Plana  omits  p  in  the  second  term  of 
his  espres^OQ  for  an  attraction.  The  error  is  obvious  because  it 
makes  the  two  terms  of  his  expression  of  different  dimenxiojie. 
Nevertheless  the  error  is  continued  on  pages  417,  418,  and  421. 
There  are  several  instances  of  this  kind  of  error  or  misprint  in 
the  memoir.  It  is  strange  that  such  an  elementary  consideration 
OS  the  necessity  of  having  the  various  terms  of  an  exprcssitm  of  the 
same  dimension  should  apparently  have  been  quite  disregarded  in 
writing  the  memoir,  or  in  correcting  the  press. 

1477.  On  his  page  416,  Plana  says: 

,..il  me  semble  qu'il  oonviendrait  d'eroployer  id  les  f(»mule8  donnSea 
par  Cotes  poor  avoir  des  volenrs  approcfa^  den  int^^^es. 

I  suppose  that  Plana  here  refers  to  pages  30.. .33  of  the  Chap- 
ter De  JHethodo  JDiff^renUali  Newtoniana  by  Cotes.  They  relate  to 
what  we  should  now  speak  of  as  the  approximate  calculation  of 
the  area  of  a  curve  by  the  method  of  equidistant  ordinates. 
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1478.  On  bia  page  417,  PUma  says : 

Je  pr4sume,  que  i  I'aide  des  formulea  pr^c^deates  on  peat  dfmoutrer 
qti'im  pcdnt  plac^  entre  lea  centres  de  deox  oercles  qui  ne  ae  oonpent 
pas  doit  prendre  un  mouvement  oecillatoiro  but  la  ligne  qni  joint  lea 
centree  des  cerclea  sans  pouroir  jamais  atteindre  la  droonfSrence  da 
plus  petit  cercle. 

It  is  not  quite  clear  to  me  what  Plana  means.  But  I  presume 
that  one  circle  ia  supposed  to  fall  entirely  within  the  other ;  or 
we  may  for  facility  of  conception  suppose  the  two  circles  parallel, 
but  indefinitely  close,  and  the  particle  to  move  between  them. 

Of  course  he  cannot  mean  the  two  circles  to  be  in  the  same 
plane,  and  one  quite  without  the  other.  For  in  such  a  cose 
there  ia  indeed  a  position  of  equilibrium  for  a  particle  on  the  line 
joining  the  centres  and  between  the  two  circumfereDces :  but  the 
equilibrium  is  unstable,  and  if  the  particle  is  moved  towards  either 
arcie,  it  will  move  up  to  contact  with  that  circle.  This  follows 
from  the  fact  that  if  a  particle  in  the  plane  of  a  circle,  outside  the 
circle,  move  totvarde  the  circle,  the  attraction  contitmaUy  increases. 
This  fact  is  established  by  supposing  the  circle  decomposed  into 
thin  strips  at  right  angles  to  the  straight  line  on  which  the  par- 
ticle is  supposed  to  move ;  for  the  attraction  of  a  strip  varies 
inversely  as  the  distance  from  the  particle,  and  directly  as  the 
sine  of  half  the  angle  subtended  by  the  strip  at  the  particle : 
hence  the  attraction  of  every  strip  increases  as  the  particle  ap- 
proaches the  circle, 

1479.  On  his  pages  418. ..420  Plana  gives  some  numerical 
calculations  as  to  the  attraction  of  a  thin  ring,  like  that  of  Saturn, 
on  a  particle  near  the  inuer  or  outer  boundary.  He  uses  his 
results  to  throw  doubts  on  some  remarks  made  by  Laplace 
in  his  sixth  memoir:  see  Art,  871. 

1480.  I  will  give  here  a  simple  investigation  of  a  problem 
connected  with  this  section  of  Fiona's  memoir. 

Find  the  attraction  exerted  by  a  <nrcular  cylinder  on  a  particle 
placed  in  contact  with  the  curved  surface  at  a  point  equally 
distant  from  the  ends  of  the  cylinder. 

27—3 
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Let  2h  be  the  height  of  the  cylinder,  and  a  the  diameter  of 
the  cylinder. 

Take  the  or^n  at  the  point  considered ;  let  the  axis  of  z  be 
the  normal  at  this  point,  and  the  axis  of  z  the  generating  line  of 
the  cylinder. 

Then  the  reaultant  attraction  is  obviously  directed  along  the 
axis  of  X,  and  is  equal  to 

fxdxdyde 
(a? +  /  +  «')»' 
the  integration  extending  over  the  whole  cylinder.     Integrate 
with  respect  to  e ;   the  limits  are  —  h  and  h :   thus  we  obtain 

where  r*  etands  for  ib*  +  y*. 

Transform  in  the  usual  way  to  polar  coordinates;  thus  we 


obtain 


U 


ffCO80d0dr 

'11  (J'+O'"' 


Integrate  with  respect  to  r ;  the  limits  are  0  and  acoaff; 
thus  we  obtain 

2»  Jc«  e  log  vy+J°''^fl+°<»»^  j,_ 

Tbe  limits  for  ^  are  —  -=  and  — .    Int^rate  by  parts,  and 
the  int^^  reduces  to 

.   .  p       em' Ode 

J(,VCA'+0*C08*fl)* 

We  may  express  this  as 

where  F  and  E  denote  complete  elliptic  integrals  of  the  first 
and  second  order  respectively;  the  modulus  being    ..;,--;■. 
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TluB  is  exact.  If  we  suppoae  k  very  gmall  compared  witK  a, 
■W6  have  appioxinuitely 

80  that  finally  the  attraction  approximately 

-«(.<«¥-i). 

It  will  be  found  that  this  agrees  with  a  result  given  by  Plana 
on  bis  page  418,  after  we  correct  the  mistake  noticed  in  Art  1476. 
We  must  in  hie  formtda  suppose  p^k,  and  double  the  result  to 
get  the  attraction  of  the  whole  cylinder. 

For  a  numerical  example  suppose  h  =  -^  and  a=2;  we  get 

^  (log  240-1),  that  is  ^  of  4-48064,   that   is     89742.      This 

^rees  with  the  result  given  by  Plana  on  his  page  419  in  the 
form  2  X -29871. 

I  14 

For  another  example  suppose  ^  =  «»  oa^  a  =  -=- ;  we  get 

^(106  336-1),  that  ia  4  "^  4*81711,  that  is  "64228.      This 

does  not  agree  with  the  result  given  by  Plana  on  his  page  419 
in  the  form  2  x  -342933. 

1481.  The  third  problem  considered  by  Plana  is  the  attrac- 
tion of  a  right  cyliodrical  surface  with  a  circular  base  on  a  parti- 
cle in  the  plane  of  the  base.    This  occupies  pages  422.  ..445.     As   ' 
before,  the  expressions  obtained  involve  elliptic  integrals. 

1482.  In  the  particular  case  in  which  the  height  of  the 
cylinder  is  infinite,  the  attraction  on  an  internal  particle  rcBolved. 
along  the  plane  of  the  base  is  zero.  This  may  be  easily  verified. 
For  suppose  the  cylinder  to  extend  to  infinity  both  above  and 
below  the  plane  in  which  the  particle  is  situated ;  then  the  attrac- 
tion vanishes,  as  may  be  shewn  by  a  process  like  that  of  Newton 
for  an  ellipsoidal  shell.  Hence,  as  the  attractions  of  the  parts 
above  and  below  the  plane  resolved  ^ong  the  plane  are  obviously 
equal,  each  must  vanish.  In  exactly  the  same  manner,  if  a 
particle  be  placed  inside  an  ellipsoidal  shell,  at  any  point  of  a 
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principal  plane,  the  attraction  of  each  half  into  which  the  prin- 
cipal plane  divides  the  shell  resolved  along  the  plane  is  zero. 

1483.  There  are  numerous  misprints  in  this  section.  For 
instance,  on  page  427  in  Plana's  foimulse  (e)  and  (i),  for  2\— 1 
read  X.  This  misprint  is  obvious  from  the  principle  of  dimen- 
sions to  which  I  have  referred  in  Art  1476 ;  the  misprint  extends 
its  influence  over  many  of  the  subsequent  fonnulie. 

1484.  On  his  pa^^  439. ..443  Plana  investigates  the  values 
of  the  following  definite  iutegrala : 

J-t  a{q-x)  ]-,  a(j-«) 

His  process  may  be  much  improved. 

Assume  with  him  x  =  t,i  >  ^^^^  ^^  definite  integrals 
become 


*' 


q  +  n  +  s'il-a)' 


After  this  his  process  becomes  veiy  laborious.    A  better  way 
■will  be  to  assume 

*""';  +  »  +  /(;-.)-''■'"  ■^!'-«""-»i'i 

thiigiTes  U-N — ?4,     MN=i^^; 

thuB  Jf+Jf=-|-^V(^  +  s'-a'). 

Hence  31  and  N  are  known. 

Conaider  the  first  integral,  which  Plana  denotes  by  X,  so  that 

-jr=4j|"(tan-'%-taii-JVj)  rfirr,. 

Integrate  by  parts;   thus 

^-4'(i^-i-T^)r^ «■ 
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-r^(*-*)i-i{OT) «■ 

From  (1)  and  (2)  we  aee  that 

J-         /    ■"'        ^W_\_CMVW)»i_ 

»/3tr  '";3|g-V(?'  +  i8'-«')) 

Mow  consider  the  second  int^ral,  which  Plana  denotes  b;  X'. 
Integrate  hj  parts ;  thus 

^    ^'JAi  +  J^y  i+ifyJiT+pj" '')• 

If  we  differentiate  (2)  with  respect  to  kw  find  that 

J.  (r+jy)(i+iy)'  itti+t) '  ■'• 

fVom  (3)  and  (4)  we  see  that 

"^ "  2  t(if+i)'  (jf+i)-; 

iTj-  jf  (■iy+ 1)'  -  if(J<'+ 1)' 

"  2        (if+l)'(Jf+l)' 
ira'(Jf-Jf)(l-Jfy) 
^    2      (if+l)'(Jf+l)' 


_ «'|8  fa-vy  +  i^-or 

-    2     I         a--/?         f- 
Thua,  as  Fl&tia  says  oa  bis  page  413,  we  have 

he  adds :  "  ce  qui  constitue  un  th&)rfem9  assez  remarquabla" 
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Let  there  be  an  infinite  right  elliptic  cylinder ;  let  2a  be  the 
major  azie  and  2/9  the  rainor  axis  of  the  ellipse.  Then  4Xez- 
presaes  the  attraction  of  the  cylinder  on  a  particle  situated  on  the 
axis  major  produced,  and  at  a  diittance  q  from  the  centre.  This  ia 
easily  shewn  by  cutting  up  the  cylinder  into  infinitesimal  rods 
parallel  to  the  gen^uting  lines,  and  summing  the  attractions  of 
the  rods  which  form  a  slice  at  right  angles  to  the  major  axis  of  the 
eiltpsa 

1485.  The  last  problem  considered  by  Plana  is  the  attraction 
of  an  infinite  right  elliptic  cylinder  on  an  external  particle.  This 
occupies  pages  445... 450. 

Let  /  and  g  be  the  coordinates  of  the  attracted  particle,  esti- 
mated &om  a  fixed  point  in  a  plane  at  right  angles  to  the  gener- 
ating lines  of  the  cylinder.  Let  V  denote  the  potential  of  the 
c)'linder.  Then  we  know  that  V  will  be  a  function  of  /  and  g 
determined  by 

Hence  r-*  (/+ jV(-l)l +f  (/-?  V(-l)}, 

where  ^  and  -^  denote  functions  at  present  undetermined. 

The  resolved  attractions  we  know  are  equal  to  -t^  and  -r- 
respectively.  Hence  we  obtain  for  these  resolved  attractions  ex- 
pressions like  that  given  for  V. 

Now  Plana  obtains  these  expressions  for  the  resolved  attrac- 
tions  without  any  use  of  the  potential;  and  this  is  the  only 
novelty  in  his  solution :   see  his  page  449. 

1486.  In  the  fifth  volume  of  De  Zach's  Correspondcmce  Attro- 
nomique...,  published  in  1821,  is  a  note  by  Plana  entitled,  Abte eur  ' 
la  densiU  et  la  pressian  des  couches  du  gph4ro^de  terrestre;  it  occu- 
pies pages  68.. .79  of  the  volume. 

1487.  The  not«  relates  to  the  law  of  density  and  the  law  of 
pressure  discussed  by  Laplace  in  the  Connaismnce  des  Tema  for 
1822 :  seo  Arts.  1285  and  1325. 

Plana  calculates  the  values  of  the  density  and  of  the  pressure 
at  various  depthb  below  the  surface  of  the  Earth  by  Laplace's 
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formube;  but  he  adda  nothbg  to  the  theor^cal  mvestigatioDs. 

He  also  makes  some  comparUoD  of  the  theory  with  oheerrations. 

I  will  notice  two  or  three  points  which  present  themeelves. 

1488.  His  formula  (2)  on  page  70  involves  some  strange  mis- 
take or  misprint ;   the  term  f      /fi  +  s~79)  ^ ''"'""g* 

14:89.  Plana  works  out  in  detail  the  comparison  of  theory 
with  observation,  to  which  Laplace  himself  gave  some  attention : 
see  Art.  1329.  By  this  comparison  Plana  arrives  at  the  result  that 
the  ratio  of  the  Moon's  masa  to  the  Earth's  mass  is  "0122651,  which 
he  says  lies  between  37,  and  ^^ ;  but  it  should  be  between  ^^ 

Plana  says: 

La  masse  de  la  lune  '0122651  diffdre  BensiblemeDt  de  la  fraction 
^^  que  Van  obtient  aatrement  comme  I'on  aait.  Mais  malgi^  oela  on 
doit,  oe  me  semble,  admettre,  que  cetto  loi  de  la  denaite  des  couches  du 
sph&otde  teirestre  a'accorde  assez  biea  aveo  reneemble  des  plitoomdnee 
connna     Cela  pos^,  il  me  paratt  certain,  que  la  valeur  de 

jpa'da 

4 =  -27216, 

jpa'da 

toouvie  par  M.  le  Baran  de  JAndenau  {voytiz  Ephem^rideB  de  Beriin 
pour  1820,  pa^  211)  doit  etre  trop  6lolga6e  d«  la  veritable,  poisqae  la 
thterie  prto^dente  donne  '4669G7  avec  nn  degr£  d'approxiraation  plua 
plausible. 

Aa  Teste,  il  est  essentiel  d' observer,  que  le  rapport  de  ces  deux  int£- 
grales  d£fiiiies  a  6t£  calculi  par  M.  de  Itindenau  i  I'aide  de  la  formula 

qui  loi  a  £t6  commmiiqufie  par  M.  Gatua, 

■Tignore  dans  ce  moment  le  juete  degr6  d'approximation  de  cette  for- 
male  wnsi  que  le  moym  de  la  d6river  de  la  ooodition  de  I'^qnilibre  de 
I'oojan... 
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I  have  expressed  the  formula  given  by  Oansa  ia  m;  own  Dota- 
tion; e  is  the  Earth's  ellipticity  andj  is,  as  asual,  the  ratio  of  the 
centrifugal  force  at  the  equator  to  the  attraction  there. 

I  am,  like  Plana,  quite  ignorant  as  to  the  origin  of  the  formula. 
I  have  no  faith  in  it.  It  looks  to  me  as  if  Oauss  had  intended  to 
suppose  the  Earth  to  he  composed  of  similar  elliptic  strata,  sur- 
rounded by  a  film  of  fluid ;  then  the  ■=  must  he  cancelled.  See 
equation  (2)  of  Art.  323 ;  and  there  suppose  e  constant. 

1490.  Plana  brings  evidence  from  a  comparison  of  the  lunar 
theory  with  observation  to  confirm  the  value  of  the  moon's  mass 
he  had  obtained,  vhich,  as  we  have  seen,  was  rather  smaller  than 
the  value  found  otherwise.  The  present  received  value  seems 
still  smaller  than  that  adopted  by  Plana. 

1491.  Plana  concludes  thus : 

Telles  eont  toutea  les  prindpalw  oonsfiqaenoea  qai  d^rivent  imm£- 
diatement  de  la  loi  supposfe  pour  la  deuslt^  des  conches  du  ^h^roide  ter- 
restre.  En  consid&wit  I'ensemble  des  phtoom^ea,  I'accord  est  tellement 
aatiflfaiaant,  que  Ton  paiut  aatorisfi  4  r^^arder  cette  loi  comme  cells  de 
la  nature. 

Perhaps  this  is  expressed  rather  too  strongly.  Let  us  con^dw 
what  is  meant  by  Vvnaemble  des  ph^nornhnes. 

Taking  with  Legendre  and  Laplace,  as  in  Art  1326,  for  the 

density  the  expression  A ,  it  is  found  that  if  n  is  supposed 

equal  to  -^ ,  the  ellipticity  of  the  Earth  agrees  well  with  observa- 
tion. But  we  can  hardly  say  that  this  gives  any  evidence  in  favour 
of  the  supposed  law  of  density ;  the  coincidence  has  in  fact  been 
secured   by  a  proper  selection  of  a   certain  arbitrary  constant. 


Thus  all  that  seems  to  remain  is  that  the  value  of 


jpa'da 

,1 

fp(^da 


found  by  our  expression  for  p,  ^rees  reasonably  welt  with  the  phe- 
nomena of  precession  and  nutation. 
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14d2.  The  next  memoir  b^  Plana  which  we  have  to  consider 
is  ontitled  Memoirs  awr  diffirms  procSdea  iTitU^ffration,  par  leS' 
quels  on  obtient  Cattradion  <fun  ellipsoide  homoghie  dotU  lea  troU 
axes  sont  in^aux,  »ur  un  paini  exUrieuT.  This  memoir  occupies 
pages  189. ..270  of  Crelle's  Jmrnud  far...Jliathematik,  Vol  ix., 
which  was  published  in  1&40. 

1493.  Plana  begins  by  alluding  to  some  discussions  in  the 
Academy  of  Paris,  which  we  have  seen  took  place  towards  the 
close  of  Poiason'a  career :  see  Art  1404.  He  says  that  he  drew 
up  the  memoir  principally  for  his  own  instruction,  after  reading 
that  by  Foisson  ia  Vol.  xiii.  of  the  Memoirs  of  the  Academy  of 
Paris.  On  reflection  his  memoir  seemed  to  him  to  gain  a  greater 
degree  of  importance  by  the  novelty  of  the  methods  employed, 
either  to  obtain  the  known  results  or  to  illustrate  them. 

1494.  The  memoir  is  divided  into  four  sectione ;  each  section 
might  be  considered  in  certain  respects  as  an  independent  me- 
moir :   but  in  uniting  them  they  aSbrded  mutual  assistance. 

1495.  The  following  sentences  from  the  introduction  may 
be  noticed  as  giving  Plana's  opinion  on  a  point  discussed  between 
Foisson  and  Poinsot : 

On  vena  dans  le  quatridme  paragraphe  quelle  est  mon  ojnnion  et  ma 
manigre  de  consiU^rer  la  solutioa  donnfe  par  Legatdre  en  1768.  Cest 
un  chef-d'-<Buvre  d'analyse;  si  par  le  mot  cmalyie,  on  vent  bien  entendre 
une  Buite  da  tranafbrmations  des  formules  prlmitiTes  dana  leequellea  le 
misonnement  est  en  partie  r«mplac€  par  le  m^caniame  du  calonl.  Ab- 
straction fiiite  de  la  longueur  dea  calculs  o'est,  X  mon  avis,  la  aolntion  la 
plua  direote  qu'on  ait  dono^  de  ce  probldme  juBqu'i  ce  jour. 

Plana  proceeds  then  to  explain  in  what  sense  he  takes  the 
word  direct,  so  as  to  justify  the  high  commendation  be  thus  pro- 
nounces on  Legendre's  solution:  but  the  remarks  do  not  alto- 
gether commend  themselves  to  my  judgement. 

1496.  The  memoir  is  useful  as  bringing  together  various 
investigations  which  were  originally  published  in  other  pUces, 
and  supplying  some  explanatory  comment,  yet  it  cannot  be  stud 
to  contain  anything  essentially  new  and  important 
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1497.  Suppose  we  have  a  given  ellipsoid,  and  we  wish  to 
determiue  a  confocal  ellipsoid  which  shall  pass  through  a  given 
point:  this  problem  we  know  occurs  in  Ivory's  mode  of  treating 
the  attraction  of  an  ellipsoid.  The  problem  leads  to  a  cuIhc 
equation.  Plaua's  firat  section  is  devoted  to  the  discussion  of 
this  prohl^n:   it  occupies  hia  pages  193.. .206. 

1498.  The  following  passage  may  be  noticed : 
...Legendre  avftit  dit  (et  Mr.  De  Pontiandani  &  r^p^t^  d'api^  Ini, 

Toyez  p.  364  dn  second  volome  de  ea  Tli6orie  analytique  dii  Byst£ine  da 
moade)  que  cette  6qtiation  n'a  qu'une  seule  racme  reelle  (voyes  p.  542 
du  tome  1"  de  son  Traits  dee  fonctiooi  elliptiques);  moia  la  i<alit£  de 
tea  troia  raoines  est  nutmtenuit  b<HrB  de  doute. 

Plana  is  wrong  in  his  charge  so  far  as  relates  to  Pont^coulaot. 
The  equation  which  Pont^coulant  takes  is 

a*  .       fc'      .     _^ 

this  equation  has  doubtless  three  roots  for  ^,  namely,  one  poeative 
and  two  negative,  but  the  latter  do  not  make  it*  real :  so  there  is 
but  one  real  value  of  ^. 

Legeadre  indeed  is  incautious ;  his  equation  is 

and  he  says  that  there  is  only  one  real  value  of  f :  but  the 
context  suggests  that  he  means  only  one  real  positive  value. 

1499.  Plana's  second  section  relates  to  the  equation  of  the 
cone  which  has  its  vertex  at  a  given  point  and  circunkscribes  a 
given  ellipsoid;  it  oocupiee  pages  206.. .216.  He  shews  how  to 
put  this  equation  in  its  simplest  form  by  chan^ng  the  axes  of  co- 
ordinates. The  last  twelve  lines  of  the'  section  contain  some 
troublesome  misprints  in  formulae  whidi  relate  to  the  circular 
sections  of  the  cone. 

1500.  Plaua's  third  section  purports  to  treat  of  the  formulie 
for  determining  the  attraction  of  an  indefinitely  thin  ellipsoidal 
shell  bounded  by  similar  surfiu^s,  on  an  external  particle ;  it  occti- 


=  1; 
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pies  pages  216...240.  But  the  title  is  inadequate,  as  there  are 
many  other  formulEe  in  the  section  besides  those  which  relate  to 
the  attraction  of  the  film  bounded  by  homothetical  ellipsoids. 

1501.  In  the  beginning  of  this  section  Plana  draws  various 
useful  dednctiona  from  tite  known  formulse  for  the  attraction  of  an 
ellipsoid  on  an  external  point.  We  will  reproduce  some  of  these ; 
but  it  will  be  sufficient  for  us  to  confine  ourselves  to  one  of  the 
three  components  of  the  attraction. 

Denote  by  X  the  component  considered  in  Art  885.  Then 
with  the  notation  there  employed  we  have 

y.     47ra6c/^r' a?dx 

k     Jo  v'A'+(A'-o')iB'V*'+(c'-<Oa^' 
where  l^  has  to  be  found  from  an  equation  Uiere  given. 

Putm-^,    »  =  ^,    *»=a'(l+v). 

Then  the  equation  for  determining  v  and  it*  becomes 
/*  wiff'  nA'         , 

1  +  k"'"1  + WW "''l +«»''"**  ^'' 

and  we  have 

y_^     iwf     p ^dh 

" VCl  +  »•)  Jo  '/m(l  +  v)  +  (1  -m)a?'/n{l  +  p)  +  (l-n)!^' 

Now  if  we  form  -r-  dv,  we  shall  obtain  the  ezpressicni  for  the 

component  attraction  of  a  film  bounded  by  homothetical  ellipsoids ; 
because  by  the  change  of  a  into  a  +  da  and  c^  y  into  v  +  dv,  we 
pass  from  one  ellipsoid  to  a  similar,  similarly  situated,  and  con- 
centric ellipsoid  infinitesimally  different  from  the  former. 

In  this  way  we  can  verify  Poiason'e  theorem  as  to  the  attraction 
of  a  certain  film :  see  Art  1394.  Foisson  himself  eays  that  he 
did  this:  his  words  are  quoted  in  Art  1405.  If  however  we 
differentiate  with  respect  to  v  the  value  of  X  in  the  form  in  which 
we  have  left  it,  the  integral  sign  does  not  obviously  disappear.  It 
is  convenient  to  change  the  variable.  Put 
.     1  +  v 
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then  we  obtain 


Therefore 


■^Jr    VCl+mtt)(l+n«) 
dX^  2ir/(l  +  .-)-* 

dv         V(l+mi.)(l  +  ni.)  ■ 


Hence  the  component  -j-dviB  expressed  free  from  the  intend 

sign. 

Similarly  the  other  components  can  be  expressed  free  from  the 
integral  sign. 

Plana's  formulEG  give  the  direction  of  the  resultant  attraction ; 
but  we  do  not  delay  on  this  point. 

1502.  Put 

(1  +  «)  a'  =  v',      (1  +  ma)  b*  =  v*,      (1  +  na)c*  =  v*. 
Then  (1)  becomes 

X  =  4ir/aicf"~'- (3). 

This  form  ^rees  with  that  given  by  Rodrigues ;  see  Art,  1396. 

Thus,  as  Plana  ohserres,  Bodrigues  had  only  one  step  to  take 
in  order  to  obtain  from  his  formulEe  the  attraction  of  the  film. 
He  had  in  fact  only  to  pass  from  (3)  to  (2),  and  then  diSerentiate 
with  respect  to  n.  However  Rodrigues  did  not  take  this  step; 
and  the  result  was  first  given  by  Poisaon. 

1503.  Plana  finishes  the  section  with  remarks  which  demand 
some  criticism. 

By  a  certain  transformation  of  the  expression  already  given 
for  X  he  obtains  a  result  of  the  form 


•rffHd., 


where  the  limits  of  the  variable  a  are  0  and  t/A'. 

Then  he  says  he  will  interpret  this  geometrically.  Now  a 
certain  series  of  cones  has  presented  itself  in  bis  investigations, 
determined  by  a  pai'ameter  which  varies  between  0  and  t/A'. 
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Hence  he  infers  thfit  tlie  resolved  attraction  of  that  part  of  the 
ellipmid  which  ia  contained  between  the  conea  correspoodii^  to 
the  values  a  and  a-^dwK  iTrf{w)da.  This  is  quite  unsound. 
We  might  on  the  same  ground  take  the  expression  for  X  given  in 


Bay  i  -^  (u]  dw,  and  theu  assert  that  ^f^  (at)  da  represents  the  attrac- 
tion of  the  conic^  element.  In  other  words  Plana  proves  fairly  that 
4m-  {/(a)  da  between  the  specified  limits  represents  the  resolved 

attraction  of  the  ellipsoid ;  but  he  has  no  ground  whatever  for  his 
assertion  as  to  the  geometrical  meaning  of  4m/ (cd)  dm.  The  asser- 
tion is  indeed  true,  for  Legendre  demonstrated  it;  but  Plana  gives 
no  demonstration  of  his  assertion. 

1504.  The  fourth  section  of  Plana's  memoir  is  devoted  to  the 
demonstration  of  a  certaia  formula  of  L^endre's ;  this  section 
occupies  pages  240.. .270.  The  formula  is  that  to  which  we 
alluded  in  the  preceding  Article. 

In  our  account  of  Legendre's  third  memoir  we  have  stated  that 
Legendre  supposes  a  certain  series  of  cones  having  their  common 
vertex  at  the  attracted  point.  Two  consecutive  conical  surfaces 
will  determine  a  conical  shell ;  Legendre  finds  an  expression  for 
the  attraction  at  the  vertex  of  that  ptut  of  such  a  shell  which  is 
bounded  by  the  attracting  ellipsoid.  This  expression  is  that  of  hi8 
formula  (^')  in  p^e  479 :  it  is 

27ratV<a  f  g  O'  \ 

where  «  is  a  parameter  which  determines  the  conical  shell,  and 
the  capital  letters  denote  certtun  complicated  functions  of  the 
parameter,  tlie  coordinates  of  the  attracted  point,  and  the  semi- 
axes  of  the  ellipsoid. 

Legendre  devotes  his  pages  470.. .479  to  the  investigation  of 
the  formula.  As  I  have  stud  however  his  process  is  rather  indi- 
cated than  worked  out. 
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1505.  Now  Plana  givea  the  operations  in  detail ;  and  this 
coDStitutee  the  business  of  his  thirty  pages.  He  says  himself  on 
his  page  240 : 

Les  artifices  de  calcol  par  leBqnelB  Legendre  eat  parveou  k  nne 
demonstration  directe  de  la  fonDule...sont  fort  ing^nieux.  Mais,  il  est 
impoesible  d'appr£cier  au  juste  le  degr6  de  la  complication  et  le  m€rite 
de  la  difficult^  vaincue,  biuu  Buivre  pas  i,  pas  les  transformatioiia  et  les 
r£ductioas  \  travers  lesqaellee  on  doit  passer  pour  mettre  en  fividence 
la  propritit^  oaract^ristiqne  du  r^ultat  obteun  par  le  procMe  de  son 
integration.  Malgr6  les  indications  laisaSes  par  Legendn  il  n'est  pas 
ibrt  ais6  (dn  moins  pour  moi)  de  retrouver,  ni  lea  reanltato  intermf- 
diairea  ni  le  rieultat  final.  Je  pense  qu'il  ne  sera  pas  tont4k-fklt  inutile 
d'exposer  ioi  avec  d^ttul  la  marcbe  que  j'ai  mivie  par  j  parvenir. 

1606.  I  had  myself  gone  over  Legendre'e  work  in  his  own 
order  and  with  his  own  notation,  before  I  had  seen  Plaua's 
memoir.  I  find  that  the  additional  developments  thua  required 
will  fill  about  aeven  quarto  pages  like  Flana's.  To  a  patient 
student  such  a  course  would  not  be  more  laborious  than  the  study 
of  Flana's  pages. 

1507.  Legendre  effects  a  certain  transformation  which  at  first 
sight  does  not  appear  to  have  produced  any  simplification.  Plana 
observes  that  perhaps  it  was  only  after  trial  justified  by  the  subse- 
quent investigations  that  he  found  the  advantage  of  his  tran&- 
formation.     Plana  adds  on  his  page  218 : 

TJn  i-6cit  naif  des  t&tonnements  de  oe  genre  aerait  fort  instractif ; 
nuus,  par  des  moti&  difficiles  k  deviner,  il  eat  rare  de  rencontrer  dans 
lea  6crit«  dea  granda  g^omdtres  dee  CKemples  comparables  4  ceox  qui 
nons  frappent  en  liaaat  les  ouvngea  d'Euier. 

loOS.  Ijegendre's  formula  (g)  presents  a  veiy  complicated 
appearance ;  Legendre  simplifies  it  by  a  peculiar  process,  not  by 
direct  calculation :  see  what  has  been  said  with  respect  to  this 
point  in  Arts.  888  and  889.  Plana  appears  to  allade  to  this  in 
the  last  paragraph  of  his  memoir ;  he  says : 

Le  calcnl  dont  nous  venons  de  parier  (fort  pinible  mfane  dana  le  caa 
particnlier  oil  le  point  attir6  serait  plac£  darn  le  plan  d'nne  dea  troia 
seotiooB  principatea  de  rsilipsoide)  eat  sans  donte  oelui  que  Mr.  Poiseon 
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qualifie  d'intxtricable :  imus  la  d^moiub&tioB  de  Legmdrs  ne  r&Itune 
point,  ni  Texticution  effectiTe  de  ce  colcul,  ni  I'appai  d'&ncaa  th6or6me 
d^T^  d'une  autre  eoorce.  Le  th&ir^e  qu'il  avait  en  vae,  et  son  az- 
presaion  aoalytique  sous  la  forme  la  pluB  simple,  d^coulent  des  prin- 
cipes  les  plus  rigides  du  CoJcul  Int^p«l.  L'fitat  progressif  de  Tanalyse 
fait  eflp6rer  que  c«tte  eap^  de  lacune  laias£e  par  Legendre  aeia  un  jour 
heuMUsemeiit  remplie.  H  est  mSme  probable  qu'elle  le  sera  par  nn  de 
ces  traits  de  g^nie  qm  atteetent  la  force  des  principes,  et  la  difficult^  de 
Baiair  le  T^ritable  mode  d'eti  hire  I'application. 

I  do  not  feel  quite  certain  as  to  Plana's  meaning ;  but  I  pre- 
sume hy  le  caicul  he  means  a  simplificatioa  of  L^endre's  formula 
(g")  by  actual  algebraical  work.  When  he  says  that  Legendre's 
demonstratioa  does  not  require  this  work,  I  suppose  he  means 
that  the  peculiar  process  adopted  by  Legendre  is  sound ;  in  thie  I 
agree  with  him.  Thus  Flaoa,  according  to  my  view,  is  correct  in 
the  sense  be  assigns  to  Poisson's  word  inewtricahle ;  the  meaning 
being  that  at  a  certain  stage  Legendre  could  not  obtain  his  de- 
sired result  by  actual  algebraical  work,  but  adopted  a  peculiar 
process.  This  actual  algebraical  work  Plana  describes  on  his 
last  page  as  "  e&ayant  pour  le  plus  intr^pide  alg^briste." 

1509.  The  next  memoir  by  Plana  is  entitled  Note  sur  Vinti- 

V,  qtd  e^rimt  la  eomme  des  il^mens  de  la  masse  d^an 

ellipsoide,  divisSs  respectiveTnent  par  leur  distance  A  un  powU  aitiri. 
This  occnra  in  the  same  volume  as  the  preceding  memoir:  it  occu- 
pies pages  271...  282. 

1510,  The  memoir  investigates  a  certain  espression  for  the 
potential  of  an  ellipsoid  which  agrees  with  that  given  in  Art.  1184. 
Let  the  notation  be  as  in  Art  1501 ;  then  the  potential  V  is  deter- 
mined by 

"--/."  {i^+i^^i^--!^ w- 

where  IT  =  (1  +  «)  (1  +  m«)  (1  +  im). 

For  an  external  point  v  must  be  found  by  the  equation  (1)  of 
Art.  1501.     For  an  internal  point  we  must  put  zero  for  v, 

T.  M.  A.     VOL  II.  88 
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Plana  considered  th«  potenljal  for  an  internal  point  agtun 
in  a  subsequent  memoir.  See  the  Aatronomucha  NachritAten, 
ToL  xxxvi.  pi^  172,  and  Art.  1543. 

To  justify  his  formula  we  observe  that  if  we  differentiate  with 
respect  to  /,  g,  or  A,  we  obtain  a  correct  result  Thus,  for  example, 
it  gives 

dv      _  ,r      du 

iot  no  term  arises  from  the  variation  of  i>,  since  the  expression 
ander  the  intend  sign  vanishes  when  U=v,  by  equation  (1)  of 
Alt.  1601. 

Now  this  value  of^is  correct,  because-^^we  know  is  equal 
df  df 

to  the  X  of  Art  1501 ;  and  bo  we  see  that  our  result  is  true  by 

(1)  of  that  Article. 

In  like  manner,  if  we  differentiate  (4)  with  respect  to  ^  or  to 
h,  we  obtain  a  correct  result.  Hence  (4)  must  be  true,  provided 
it  is  true  for  any  special  values  oi  f,  g,  h;  that  is,  we  have  only 
to  shew  that  no  arbitraiy  constant  is  required  in  (4). 

Plana  effects  this  comparison  by  calculating  directly  the  value 
of  F  for  an  external  particle,  and  shewing  that  the  expression 
agrees  with  {4). 

A  simple  mode  is  by  shewing  that  when/,  g,  and  h  are  infinite, 
the  expression  for  V  in  (4)  vanishes  aa  it  should. 

When/,  g,  h  are  infinite,  we  have  v  infinite  by  (1)  of  Ait  1501. 

But  T^—'  +  ■_  "^    +  ; is  numerically  tees  than  when 

1  + «     1  +  mu     1  +nu  ^ 

u  V  If ;  so  that  it  is  finite.  And  i/U  ia  greater  than  ti^  •t/(mTi) ; 
hence    I     -jjt-  vanishes   when  »  is  infinite ;    and  so   also  does 

1511.  Plana  shews  that  his  value  of  V  involves  a  demon- 
stration of  a  result  originally  obtiuned  by  Jacobi  and  invest^ted 
by  Poissoh :  see  Art.  1401. 
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1512.  If  the  value  of  F  is  required  in  a  Beries  proceeding 
according  to  inverse  powers  of  the  distance  of  the  attracted  point 
from  the  centre  of  the  ellipsoid.  Plana  considers  that  the  best 
Tf&j  would  he  to  combine  the  methods  of  Laplace  and- Lagrange, 
Laplace's  method  is  that  which  is  contained  in  the  M^eanique 
Celeste,  Livre  itl.  Chapitre  II.  Lagrange's  method  is  that  to 
which  we  allude  in  Art  1467.     Plana  applies  both  methods. 

1513.  The  next  memoir  by  Plana  is  entitled  Appmdice  ati 
Mimoir»  aur  rattraction  de  VeUipao^dA  homogine  imprimi  dans  le 
Tome  XX.  de  ce  jovmai.  This  memoir  occupies  pages  132. ..146 
of  Crelle's  JounuU  fWr...Ma4h«maiUe,  VoL  xxTi^  which  was  pub- 
lished in  1843. 

1514.  In  this  memoir  Plana  gives  in  detail  the  operations 
required  in  the  third  Section  of  L^endre's  memoir :  see  Art.  880. 

L^endre  himself  left  much  of  the  work  to  be  done  by  the 
reader.  A  patient  student  would  find  it  perhaps  as  easy  to  fill  up 
the  steps  for  himself  in  Legendre's  memoir  as  to  read  Plana's. 

Plana  concludes  thus : 

On  doit  oompTendre  maintenact  que  I'aualyse  de  Legendrt  avoit 
besoia  de  oe  long  d^eloppement,  poor  pouvoir  susir  plusieurs  des 
moti&  Becrets  qni  ont  goid^e  la  marche  de  sou  oalcol.  J'ignore  s'il  est 
permis  de  BoatWr,  que  de  tels  motiis  peuvent  dtre  ais^meiit  devin^s 
d'l^nte  le  toxte  de  Legtndn. 

1515.  Two  notes  by  Plana  were  published  in  the  Toria 
Memorie,  VoL  xi.  1851.  The  first  note  purp<vt8  to  relate  to 
Newton's  Ffopoaition  lxxl,  and  the  second  note  to  Newton's 
FropoBitiDnsLXXx.aiulLZXXlv.  Theaoteaoccupypagee391...406 
of  the  volume. 

1516.  The  notes  may  be  said  to  consist  of  translations  of 
Kewton's  investigations  respecting  attractions  into  analytic^ 
language.  Thus,  take  Newton's  Proposition  Lxxi.  We  have 
seen  in  Art.  4,  that  Newton's  investigation  leads  to  this  result : 

the  attraction  = — ^^  j  i/*^J\ •  ^^  integration  being  taken 

28—8 
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'between  proper  limits.  Thus  we  tave  — -^  I  d .  t/(<^  — j)*)  be- 
tween proper  limits.  Now  V(«'— P*)  is  equal  to  h^  a  certain 
cbord  in  Newton's  figure,  which  he  calls  EK.  Plana  arrives  at 
this  expression  by  a  method  somewhat  different  from  that  which 
we  have  used. 

1517.  Plana  gives  what  he  considers  an  exposition  of  Newton's 
mode  of  establishing  his  Proposition  LXX ;  we  may  however  state 
briefly  that  the  exposition  is  inaccurate.  Plana  asserts  that 
Newton  uses  the  property  about  the  intersecting  chords  of  a  circle; 
Euclid  m.  35  is  meant.  Newton  does  not  use  this  property : 
be  seems  to  use  the  equality  of  angles  in  the  same  segment. 

1518.  There  is  nothing  important  or  remarkable  in  Flana's 
analytical  translations  of  Newton's  processes;  they  are  substan- 
tially the  same  as  would  occur  to  any  person  acquainted  with  the 
elements  of  the  Differential  and  Int^ral  Calculus,  and  had  in 
fact  been  given  by  Uaupertuis  in  bis  memoir  of  1732. 

1519.  Plana  seems  to  think  that  Newton  adopted  geometri- 
cal forms  in  order  to  conceal  his  peculiar  methods.    Thus  he  says : 

Mais,  Kewton,  qui,  probablement,  ne  voolait  pas  d^oiler  i  Bcs 
IscteuTs  toutea  lea  reBsoorces  de  ce  calcu],  alore  luuBsant^  a  imaging  une 
dtoonstratiou,  oil,  le  proc£d€  de  I'integratioii  est  d£guis£... 

Again: 

On  ne  pent  ^viter  cette  traduction  alg£briqne  Bans  nuire  it  la  dart^ 
et  aaos  renforoer  Vopiniou  que  Newton  ne  voulait  p«a  exposer  sea  d6- 
oonrertee  aveo  cett«  ingtouit^  qui  lee  auiait  rendues  accesaibles  aux 
hommea  dou£e  d'une  m&liocre  iutelligenoe. 

1620.  The  next  memoir  by  Plana  is  contained  in  the  Astr^h- 
nomische  Nachriehien,  No.  828,  which  was  published  in  September 
1862  :  this  number  forms  part  of  Vol.  XXS.V.  of  the  Journal. 

The  memoir  consists  of  three  parts,  namely  a  Note  and  two 
Additions.  The  memoir  is  entitled  Note  but  la  densiti  moyetme  de 
Eicorce  svperficielle  de  la  Terre. 

1621.  Plana  begins  thus: 

C'est  un  &it  inoontestable,  que  la  density  dea  oouohea  elUptiques  da 
spb^ide  terreatre  est  croissaiite  depois  la  aor&oe  juaqu'au  centre.     !« 
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loi  de  oet  accroinBement  est  inconnue;  nutis  comme  ella  est  intimeinent 
lite  i  tous  les  ph^nom^es  qui  dependent  da  monTement  de  rotation  de 
la  Terre  autour  de  bos  ceatre  de  grarit^,  on  peat  faire  des  hypothtoes 
Bar  Bon  ezpretsion  alg^briqne,  et  comparer  eneuite  les  rfisultats  qu'ellas 
foumiBsent  il  ceax  que  I'obBerration  a  &it  oonD^tre  area  nn  prtcisioa 
BufilsBiite.  Je  vaU  examiner,  bous  ce  point  de  tub,  la  plus  simple  de 
toates  lea  hypothdaes,  |Hropoa6e  par  Laplaee  i  la  page  16  du  oinquidtne 
Tolume  de  la  Jiieamque  CSette. 

1522.  Thus  Flana's  Note  relates  to  the  hypothesis  proposed 
hy  Laplace  in  the  page  just  cited.  The  hypothesis  is  that  the 
density  increases  ft^m  the  surface  to  the  centre  in  Arithmetical 
Progression.  The  hypothesis  is  expressed  symbolically  in  the 
following  manner.  Let  (p)  denote  the  density  at  the  surface,  p 
the  density  at  the  distance  a  from  the  centre,  the  mean  radius  of 
the  Earth  being  taken  as  unity.  Then  p  =  {p){l  +  e~ ea],  where 
e  is  some  constant  to  be  determined. 

Taking  the  density  of  the  sea  for  unity,  Laplace  assumed  that 
(p)  =  3,  which  is  about  the  density  of  granite :  then  he  obtained 
6  =  2349. 

1523.  Plana  considetB  that  3  is  too  lai^  a  value  for  (p).  He 
does  not  assume  a  value  for  (p),  bitt  considers  that  it  has  been 
well  established  by  the  experiments  of  Keich  that  the  mean 
density  of  the  Earth  is  5-44.  Taking  this  for  granted,  and  em- 
ploying certain  formula  &om  other  parts  of  the  M^camque  GHeite, 
Fhma  finds  that  e  is  about  78907. 

1524.  The  Note  contains  nothing  new  in  theory;  it  consists 
entirely  of  numerical  calculation.  I  have  not  verified  this.  In- 
deed there  are  some  difSculties,  which  though  not  very  serious 
discourage  any  attempt  to  go  over  the  work.  I  will  state  them, 
as  some  other  student  mny  be  fortunate  enough  to  explain  them. 

(1)  I  do  not  see  how  the  coefficient  of  /*  in  Flana's  equation 
(€)  is  obtained;  apparently  it  should  be  the  product  of  '12065 
and  '0163 ;  but  it  is  not  equal  to  this. 

(2)  In  comparing  his  equations  (6)  and  (7)  the  »gn  of  the 
coefficient  of  /a  seems  arbitrarily  changed  &om  —  to  + . 

(3)  Having  arrived  at  his  equation  (17}  Plana  seems  to  assert 
that  the  density  at  the  centre  is  more  likely  to  be  greater  than 
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16*301  tiian  less.  I  cannot  conjecture  how  he  obtained  aaxj 
knowledge  aa  to  the  numerical  value  of  the  density  at  the  centoe. 

(4)  Towards  the  beginning  of  his  Note,  Plana  says  that 
le^S?  is  the  density  at  the  centre ;  but  from  hia  equation  (17)  it 
would  appear  that  this  density  is  greater  than  16'801.  I  cannot 
reconcile  these  statements. 

(6)     Plana  says  that  L^endre's  law  of  density  leads  to  lees 
satisfactory  results.    According  to  this  law,  see  Art.  1326, 
(p)  sin  an 
■^       asmn 

If  »  =  -^  ,  Plana  obttuns  for  the  density  at  the  centre  S-iSSo ; 

and  if  n  =  ^.  he  obtains  1289.  Then  I  gather  that  these  re- 
salts  are  unsatisfactory  to  him,  because  they  do  not  make  the 
density  at  the  centre  great  enough.  But,  as  I  hare  already  said,  I 
cannot  conjecture  how  Plana  obtained  any  knowledge  as  to  what 
the  density  at  the  centre  ought  to  be. 

(6)     Suppose  that  in  the  last  expression  for  p  we  give  to  n 
a  small  increment  Sn;  then  Plana  says  that  p  becomes 
(p)  sin  an     (p)  Sn  sin  (n  —  an) 
a  sin  n  sin*  n 

It  seems  to  me  that  the  second  term  should  be 
IS  on  sin  fl  —  sin  OR  cos  n 


1525.  Laplace  obtained  for  the  mean  density  of  the  Earth 
4-76.  Plana  finds  that  the  same  value  of  the  mean  density  would 
follow  from  supposing  [p)  ^  1*6,  instead  of  (p)=  3 ;  and  remarks 
that  tJiiis  is  rather  singular. 

1526.  It  appears  from  the  conclusion  of  the  Mote  that  Plana 
undertook  the  discussion  at  the  request  of  Humboldt  Towarda 
the  be^nning  of  the  Note  Plana  refers  to  what  Humboldt  had 
said  on  the  subject  in  his  Kosmoa,  Toi.  i.  page  177,  of  the 
German  edition.  See  Vol.  I.  pt^  159,  of  Sabine's  English  trana- 
lation,  fifth  edition. 

1527.  In  the  fiivt  Addition  to  his  Note,  Plana  adverts  to  the 
determination  of  the  density  of  a  mountain  by  the  aid  of  pea- 
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dulum  ezpeTiments,  Laplace  bad  touched  on  this  eabject  in  the 
Micanique  Cfteste,  VoL  v.  pages  55  and  56.  Flana  adds  nothing 
of  importance. 

Plana  gives  in  this  Addition  the  calculation  necessary  to  soWa 
the  following  problem.  Suppose  a  sphere  to  hare  the  same 
mass  as  the  mountain  SchehalUen,  find  at  what  distance  it  must 
he  placed  from  a  pendulum,  to  produce  the  same  amount  of  devia- 
tion aa  the  mountain  Schehallien  produced,  according  to  Has- 
kelyne's  observationa 

1528.  Plana's  second  Addition  relates  to  the  espression  of 
the  force  of  gravity  at  various  places  of  the  Earth's  suifEice. 

Let  P  denote  the  value  of  gravity  at  the  latitude  0,  and  P' 

that  for  the  latitude  sin"'  -j= ;  then  Plana  says  that 

^      '[    L^^\ 

This  formula  is  obtained  on  the  supposition  that  all  the  strata 
are  similar,  and  that  e  is  the  ellipticity.  It  may  be  eaaily  verified 
from  reaulta  given  by  Clairaut:  see  Arts.  336  and  323.  With  the 
law  of  density  which  is  under  examination  Plana  obtains  a  value 
of  P,  which  he  says  agrees  well  with  observation. 

Flana  proceeds  to  a  calculation  as  to  the  value  of  a  certun 
term  in  the  expression  for  the  depth  of  the  sea.  But  the  formtda 
which  he  quotes  is  wrong.  It  amounts  in  fact  to  taking  the 
expression  for  h'  given  in  the  M4can%^pte  Celeste,  YoL  v.  page  30, 
and  omitting  the  dawminator. 

Plana  himself  in  a  subsequent  memoir  gives  the  same  formula 
as  Laplace :  see  Aa^onomiseKe  Nachrichien,  No.  8G1,  equation  (38). 

1529.  The  next  memoir  by  Plana  is  contained  in  the  Astro- 
noTttische  NachridUen,  No.  839,  which  was  published  in  Pecember 
1852 ;  this  number  forms  part  of  Vol  XZXT.  of  the  Journal  The 
memoir  is  entitled  Note  9ur  la  figure  de  la  terre  et  la  hi  de  la 
pemtttevT  A  la  surface,  iEapria  fhypothiae  ^Huygeni,  ptMify  en 
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Qaoiqne  cette  hypotbSee  soit  dfimentie  par  rensemble  des  fiuta  ob- 
BerrSa,  il  est  carieuz  de  Tezhiimer,  et  de  la.  presenter  d€Telopp6e  wvec  le 
langage  de  VonalTW  modeme,  afin  de  poovoir  jager  ei  Hm/getu,  dans 
rappendice  ik  sa  dissertation  sur  la  cause  de  la  gtsTit^  a  rSellemeot  &£ 
c^»ble  de  d^montrer  que  sou  hjpothSse  conduit  anx  deux  riaultats 
que  Laplaee  lui  attribue  duis  sa  notice  hiatoriqne,  expoete  rers  le  com- 
raencement  du  xi^"  livre  de  sa  Mdcanique  CMleate.  Comme  je  pense 
que,  Huygena  n'£tait  pas  ea  poaaeaaion  de  principea  auffisanta  poar  oom- 
prendre  dana  son  analyse  la  double  hypothte  de  la  foroe  constatite  et 
oelle  de  la  force  -rariabl^  j'ai  torIu  mettre  en  ^videnoe  par  quelle  eap^ 
d'heureuse  divination,  it  a  pn,  ^  travera  des  calcub  bom€a,  en  coaclure 
le  veritable  t^iport  entre  la  pesanteur  an  p61e  et  la  peaanteur  i  l'6qa»- 
teur,  dana  le  caa,  oit,  sans  admettre  I'attraction  de  molecule  ik  mollcule, 
00  suppose,  qne  chaqne  mol&mle  d'une  masse  flaide  homogdne,  toumant 
Bur  un  axe,  tend  rei-s  le  centre  de  gravity  de  cetto  oiasae,  en  raison  in- 
Terse  du  oarr6  de  aa  distance  &  oe  point.  On  venu  que  cela  tient 
^  una  extension  haaard^e  ^e  Swygena  donnalt  au  r&ultat  obtenu 
pour  le  cas  de  la  force  conatAnte. 

Tkoa  maintams  that  in  two  points  rather  more  has  been 
ascribed  to  Hujgens  than  is  justly  due  to  him. 

1531.  liet  us  take  the  first  point  Laplace  saya  with  respect 
to  Huygena  in  the  Mecaniqite  CHeste,  Vol.  T.  page  5  : 

II  n'admet  point  I'attraction  de  molecule  \  molteule,  et  il  suppose 
qne  chaqne  molecule  d'nne  maase  fluide  homogdne,  toumant  sur  qq  axe, 
tend  vers  le  centre  de  gravity  de  cette  masse,  en  ruson  inverse  dn  carrg 
de  sa  ditttonce  il  ce  poiut^ 

But  this  is  not  correct,  for  Huygens  assumes  that  the  central 
force  is  constant  It  is  true  that  the  result  as  to  the  ellipticity, 
supposed  small,  is  the  same  as  if  the  force  varies  according  to  any 
law  of  the  distance ;  but  this  was  not  shewn  by  Huygens,  though 
he  does  indeed  make  such  a  statement :  see  Art  56. 

There  is  however  another. matter  connected  with  this  which 
has  given  occasion  to  error :  see  Art.  64. 

1632.  Now  let  us  take  the  second  point  Laplace  says  on 
the  page  already  cited  : 
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H  trouTe  ensuite  qne  la  pesanteor  crolt  de  I'^aatenr  aux  pAlee,  pro- 
portionnellement  nu  carr4  do  sinuB  de  la  latitude,  et  de  manilra  que  la 
pesantenr  6tant  Buppos£e  1  A  I'fiquateur,  elle  eat  1  +  2^  aux  p61es, 

Laplace's  0  is  omrj. 

Plana,  however,  holds  that  Huygens  did  not  obtain  this  defi- 
nite reauU ;  but  tbat  Laplace  has  himself  given  hia  owu  extension 
to  the  theory  of  Huygens.  I  do  not  agree  with  Plana ;  I  hold 
that  Laplace's  words  fairly  represent  what  Hurgens  obtained. 
The  passage  to  be  examined  is  page  166  of  the  Digcou/ra  de  la 
Cause  de  la  PesaiUear. 

1533.  The  next  memoir  by  Plana  ia  contained  in  the  Astro- 
nomische  Nachrichten,  Numbers  850  and  851,  which  were  pub- 
lished in  March,  1853;  these  numbers  form  part  of  VoL  XXXVI. 
of  the  Journal.  The  memoir  is  entitled  8ur  la  Th/orie  math^ma- 
tique  de  la  Figure  de  la  Terre,  p\Miie  par  Newton  en  1687.  Et  aur 
V^at  cHiquilibre  de  I'eUipsoide  fluide  d  trois  oxeB  inSgawc 

Thus  it  is  seen  that  the  tuemoii-  consists  of  two  parts. 

1534<.  The  first  part  of  the  memoir  consists  of  the  ordinary 
analytical  theory  of  the  relative  equilibrium  of  a  rotating  oblatum 
of  Suid :  It  adds  nothing  substantially  to  what  we  find  in  the 
Mecanique  Celeste,  Livre  iir.  Chapitre  ni.  The  object  of  Plana  in 
reproducing  this  known  theory  seems  to  have  been  to  point  oat 
what  he  considers  an  important  error  in  Newton's  process;  in 
Plana's  words,  un  vice  itih&ent  A  son  analyse.  But  the  error 
exists  only  in  Plana's  imi^nation. 

Newton  required  the  value  of  the  attraction  of  a  nearly  spheri- 
cal oblatum  on  a  particle  at  the  equator.  He  determined  this  in- 
directly, by  the  theorem  that  this  attraction  may  be  considered  to 
be  a  mean  proportional  between  the  attraction  of  a  certain  sphere 
on  a  particle  at  its  surface,  and  the  attraction  of  a  certain  obloa- 
gum  on  a  particle  at  its  pole.  Plana  then  holds  that  Newton 
considered  this  theorem  to  be  absolutely  true;  there  can  be  no 
doubt  that  Newton  only  conudered  it  to  be  approximately  true : 
which  it  is.  I  think  tbat  Plana  is  alone  in  this  untenable  opinion 
as  to  Newton's  meaning.     See  Art.  S3. 
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15S5.  Plana  saya  vith  reference  to  his  supposed  oorrection 
of  Newton : 

...Bi  je  ae  me  trompe,  oette  ratnarqne  n'avait  pu  encore  6t£  fiute. 
Slle  a  6clupp€  au  Commeiitsteur  Calandrini,  au  point,  qa'il  a  eotrepria 
de  d^montrer,  qiie  le  thterfime  dont  je  parle  £tait  vrai  sana  restriction 
(voyez  les  pages  83  et  SI  du  troisidine  Tolume  des  Priacipia.  Edition 
de  Oeadve). 

This  assertion  with  regard  to  Calandrini  is  in  direct  contra- 
diction to  the  fact.  The  commentator  ceitainly  considered  the 
theorem  as  an  approximate  truth :  the  woi-ds  qiiam  proxime  occur 
four  times  in  the  demonstration. 

1336.  Thus  it  is  sufGciently  obvious  that  the  first  part  of 
Flana's  memoir  was  quite  unnecessary,  being  founded  on  a  miscon- 
ception of  his  own.    Some  incidental  points  may  be  noticed. 

1537.  Plana  begins  thus : 

Zaplace,  ea  imitant  les  raisonnemens,  que  Clairaut  arait  dfivelt^p^ 
dans  U  premiere  partie  de  son  Introduction  il  I'ounage  dea  Principea, 
a  ezpoB^  Bans  I'emploi  dee  formulee  a]g£briqaes,  oette  Thforie  de  Nttoton 
an  commencement  da  xi  livre  de  la  Mfeaniqne  Oleste. 

This  rather  vague  reference  to  Clmraut  is,  I  presume,  intended 
to  apply  to  the  translation  of  the  Principia  into  French  by  Uadame 
du  Chastellet^  who  was  assisted  by  Clairaut.     See  Art.  560. 

1538.  The  equation  which  connects  the  excentrioity  of  the 
oblatum  with  the  angular  velocity  is  in  Laplace's  symbols 

Plana  gives  the  approximate  solution  of  the  equation  for  the 
case  when  \  is  a  small  quantity,  carried  further  than  Laplace. 
Plana's  results  are 

6        X'      „{2.2/XY     3.2'/X'V      *-2*/XY  > 

from  which  by  reTeraioQ  of  series 

X"      6     ^12/3    V.  148/5    V,  21673/5    V. 

I  have  not  verified  the  last  lin«. 
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It  is  known  that  for  a  given  angular  vslodty  ve  have  in 
general  two  solutions :  for  example,  if  the  angular  Telocity  is  smaU 
besides  the  solution  in  which  X  is  a  small  quantity  there  is  a  sdlu- 
tion  in  which  X  is  great.  Plana  says  that  this  second  solutioD  was 
first  indicated  by  Laplace ;  this  is  wrong,  for,  as  we  have  remarked, 
Thomas  Simpson  and  D'AIembert  preceded  him :  eee  Art.  580. 

1539.  Plana  puts  in  a  convenient  form  the  equation  which 
shews  that  the  obUmffvm  is  not  a  possible  form  <^  relative  equi- 
librium. 

Suppose  the  equation  to  the  oblongum  to  be 

Let  the  attractions  of  the  oblongum  resolved  parallel  to  the 
axes  at  a  point  {x,  y,  z)  within  it  or  on  its  surface  be  denoted 
respectively  by 

Ax,    Ay,     Cz. 

Then  the  values  of  A  and  C  are  well  known  \  and  Plana  puts 
them  in  the  form 


sin  y     Jb  vofTx 

p_4^poo.Vf«m^ 

sin^     Jo  cosa: 


where  ^  is  such  that  tan  ^  =  t  i  and  p  is  the  density. 
The  condition  for  relative  equilibrinm  ie 
^-«'. 0(1+7*). 
where  w  denotes  the  angular  velocity. 

Put  a  for   . —  :   then  the  condition  becomes 
"         *irp 

sin*  X  ,  .  .  ■  1  ,  X  . 

This  is  impossible :   for  the  left-hand  member  is  positive  and 
the  right-band  member  is  n^^v& 


4-r 

in'i^-  J, 
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1540.  We  DOW  pass  to  the  second  part  of  the  memoir.  In 
this  Plana  demonstrates  Jacobi's  theorem,  that  a  fluid  ellipsoid 
rotating  round  its  least  axis  may  be  a  form  of  relative  equilibrium. 
The  demonstration  presents  nothing  novel.  Plana  however  em- 
ploys the  expressions  for  the  attraction  of  an  ellipsoid  by  means  of 
elliptic  integrals,  nbich  had  been  used  by  Legendre  and  Poisson : 
see  Art.  1398.  Hence  he  calculates  certain  numerical  results 
which  give  him  the  dimensions  of  various  ellipsoids  which  satisfy 
the  condition  of  relative  equilibrium.  These  results  are  collected 
in  the  following  table.  The  smallest  semiazis  is  taken  for  unity, 
,  this  is  that  about  which  the  body  is  supposed  to  rotate.  The  largest 
semiaxis  is  i,/(l  +7^;  the  values  of  this  are  given  in  the  first 
column.  The  other,  semiaxis  is  i/{l -{■  j*) ;  the  values  of  this' 
are  given  in  the  second  column.    The  third  column  contains  the 


es  of  ■; — .  where  a 

is   the  angular  velw 

itj  an( 

JIty. 

1-41545 

1-41448 

21169 

141836 

1-41564 

22128 

142672 

1-42126 

21645 

1-43524 

1-42405 

20591 

1-62426 

1-47261 

225875 

1-66164 

1-52340 

260562 

1-83608 

1-54643 

27236 

2-09574 

1-54976 

280143 

2-13005 

1-52015 

27612 

220269 

1-50573 

27543 

2-28117 

143210 

263034 

■     2-45860 

1-26100 

220114 

2-79044 

1-09756 

1042 

6-24086 

1-03561 

21524 

These  numbers  rest  on  Plana's  authority.  The  entry  '1042  in 
the  third  column  looks  suspiciously  small ;  but  he  ^ves  it  in  two 
places,  namely  bis  pages  151  and  170. 

1541.  There  are  some  misprints  in  the  memoir  which  will  not 
cause  serious  trouble;  except  perhaps  in  Plana's  equations  (36). 
In  the  last  of  these  equations  for  A  read  A*. 
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1542.  On  his  page  170,  Plana  speaking  with  respect  to  the 
ellipsoid  in  Jacobi's  theorem,  says : 

La  granda  iik%alit4  entre  lea  d«iix  aplatiBsementa  d'un  tel  eltipeolde, 
ne  permet  pes  ds  le  cousld^rer  oomme  on  corps  semUable  il  la  Terre. 

This  is  wrong.  There  is  not  necessarily  such  a  great  differ- 
ence between  the  two  ellipticities :  it  is  sufficient  for  example  to . 
look  at  the  first  case  given  in  the  preceding  table. 

For  information  as  to  Jacobi's  theorem  I  may  refer  to  my 
paper  cited  in  Art.  1460. 

164<3.  Plana  finds  the  valne  of  the  potential  at  any  internal 
point  of  an  ellipsoid ;  this  subject  he  had  formerly  considered : 
see  Art.  1610,  He  now  definitely  expresses  the  potential  by 
means  of  elliptic  integrals. 

Suppose  that  the  attractions  at  the  point  {x,  y,  z)  parallel  to 
the  axes  are  respectively 

Ax,    By,     Cz. 

Let   y  denote  the  potential :   then 

^     "■      %         2        2  ' 
-where  S  is  some  constant  to  be  determined. 

It  is  obvious  that  S  must  be  equal  to  the  potential  for  a  point ' 
at  Uie  centre  of  the  ellipeoid. 

Take  for  the  equation  to  the  ellipsoid 

Then  with  the  usual  polar  notation 

S=  pjjjr  m^a0dedil>dr. 
We  have  first  to  integrate  with  respect  to  r  from  r  =  0  to 


r»  = 
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"V1+7"    i+t"/* 

Then  we  iotegTate  with  respect  to  0;  the  limits  are  0  aod  &r. 
We  may  take  0  and  ^  for  the  limits,  and  multiply  by  4.    Tbos 
we  get 
„  .C"  vmSde 

*"  I      /(/     ,^    sm'J\/    j^    sin'W 

ling  cos  0  9 -t.  w-e  obtam 

^-'-^^((i+v)(i+y*)i/.'f. 

i''^,  and  \xafi  =  f. 

Thus  ^  ia  expresaed  by  an  elliptic  function.  And  A,  B,  G 
can  also  be  similarly  e:q)rened  ;  aee  Art.  1640.  Thus  finally  V 
can  be  so  expressed. 

154i4[.  Poisson  had  maintained  that  for  points  on  tii«  awfaee 
of  a  bodj 

but,  as  we  have  remarked,  tltis  cannot  be  considered  satisfitctory : 
Bee  Art  1253. 

Plana  here  objects  to  Poissoo's  opinion ;  but  Plana  is  himself 
equally  unsatis&ctory.  Plana  affirm*  that  at  the  surface  of  a 
homogeneous  ellipsoid  the  right-hwd  member  of  the  equation 
must  be  —  iTrp.  Plana's  sole  ai^ument  is,  that  such  is  the  value 
for  any  internai  point,  and  consequently  such  must  be  the  value 
at  the  aurfa<».  It  is  astonishing  that  Plana  did  not  see  tiie  un< 
soundness  of  the  argument.  For  vre  know  that  for  any  external 
point  the  right-hand  side  of  the  equation  is  zero  ;  and  so  we  might 
just  as  readily  assert  ttiat  it  must  be  zero  for  a  point  on  the  sur&ce. 
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1$45.  On  Ilia  page  171,  Plana  referring  to  Jaoobi'a  theorem, 
Bpeaka  of  vhat  he  calls  les  formtdes  primitives  de  JacobL  I  do 
not  know  what  this  means.  I  am  not  aware  that  Jacob!  gave 
any  investigation  of  his  theorem,  or  any  formule. 

1546.  The  next  memoir  by  Plana  is  contained  in  the  Attro- 
nomieohe  Nachrichten,  Num1>ers  860  and  861,  which  were  published 
in  May,  1853 ;  these  numbers  form  part  of  VoL  XXXTI.  of  the 
Journal.  The  memoir  is  entitled  Sar  la  Un  dea  pressums,  et  la 
lot  dea  eUipticiUa  dea  couches  terrestrts,  en  supposant  leur  density 
uniform4ment  oroissante  depuia  la  av,rfaoe  de  la  Terre  jusqa'd  son 
centre. 

1547.  Assuming  that  the  earth  consists  of  fluid  elliptibal 
strata,  Clairaut  obtained  an  equation  connecting  the  lav  of  the 
eUipticity  with  the  law  of  the  density :  see  Axt.  341.  Hana  then 
assumes  the  law  of  density  given  in  Art  1522,  and  applies 
Churaut's  equation  to  determine  the  eUipticity.  He  int^iratea 
Cburaut's  differential  equation  in  the  form  of  a  convergent  series. 

He  obtains  about  -^sr  for  the  ellipticity  at  the  surface. 


Again  with  the  same  law  of  density  Plana  now  takes  the 
hypothesis  that  the  earth  consists  of  a  solid  part  Burrounded  by 
a  layer  of  fluid.  If  this  layer  is  treated  as  infinitesimal,  and  the 
solid  strata  be  assumed  to  have  all  the  same  eUipticity,  he  finds 

that  the  eUipticity  is  about  ^^ .    If  the  layer  is  supposed  of  finite 

but  smaU  depth,  and  the  solid  strata  have  as  before  the  same 
eUipticity,  he  finds  that  the  eUipticity  of  the  solid  part  is  about 

^rr-;   and  that  of  the  surface  of  the  fluid  about  -000044.     The 

latter  he  makes  to  be  ,^:  .„j  of  Uie  former ;  in  his  introdnetoiy 

part  he  speaks  of  this  as  about  .r^ . 

The  theory  is  again  CSairaot's,  being  aU  involved  in  equation 
(2)  of  Art  32a 
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1548.  The  memoir  contains  nothing  new  in  theoty ;  it  may  be 
regarded  sm  a  mathematical  exercise.  But  it  shewB  I  think  that 
the  law  of  density  which  is  assumed  merito  nearly  as  much  atten- 
tion as  that  which  Laplace  discussed  irfter  L^{;endre.  The  English 
elementary  treatises  of  Airy,  Pratt,  and  O'Brien,  seem  to  me  to 
attach  implicitly  a  greater  importance  to  this  law  than  Laplace 
himself  did ;  see  hie  language  on  page  16  of  his  Volume  V.  where 
he  explains  his  object  in  adopting  this  law. 

Besides  Legendre's  law  of  density,  and  the  present  law,  a  third 
has  been  considered,  namely  that  by  Boche  and  Besal :  see  the 
2^aiti  EUmentaire  de  Micanique  C4leste,  page  232. 

1549.  In  his  introductory  remarks  Plana  states  his  opinion  on 
some  points  connected  with  the  formation  of  the  earth  and  with 
the  temperature  of  its  interior ;  they  seem  to  me  expressed  too 
positively  as  if  they  involved  known  facta  instead  of  hypotheses. 

1550.  Plana  gives  at  the  end  of  his  memoir  a  theorem  for  the 
approximate  calculation  of  an  integraL  He  says  it  is  new ;  but  I 
do  not  see  what  is  Uie  novelty  which  is  claimed.  The  main  result 
seems  to  be  this 

where  the  expression  on  the  right  hand  is  to  be  expanded  in 
poweiB  of  Ay,  and  any  power  as  (A^)'  changed  to  A'y. 

But  this  cannot  be  called  new.  See  for  instance  De  Morgan's 
Differential  and  Integrai  Calcfdus,  pages  262  and  2G5. 

1561.  The  next  memoir  by  Plana  is  contained  in  the  Aatro- 
nomiache  Nackrichten,  Numbers  903,  904,  and  905,  which  were 
published  in  May,  1854 :  these  numbers  form  part  of  VoL  XXZTiil. 
of  the  Jonmal.  The  memoir  is  entitled  Sar  la  lot  de  la  peaanieur 
d  la  surface  de  la  mer,  dana  eon  &n,t  d^dquUibre. 

1652.  The  memoir  may  be  said  to  go  over  the  same  ground 
as  Laplace  in  the  M4canique  Celeste,  Livre  XL  Chapitre  u.  §§  2.. .6. 
Plana  thus  describes  what  Laplace  proposed  to  effect: 
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Ia  loi  de  1&  pesantaur  \  la  Bur&ce  de  la  mer,  a  it4  donnfe  an  No.  33 
du  3dme  livre  de  la  M^canique  Cfleste,  «n  suppoeant  le  ^pb£ro!de  ter- 
restre  eutiSrement  reoonvert  par  oiie  oouobe  trd»-iamce  d'eau  en  ^joi- 
libre.  Ia  petitesBe  de  la  profondeur  qtie  Ton  aUribne  ainai  i  la  met,  efe 
k  sa  masie  totale^  penn«t  de  n^liger  I'actifHi  qu'elle  ezeroe  but  sea  propres 
molecules,  soit  comparativement  it  cello  de  la  Terr^  soit  en  comparaisoa 
de  la  force  centrifoge,  (beaucoup  plus  petite)  nfe  de  sa  rotatdon  diiirne. 
Laplace,  eonaid^rant  enauite  que  sa  th6orie,  londie  but  la  double  hypo- 
th^  d'nne  inondatioii  g£n£rale,  et  de  la  nullity  d'actdon  il  I'^gacd  de  la 
masse  de  la  mer,  ne  ponvait  paa  reprteenter  le  caa  de  la  nature,  a  repris 
la  queation  dans  le  xiSme  livre  de  M>n  ouvnge,  pour  la  tracer  areo  plna 
de  gfo&^t^. 

Accordingly  as  I  have  said  Plana  goes  over  the  same  ground  as 
Laplace  did  in  the  MAxmique  Celeste.  Flana's  analysis  is  rather 
more  elaborate;  but  substantially  the  process  is  the  same  aa 
Laplace  gave. 

We  will  notice  a  few  points  of  detail 

1553.  In  Art.  1306  I  have  given  in  my  own  notation  the 
equation 

i^+'f-o m- 

This  equation  is  much  used  by  Laplace  in  Chapter  n.  of  his 
Eleventh  Book. 

Plana  be^ns  by  considering  this  equation.  He  r^ards 
Laplace's  demonstration  as  insufficient;  and  substitutes  another 
which  rests  on  the  theory  of  the  expansion  of  functions  in  a  series 
of  Laplace's  functions.  In  this  way  he  arrives  at  a  more  general 
form  of  the  theorem.     He  finds  that 

ix+.^— SiTfo. (2), 

where  p  denotes  the  density  of  the  matter  c^  which  X  is  the 
potential,  and  s  may  be  called  the  elevation  above  the  level  of  the 
sea.  Thus  s  is  in  fact  discontinuous,  being  zero  for  any  point  on 
the  surface  of  the  sea,  and  for  any  point  on  a  continent  expresedsg 
the  height  above  the  level  of  the  sea.  This  is  the  same  result  as 
lagrange  obtained :  see  Art.  1199. 

T.  M.^    VOL.il  S9 
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The  flnalynt  ii  simple  uui  interestii^  fay  which  Flaa*  preree 
his  eqnataon  (2) ;  and  this  ma.;  be  ctmsidered  an  improvement  on 
Laplace'a  procesB.  Ferhapa  Plana  overestimates  the  importance 
of  the  result.  He  says  it  is  indispensable  that  equation  (1)  should 
be  true  eicluBiTely  for  the  part  of  the  earth  which  is  covered  by 
the  sea.  It  seems  to  me  ihat  for  Laplace's  purpose  it  is  sufficient 
to  know  that  the  equation  is  true  for  this  part,  and  it  is  of  scarcely 
any  interest  to  know  whether  the  equation  is  or  is  not  true  fur 
other  parts  of  the  earth. 

1664.  Plana  quotes  from  Fourier's  TMorie  de  la  Ckaieur, 
page  246,  the  statement  that  the  series 

„     (sin  u  sin  0  ,  sin  2«  sin  Sd     sin  3w  sin  30  } 

"tir^^*  ^-z*.-  *  ^-3V  *■■■]■ 

is  equal  to  mn  0  for  values  of  0  comprised  betwe^i  0  aad  m :  ii 
should  be  equal  to  sin  —  0.    See  Integral  Cahuhu,  Art  326. 

1556.  I  have  already  called  attention  to  a  passage  in  this 
memoir :  see  Art  1310. 

1566.  Plana  deduces  from  his  investigations  the  formulae 
given  by  C3aiiaut  on  his  pages  217  and  S26  of  his  work ;  and 
takes  the  opportunity  of  stating  that  IVAlembert  was  wrong  in 
his  objections  to  CUiraut's  formuUe.  Plana  says,  with  reference 
tp  Clairaut'a  equaitiou  on  page  22€, 

...Ainsi,  il  eat  d^montr^  qne  oeUe  ^naticai  est  conforme  irhjpoth^ 
d*tine  ptofimdeor  oonstante  de  la  mer,  admiso  par  Clairaut ;  oa  qai  Ikit 
tomber  la  critdqne  publi£e  par  I/Ahmiert  en  1778,  (aprts  la  mort  de 
ClairmU)  dans  les  pages  227. -.230  du  tixiime  volame  de  sea  Oposcoles 
Math&iuttiqaes.  Oe  jugement  de  lyAhmhert  proove  qu'il  n'avait  pas 
senti  toate  la  jastesBe  do  la  Throne  de  Clairaut. 

I  quite  con<;ur  with  the  la^t  sentence-  I  have  pointed  out 
the  precise  point  at  wbioh  P'Alembert  went  wn>ng  in  my  Art.  634. 

1557.  In  his  equation  (49)  Plana  gives  an  expression  for  the 
length  of  a  degree  of  the  meridian.    Sut  the  signs  and  the 
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nnnwrioal  values  of  man;  (^  the  tertuB  in  this  expreaeioD  aeem  to 
me  wrong.  In  his  equation  (58)  he  puts  the  expression  into  a 
numerica}  fonn ;  but  if  I  am  right  his  expreBsion  will  be  quite 
luosatisiactoiy. 

1558.  Flaoa  touches  on  the  subject  of  the  Tides  in  the 
course  of  his  memoir ;  I  do  not  however  enter  on  this  subject  in 
the  present  work.  But  one  remark  must  be  made.  In  sections 
T.  and  XI.  of  his  memoir  Plana  quotes  and  accepts  a  formula 
given  bj  Laplace  in  the  M4(xmiqtte  Cileste,  Yol.  n.  page  ld2.  But 
in  a  note  to  section  XI.  Plana  objects  to  the  formula.     He  says : 

Haia  en  examinant  de  pins  pr&  les  oalcnls  par  lesqnels  cette  formulo 
a  £t£  d^doite,  je  viens  de  reconnaJtre  qu'elle  n'eat  pas  le  v&itabla  r6anltat 
foumi  par  rintigration  des  trois  ^oadonB  diffSrentiellea  qui  dfiterminent 
les  oscillations  de  l'Oc£an. 

Plana  then  proceeds  to  state  his  own  results  which  he  says  he 
has  obtained  b;  an  analysis,  too  long  to  be  exhibited  hera  He 
concludes  his  note  thus : 

Ceat  de  quo!  je  donnerai  ailleurs  une  dfrnonstralion,  fond^  sor  fin- 
t^zation  des  ^uatloDs  qui  reuferment  impUoitemeDt,  I'explication  de 
tons  lea  ph^<au^M  que  pr^sento  le  flax  et  la  reflux  de  la  mer. 

I  do  not  find  that  the  intention  thus  expressed  was  carried 
into  effect: 

1559.  In  the  last  section  of  his  memoir  Plana  applies  his 
formulse  to  the  case  in  which  the  Earth  is  supposed  to  be  homo- 
geneous  and  entirely  fluid.  He  ohtain«  an  expression  for  the 
radius  vector,  and  an  expreasioQ  for  the  value  of  gravity ;  then 
from  these  it  follows  that  the  latter  varies  inversely  as  the  former. 
Plana  then  says : 

Ceat  en  vertu  de  cette  transfbnaation  de  la  valenr  pr£o£deate  de  p, 
qne  Newton  disait  dans  sa  Proposition  XX.  du  3dme  livre  dee  Frincipes 
que  "les  poids  des  aar^  dans  quelque  r^on  de  la  Terre  que  ce  soil^ 
flont  T^dproqaement  comme  les  dietances  dea  lieux  du  centre  de  la 
Terre." 

I  do  not  wish  to  lay  undue  stress  on  the  words;  but  they 
seem  to  imply  that  Newton  must  have  obtained  hb  result  in  the 
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Way  Plana  verifies  it;  oamely  in  virtue  of  a  certain  transforma- 
tion. But  it  IB  probaUe  that  Newton  adopted  quite  a  different 
way;  see  Art  33.  The  matter  is  not  important;  but  there  are 
other  instances  in  which  Plana  seema  to  assume  that  the  course 
which  his  own  analysis  takes  in  verifying  Newton's  results  must 
have  been  the  course  by  which  Newton  originally  obtained  them. 

1560.  In  closing  the  survey  of  Plana's  memoirs  on  our  subject 
it  will  be  obvious  that  although  extensive  in  quantity  they  add 
but  little  to  what  had  been  already  obtained.  The  most  valuable 
of  them  are  those  which  we  introduce  to  notice  in  Arts.  1520, 
1646,  and  15fil :  these  may  be  considered  as  forming  extensions 
of  parta  of  the  second  Chapter  of  Laplace's  eleventh  Book. 
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CHAPTER   XXXVIII. 

MISCEEiLAITEOUS  INVESTIGATIONS  BETWEEN  THE 
1801   AND   1826. 


1561,  The  present  Chapter  will  cODtain  an  account  of  variouB 
'  miscellaneous  investigations  between  the  years  1801  and  1825. 

The  works  of  Tm  Landfl  and  Reuss,  to  which  allusion  is  made 
in  Arts.  738  and  739,  do  not  afford  us  guidance  beyond  the  close 
of  the  eighteenth  century ;  and  thus  it  is  possible  that  in  the 
present  Chapter  some  books  and  memoirs  which  ought  to  have 
been  noticed,  may  have  been  omitted  &om'  ignorance  of  their 
existence. 

1562.  A  memoir  entitled  Observations  on  the  Figwre  of  &a 
Earth,  by  Joseph  Clay,  is  published  in  the  Transactions  of  (Aa 
American  Philosophical  Society,  held  at  Philadelphia...  Vol.  T. 
1802.     The  memoir  occupies  pages  312.. .SI9  of  the  volume^ 

The  memoir  commences   thus: 


The  subject  oE  this  paper  wu  saggested  to  nie  by  a  penual  of  th« 
"  Studies  of  N&tiire, "  by  Bemardin  de  St.  Pierre.  The  positive  numner 
in  which  that  author  asserts  that  the  earth  is  a  proUte  ajAeroifi,  Qie 
arrogance  with  which  he  challenges  lefutation,  and  above  all  the  erro- 
neous theories  which  he  has  built  on  this  assertion,  seem  to  require  all 
doubts  to  be  rwioved  by  a  ma^ematioal  demonstration. 

The  error  of  St  Pierre  was  that  of  Keill  and  CasBini:  see 
Art  972.  It  was  scarcely  necessary  to  correct  this  error  at  tiie 
beginning  of  tiie  nineteenth  century. 

The  mathematical  investigation  of  the  memoir  amounts  to 
establishing  the  following  theorem:  let  A  be  the  extremity  of 
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tbe  axis  major,  and  B  of  the  axis  minor  of  an  ellipse,  P  the  point 
on  the  arc  AB  where  the  tangent  is  equally  inclined  to  the  axes ; 
then  the  arc  BP  is  longer  than  the  arc  AP. 

The  process  adopted  is  rather  rude.  K  a  denote  the  semi- 
axis  major,  and  b  the  semiaxis  minor,  it  is  to  be  shewn  that 

P^;;tt/^i,  i.  greater  .ban   fWO'-tV-^^y  j^, 

where  c  is  put  for  V{"*+^*)- 

Clay  expands  the  numerator  and  the  denominator  of  the  ex- 
pression to  be  integrated,  divides  the  former  result  by  the  latter, 
then  integrates,  and  thus  obtains  an  infinite  series.  We  may 
arrive  at  the  required  result  more  simply  by  assuming  a;  =  a«  in 
the  first  integral,  and  y  =  £z  in  the  second ;  then  the  integrals 
become  respectively 

Each  element  of  the  first  integral  is  greater  than  the  cor- 
responding element  of  the  second,  for  the  values  of  z  within  the 
range  of  the  second  integral ;  moreover  the  upper  limit  of  the 
first  int^ral  is  greater  than  the  upper  limit  of  the  second :  there- 
fore the  first  integral  is  the  greater. 

But  tbe  result  follows  immediately  from  the  fact  that  the 
radius  of  curvature  increases  continually  from  ^  to  fi,  so  that  it  is 
greater  through  PB  than  through  AP. 

15G3.  We  may  just  refer  to  the  work  entitled  i)r,  Bemenher^s 
Verst^che  iiber  die  Umdrehung  der  Erde,  which  was  published  in 
1804  at  Dortmund.  This  is  an  octavo  volume,  containing 
xii  +  542  pages,  and  a  page  of  errata ;  there  are  seven  plates 
besides  the  frontispiece  and  the  engraved  title-page. 

Benzenberg  made  experiments  with  the  view  of  determining 
the  deviation  from  the  vertical  of  a  body  falling  through  a  con- 
siderable space.  Some  of  the  experiments  were  made  from  a  high 
church-tower,  that  of  St  Michael,  in  Hamburg;  and  others 
down  the  shall  of  a  coal-mine.  In  both  cases  the  mean  of  the 
resulte  gave  a  deviation  towards  the  east ;  in  the  former  case  the^ 
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gave  also  a  deviatioti  towards  the  south  :  but  iixfm  vere  consi- 
derable discrepancies  in  the  experiments  among  themselves.  The 
church-tower  still,  I  believe,  adorns  the  city  of  Hambnrg. 

There  is  also  a  work  which  may  be  regarded  as  a  supplement . 
to  the  preceding,  entitled  Ver$uche  iiber  die  Umdrekung  der  ErtU. 
Auf»  Neue  berechnet  von  Dr.  BvneetAerg.    DUiseldorf,  1845, 

Benzenberg'e  two  publications  are  very  int«esting  and  con- 
tain much  historical  information  connected  with  the  subject ; 
which  is  however  beyond  our  limit.  The  student  who  wishes  to 
pursue  it  should  consult  the  GaitAridge  and  D%Min  Mathematical 
Journal,  Vol.  iv.  page  97 ;  and  the  collected  edition  of  .the  works 
of  Qauss,  Vol.  T.  page  495. 

1564.  The  first  two  volumes  of  the  Micamique  Celeste  were 
translated  into  Qerman,  and  published  at  Berlin  under  the  title 
Mechanik  det  Himmets  von  P.  8.  Laplace,  ...  Aiu  dem  Fra/aedai- 
aehen  Hiera^t  und  mA  eriduterndea  Anmerktayen  veraAen.  von 
J,  C.  BvnJebartU,  The  first  volume  is  dated  1800,  aiid  the 
second  1802. 

The  notes  are  neither  very  numerous  nor  veiy  impcntant;  th^ 
supply  the  detail  of  some  of  the  analytical  processes  which  LapUce 
himself  treated  rather  briefly.  The  most  useful  bote  in  the  part 
of  the  work  with  which  we  are  concerned  \&  that  to  which  Ve 
have  already  alluded  in  Art.  1060. 

1565.  It  may  be  convenient  here  to  notice  other  publicatuHM 
of  the  nature  of  Burckhardt's ;  by  some  strange  accident  the  like 
character  of  incompleteness  seems  to  attach  to  them  all, 

A  translation  of  the  first  book  of  the  M4caniqae  Celeste  with 
notes  was  published  at  Nottingham  in  1814,  by  the  Rev.  John 
Toplis ;  this  forms  one  octavo  volume. 

A  translation  of  the  first  volume  of  the  M4camque  Cileste  wiib 
notes  was  published  by  the  "Rev.  Heaiy  Harte  at  Dublin,  in  two 
quai-to  parte,  the  first  in  1822  and  the  second  in  1827. 

The  translation  by  Bowditch  with  notes,  to  which  I  have 
frequently  referred,  extends  to  the  first  four  volumes  of  the 
original ;  the  translation  is  in  four  quarto  volumes,  published  at 
Boston  in  America,  between  1829  and  1839. 
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Pont^oul&nt's  Tlieorie  Analytique  du  Systhne  du  Monde  con- 
sists of  four  octavo  volumes,  published  between  1829  and  1846  ; 
the  subjects  with  which  we  are  concerned  are  discussed  in  the 
second  volume  and  an  Appendix.  The  work  is  still  unfinished. 
A  new  edition  of  the  first  and  second  volumes  appeared  in  1856. 

The  first  and  only  volume  of  a  work  entitled  Elementi  di  Mec- 
canica  Celeite  di  Francesco  BerU^  was  published  at  Bologna  in 
1841.    The  volume  is  in  quarto.    It  does  not  treat  on  our  subject 

1666.  We  now  come  to  a  memoir  by  Playfair,  entitled  Invea- 
tigtxtUm  of  certain  Theorems  relating  to  the  Figure  of  the  Earth. 
This  memoir  appears  in  Volume  T.  of  the  Transactions  of  the 
Royal  Society  of  Edinburgh;  it  occupies  pages  1...30  of  the 
volume ;  the  date  of  publication  of  the  volume  is  1805 ;  the 
memoir  was  read  on  the  6th  of  February,  1798. 

1567.  The  memoir  relates  to  the  geometry  of  the  subject; 
investigations  are  given  with  respect  to  the  lengths  of  arcs  of  the 
meridian,  of  arcs  perpendicular  tothemeridianjandof  arcs  parallel 
to  the  equator, 

1568.  Suppose  2a  and  2b  the  major  and  minor  axes  of  an 
ellipse ;  then  the  radius  of  curvature  at  the  point  where  the 
normal  is  inclined  at  an  angle  <f)  to  the  major  axis  is  known  to  be 

r .     By  integrating  this  with  respect  to  d  we 

(<,-<».-*  +  J-Bm>««         '         »        "  1^         r 

obtain  the  length  of  an  arc  of  the  meridian.  Z^et  b  =  a{l  —  e); 
then  neglecting  powers  of  e  above  the  second  we  shall  find  that 
the  length  of  the  arc  measured  from  the  equator  to  the  lati- 
tude  0  is 

,      ae,,      3  .    _,,      ae*,,  .  15   .     ... 
<»*-  "2  C*+  2  ^'°  2^)  +  16  ^*  ^  T  «*"**)' 
this  will  be  found  to  be  consistent  with  Art.  1014,  observing  that 
^  ^^* 

Playfair  applies  this  formula,  neglecting  *',  to  the  Peruvian  arc 
of  3*  T  1"  and  the  French  arc  of  8*  20'  2" :   and  he  obtains  for  e 
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1569.  Playfair  in  like  manner  gives  a  formula  for  tbe  case  of 
an  arc  supposed  of  small  extent,  measured  perpendicular  to  the 
meridian ;  the  arc  in  this  case  may  be  considered  to  belong  to  a 
circle  which  has  for  its  radius  the  length  of  the  part  of  the  normal 
intercepted  between  the  point  at  which  the  arc  begins  and  the 
minor  axis  of  the  generating  ellipse. 

Also  fiuallj  Flayiair  gives  a  formula  for  the  com  of  an  arc  of  a 
parallel  of  latitude. 

1570.  Thus  there  are  three  kinds  of  arcs  considered.  The 
elements  of  the  Earth's  figure  can  be  determined  either  from  two 
arcs  of  differeot  kinds,  or  from  two  arcs  of  the  same  kind  in 
diSerent  latitudes.  Flayfair  gives  various  combinations  and  dis- 
cusses the  merits  of  each.  But  these  discussions  are  of  small 
importance,  because  they  relate  only  to  the  forms  of  trigonome- 
trical expressions,  and  take  no  account  of  the  relative  accuracy 
with  which  the  necessary  aetrouomical  and  geodetical  operations 
can  be  performed. 

1571.  It  appears  from  his  pages  28  and  29,  that  Playfair 
intended  to  pursue  his  investigations  on  what  may  be  called 
spheroidal  trigonometry;  but  the  intention  does  not  seem  to 
have  ever  been  carried  into  execution. 

1572.  Playfair  gives  an  example  on  his  page  17,  taken  from 
the  degrees  of  the  meridian  and  perpendicular  measured  in  the 
South  of  England.  He  refers  to  tbe  Philosophical  TVanaactiona, 
1795,  page  537.  In  the  separate  account  of  this  survey,  the  cor- 
responding place  is  Vol.  i.  -page  309 :  see  Art,  984,     The  ellipti- 

city  deduced  is  about  yrr- ,  which  is  of  course  far  too  great.     But 

it  seems  "  that  all  the  other  comparisons  of  the  degrees  of  the 
meridian,  with  those  of  the  curve  perpendicular  to  it,  made  from 
the  observations  in  the  South  of  England,  agree  nearly  in  giving 
the  same  oblateness  to  the  terrestrial  spheroid."  "  The  authors  of 
the  TrigononetriccU  Survey  seem  willing,  therefore,  to  give  up  the 
elliptic  figure  of  the  earth."  Here  Playfair  refers  to  pt^  527  of 
the  above  volume  of  tbe  Philosophical  Transactions ;  the  j 
is  in  Vol  I.  page  302  of  the  separate  work. 
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In  the  Philotophical  Ihmiaetiong  the  tentence  runB  thus: 
"Now  this  c«mpaneoD  between  the  measored  and  compated 
degrees,  sufficiently  proves  that  the  Earth  is  not  an  ellipsoid, ..." 
But  in  the  separate  work  in&tead  of  "aiifficteutly  proves"  we  har« 
"  seems  to  prove." 

Flajfair  thinks  that  the  anomaly  may  arise  &om  the  fact  that 
in  the  part  of  Ei^land  where  these  measures  were  taken,  "  the 
strata  are  of  chalk,  and  though  of  great  extent,  are  bordered  on 
all  the  sides  that  we  have  access  to  examine  by  strata  much 
denser  and  more  compact."     See  his  p^es  6,  IS,  and  19. 

1573.  The  following  passage  occurs  on  page  2d : 
...In  the  mean  time,  I  think  it  is  material  to  obiierve,  that  Uis  prin- 
ciple laid  down  by  Ur  Bulby,  viz.  that  in  a  spheroidal  triangle,  of  wliich 
the  angle  at  the  pole  and  the  two  sides  are  given,  the  snm  of  the  angles 
at  tlie  base  is  the  same  as  in  a  ^berical  triangle,  having  the  same  aides, 
and  the  same  vertical  angle,  is  not  strictly  true,  imleu  the  ezoentrixnty 
of  the  spheroid  be  infici'tely  small,    or  the   triangle  be  very  beady 


The  pages  seem  to  be  524  and  52d  which  Playfair  has  in  view; 
in  the  separate  work  the  corresponding  places  are.  Vol.  L  pages 
298  and  302 ;  perhaps  Mr  Dalby  intended  to  limit  the  principle 
to  the  case  of  a  tii«igle  nearly  isoscelea    See  Art  1037. 

1674.  Playfair  offers  a  brief  criticism  on  a  passage  in  the 
Ph^asopkioal  Transactions,  page  529,  which  corresponds  to  ToL  t 
page  303  of  the  separate  work.     He  says : 

"This  shewav  that  the  method  of  ascertaining  the  figure  of  the 
earth,  proposed  by  the  authors  of  the  Trigonometrical  Survey  as  a 
subject  of  future  inquiry,  is  less  exact  than  that  which  is  founded  on 
their  own  observations." 

1575.  A  work  was  published  at  Stockholm  in  1805,  entitled 
Exposiiwn  dee  operations  /aites  en  Lapponie,  pour  la  determina- 
tion (fun  arc  du  m^ridien  en  1801,  1802  et  1803;...  redig4e  par 
Jons  Svanberff. 

This  is  au  octavo  volume  containing  xxsi  + 196  pages,  besideB 
the  Title  and  three  Plates.    The  work  gives  an  account  of  the 
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Tem'^asurement  of  the  Lapland  arc,  as  stated  in  Art.  197 ;  for  some 
further  informatioD  respecting  it,  I  may  refer  to  the  memoir 
named  in  Art  199. 

1576.  In  De  Zach'a  MonaUiche  Correspondenx,  Vol.  XIIL  1806, 
we  have  a  memoir  entitled  Qedanken  iiker  die  Figur  der  Erde 
von  dem...A7it(m  Freyherm  von  2ach.  The  memoir  occupies 
pages  221.  ..235  of  the  volume. 

The  writer  was  apparently  a  brother  of  the  editor  of  the  pe- 
riodical. The  memoir  is  not  mathematical,  and  belongs  rather  to 
Physical  Geography  than  to  our  subject ;  there  are  indeed  some 
remarks  which  depend  on  the  principles  of  mechanics,  but  they 
exhibit  inaccuracy  of  knowledge  or  at  least  of  expression. 

1577.  We  will  now  advert  briefly  to  the  work  which  gives 
an  account  of  the  great  French  measurement  commenced  towards 
the  end  of  the  eighteenth  ceuttuy. 

There  are  three  quarto  volumes  entitled  Base  du  eye^me 
m^trique  dicimcU,  ou  meaure  de  fare  du  m^dien  eomprxa  entre 
lea  paraUUes  de  Dunkerque  et  Barcelone,  exicui^e  m  1792  «f 
annfya  suivantea,  par  MM.  M^ohain  et  Ddambre.  Itidigig  par 
M.  Delambre... 

The  first  volume  was  published  in  1806,  the  second  in  1807, 
and  the  third  in  1810. 

A  fourth  volume,  also  in  quarto  and  connected  with  these, 
was  published  in  1821 :  it  is  entitled  Reeueil  d'obaervationa  jrA)- 
ddaiques,  astrcmomiquea  et  physiques,. .  .rSdig^  par  MM.  Biot  et 
Arago. 

It  would  appear  from  page  xxx  of  the  Introduction  to  this 
volume,  that  Arago  intended  to  publish  in  another  volume  an 
account  of  some  operations  which  he  carried  on  alone ;  but  this 
intention  does  not  seem  to  have  been  realised. 

There  are,  however,  two  memoirs  subsequently  published  by 
Biot,  which  relate  to  pendulum  observations,  and  may  be  con- 
sidered as  connected  with  the  present  work. 

One  is  entitled  M4moire  but  la  Figure  de  la  Terre ;  this  was 
read  to  the  French  Academy,  on  December  5tb,  1827,  and  is  pub- 
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lifihed  in  Yol.  TUi.  of  tlie  Mimoires  de  FAeacUmU  Royaie'...tU 
France, 

The  other  is  entitled  Mdmoire  sur  la  latitude  de  VeaAr^iti 
australe  de  I'arc  mdridien  de  France  et  (^Eepagne;  this  was  read 
to  the  French  Academy  on  May  15th,  1843,  and  is  puhlished  in 
VoL  XIX.  of  the  Mimoires. 

The  Introduction  to  the  volume  of  1821,  and  the  pages  521 . .  .541, 
are  reprinted  in  Biot'a  Melanges  Sdentifiques  et  Littdraires,  Vol.  I. 
1858 ;  the  reprint  is  followed  by  two  papers,  the  first  of  which 
gives  a  popular  account  of  other  operatiouH  of  the  author,  beaxing 
on  the  determination  of  the  Figure  of  the  Earth,  and  the  second 
offers  suggestions  aa  to  future  labours.  The  whole  series  is 
extremely  interesting,  and  well  worthy  of  Biot's  great  literary  and 
scientific  reputation. 

I  may  observe  that  on  page  119  of  Vol.  II.  of  the  Baaedn 
systhne  metrique,  we  have  one  of  the  four  formuls  which  are 
usually,  but  improperly,  called  Oauss's  Theorems,  namely 

Binscco8  5(..4-£)  =  sin3  C8in5{o  +  &). 

Ab  this  volume  is  dated  July,  1807,  the  formula  may  have 
been  now  printed  for  the  first  time  ;  Delambre  refers  to  this  place 
in  the  Cimnaisscmce  des  Term  for  1809,  which  is  dated  April,  1807: 
here  the  four  formulse  were  first  published.  I  have  vindicated 
Delambre's  claim  to  the  formulie  in  an  article  in  the  FhHosophictU 
Magazine  for  February,  1873. 

On  page  306  of  Vol.  HI.  of  the  Base  du,  st/stime  metrique,  we 
have  the  unpretending  name  of  the  English  mathematician  Dalby 
refined  into  d'Alby. 

The  metre,  as  is  well  known,  was  intended  to  be  such  that 
10,000,000  metres  should  be  the  length  of  a  quadrant  of  the  Earth's 
meridian.  On  page  158  of  the  work  cited  in  Art.  100,  we  have 
a  suggestion  by  J.  Cassini,  that  the  unit  of  length  might  be  such 
that  10,000,000  units  should  be  the  length  of  the  Earth's  radios. 

1578,  Two  papers  bearing  on  our  subject  by  Dr  Young,  were 
published  in  1808  iu  Nicholson's  Jovmal,  and  are  reprinted  on 
pages  120.. .128  of  the  second  volume  of  the  MiaceUaneoue  Worka 
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of  ike  late  Tkomaa  youn^....TLe  first  paper  ts  entitled  A  concise 
Method  of  determining  the  Figure  of  a  Qravitattng  Body  revolving 
round  another.  The  second  paper  is  entitled  Calculation  of  the 
Direct  Attraction  of  a  Spheroid,  and  Pemonttration  of  Clairau^a 
Theorem. 

These  papers  are  of  no  importance.  The  conciseness  which  is 
claimed  for  them  is  obtained  b;  stating  results  in  words  instead 
of  demonstrt^ng  them  by  the  aid  of  symbols.  The  process  would 
not  be  intelligible  to  a  reader,  unless  he  could  supply  the  usual 
mathematical  invest^tion ;  and  would  be  superfluous  if  he  could. 

At  the  end  of  the  second  paper  there  is  an  absurd  misprint, 
both  in  the  original  and  in  the  reprint ;  we  have  upper  real  dimi- 
nution instead  of  apparent  diminution:  the  misprint  is  corrected  in 
a  volume  in  my  possession,  containing  a  copy  of  the  original  paper, 
which  seems  to  have  formerly  belonged  to  Dr  Young  himself. 

1579.  In  De  Zach's  MonaUiche  Correspondem,  Yol.  xxL  1810, 
we  have  a  memoir  entitled  Uber  Densitdt  der  Erde  und  deren  Ein- 
fiuaa  avf  geograpkiache  (Mabeetimmungen ;  the  memoir  occupiea 
pages  293. ..310  of  the  volume. 

No  name  is  mentioned ;  hut  we  may  safely  ascribe  the  memoir 
to  the  editor  of  the  periodical  himself.  We  have  here  a  brief 
popular  account  of  the  subject,  especially  of  the  operations  of 
Bouguer  at  Chimborazo,  and  of  Maskelyne  at  Schehallien.  The 
possibility  and  actual  existence  of  local  attractions  are  said  to  be 
put  beyond  doubt  also  by  more  recent  observations,  due  to  Schiegg, 
to  M^hfdn,  and  to  Mudge.  The  writer  utges  the  advantage  which 
will  follow  from  further  investigations  on  the  subject,  and  points 
out  suitable  localities  in  Germany  and  elsewhere. 

The  following  two  points  may  be  noticed. 

On  page  297,  some  numerical  statements  are  taken  from 
Bouguei's  Figure  d«  la  Terre,  but  not  quite  accurately ;  for  in- 
stance it  is  sud  to  be  possible  to  approach  to  within  18  toises  of 
the  centre  of  Chimborazo,  but  it  shoiJd  be  1800  toises. 

After  giving  an  account  of  the  operations  at  Schehallien,  the 
writer  points  out  that  the  result  obbuned  from  them  agreed  with 
Newton's  conjecture  that  the  ratio  of  the  density  of  water  to  the 
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mean  dennty  of  the  earth  might  lie  between  the  ratios  of  1  to  5 
and  1  to  6.    He  then  adds  on  his  page  307 : 

...Die  unter  Terschiedenen  Breiten  beobachteten  I^Qgen  des  ein- 
&chen  Secunden-Feadelfl,  gaben  naob  gehbriger  Beclmung  jeuea  Yer- 
hiUtnies  1  :  3-7. 

I  do  not  know  what  observationB  and  calculation  the  writer 
here  has  In  view. 

1530.  The  second  edition  of  the  Micanique  Analj/tique  con- 
siata  of  two  volumes,  the  first  of  which  was  published  ia  1811, 
and  the  second  in  1815.  A  third  edition  witli  notes  by  Bertrand 
was  published  in  1853.. .1855. 

A  few  remarks  relating  to  Attraction  occur  in  the  first  volume, 
on  pages  111...]  15  of  the  second  edition,  and  105. ..108  of  the 
third  edition.  These  remarks  treat  very  briefly  on  the  value  of 
the  potential  of  an  ellipsoid  at  any  external  point ;  they  are  con- 
nected with  the  memoir  by  Lagrange  in  the  Berlin  M^moires  of 
1792  and  1793:  see  Art  1004  The  precise  relation  of  these 
remarks  to  the  memoir  ia  however  not  quite  obvious. 

In  that  memoir  Lf^range  treated  of  the  value  of  the  potential, 
and  shewed  that  certain  terms  depending  on  P^,  P^,  and  P^  could 
be  expressed  as  functions  of  l^  —  c^,  and  i^—a':  see  Art.  1011. 
Now  in  the  present  work  he  substantially  asserts  that  such  a 
result  will  hold  universally,  that  is  for  the  term  depending  on  P^, 
where  n  is  any  positive  integer.  He  gives  however  no  demonstra- 
tion of  this  statement,  except  what  may  be  derived  from  the 
following  words : 

M.  Laplace  a  donn^  dans  sa  Thiorie  dta  cUiratitiont  det  tjAircida, 
ime  trte-belle  fonnnle  par  laquelle  on  peut  former  succesuivemeitt  tous 
les  termes  de  la  e&ne,... 

J'ai  trouv4  qu'en  partant  da  c«  rfcnltat  et  faiaant  osage  du  th^ordme 
qtw  j'ai  donn6  dans  le«  M^moires  de  Beriin  de  1792—3,  on  ponTait 
conBtmira  toat  d'an  coup  la  sfiie  dont  11  s'agit... 

The  trh-beUe  formule  must  doubtless  be  one  of  those  con- 
tained in  the  Micanique  Cileate,  Livre  iii..  Chapter  L ;  but  I  am 
not  certain  which  is  meant ;  nor  am  I  certain  to  which  theorem 
in  his  own  memoir  of   1792>~3   Ziagninge   alludes,     M(»-eoTer 
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IiOgnuoge's  words  would  seem  to  surest  that  the  tria-bdle  finmde 
had  heen  given  subsequent  to  1792 — 3,  and  that  by  combiniog 
this  with  a  theorem  of  his  own  he  had  been  able  to  arrive  at  the 
general  result.  But  this  is  not  the  case,  for  all  that  Laplace 
published  on  the  subject  is  to  be  found  Bubstanti&lly  in  his  memoir 
of  1782. 

Thus  finally  it  seems  that  if  the  entire  series  could  be  con- 
structed tout  <fun  coup  in  1811,  it  might  have  been  also  in  1792 ; 
and  Lagrange  ought  to  have  explained  more  fully  the  statement 
be  made  in  1811. 

There  is  a  memoir  by  Plana  in  the  third  volume  of  Geigonne's 
Annates  de  Math^maHqaes,  which  forms  a  commentary  on  this 
passE^  of  the  Micaniqae  Analytique;  but  it  does  not  touch  on 
the  point  I  have  noticed.    See  Art.  1466. 

On  the  whole  it  seems  to  me  that  the  case  may  be  stated 
thus :  In  the  memoir  of  1792 — 3,  Lagrange  attempted  to  put  the 
series  for  the  potential  in  such  a  form  as  to  furnish  a  proof  of 
the  theorem  due  to  I^aplace,  usually  called  by  the  name  of  Ivory ; 
but  the  attempt  was  attended  with  only  slight  success.  In  the 
book  Lagrange  gives  up  this  attempt,  and  assuming  the  truth  of 
Liq)lace'8  theorem,  deduces  the  constitution  of  the  series. 

1581,  A  few  remarks  relating  to  our  subject  occiur  also  in  the 
first  volume  of  the  M^canique  Analytique,  on  pages  199...204  of 
the  second  edition,  and  188.. .193  of  the  third  edition. 

Lagrange  had  previously  investigated  the  conditions  of  fluid 
equilibrium ;  and,  be  now  applies  them  to  the  case  of  fluid  sur- 
rounding a  solid  nucleus,  when  the  nucleus  is  an  dlipsoid,  and 
the  outer  surface  of  the  fluid  that  of  another  ellipsoid.  The  two 
ellipsoids  have  the  same  centre,  and  the  same  directions  for  their 
aze^  and  differ  but  little  from  spheres. 

The  first  thing  required  is  the  potential  of  a  homogeneous 
eHipsoid  at  an  external  particle.  Let  a,  2,  c  be  the  semiaxes  of 
an  eUipeoid ;  and  suppose  that 

let  M  denote  tbe  mass  of  the  ellipsoid.    Then  if  we  confine  oui^ 
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selves  to  the  Gist  powers  of  /3*  and  7*  we  have  for  the  potential  at 
the  point  {x,  y,  x) 

r\         10/^   "^         lOr"       J  ' 
where  r*  =s  a^  +  y*  +  «*. 

Lagrange  had  given  this  formula  in  the  investigations  which 
we  have  just  noticed ;  it  may  be  easily  verified. 
For  we  have  with  the  usual  notation, 

where  \  stands  for 

lift'  +  VCl  -  /*')  VCl  -  /*")  cos  (^  -  V'). 
Now  if  r,'  denote  the  value  of  r'  at  the  sur&ce  of  the  ellipsoid 
we  have 

thus  to  our  order  of  approximation 

„d  r.'-.{l+^""'''''y°°''^'(l-^-)}. 

Then  in  the  usual  way  we  obtain 

y=jjfl  {1  +-P.7  +  -P.p  +  ■-}  r'*d^'dit'df'. 

The  first  term  of  the  series  here  exhibited  is  —  . 
r 

The  second  term  which  depends  on  i*,  vanishes  by  the  pro- 
perty of  Laplace's  coe£Gcienta. 

Next  I  r''dr'  =  -^  ;  and  to  our  order  this 
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and  to  &cilitate  the  integrations  with  respect  to  ■^'  and  ft  we 
arrange  this  as 

Moreover  P,= 

J  (y"-|)(»''-5)  +  3;.>'V(l-^')v'(l-/''l  =«.(+-+') 

+  |(1-m")(1-*.'^co.2(+-V). 
Thus  the  term  in  Vt*  which  depends  on  P,  reduces  to 
^(/?-7')(l-M')//(l-(.T'»»2('t-+')'»»2*V/iif 

+  h(^+'-)(5-''*)//(3-''')'*''''*- 

The  limits  for  ^'  are  0  and  2ir,  and  tlie  limits  for  it  are  —  1 
and  1.     Hence  onr  result 

-TieW-y)(l-/*')l5TCOs2<,+3j(/?  +  y)(j-/jjj^ 

to  our  order  of  approximation. 

Thus  the  proposed  formula  is  verified. 

Kow  lot  V  he  tho  density  of  the  solid,  and  p  the  density  of  the 
fluid.     Then  we  may  consider  that  we  have  an  ellipsoid  of  den- 
sity p,  and  another  of  the  dendty  a—p,  as  in  Art.  883.     Let 
a, ,  i„  0,  be  tJie  semiaxes  of  the  fluid  surface ;  and  let  /3,*=  b*—  a* 
T.  M.  A.     VOL.  II.  30 
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and  7,*  =  c,*  —  a*.    Then  the  whole  potential  at  the  point  (a^y, *) 
will  be 

*va,b,c,p  f-      j3,'  +  v.*     3  03,V  +  y*^] 
3r        \  lOr'  lOr*  ) 

.  47rg&c(o-p)  f.       ff'  +  T*  .  303V  +  7'OT 
"^  3r  I  lOr*    "^  lOr*        j' 

Let  there  also  be  at  the  point  {x,  y,  e)  the  accelerations  fr, 
gy,  hz,  parallel  to  the  axes  of  a,  y,  z  respectirely,  and  directed 
outwards.  Then  if  F  denote  the  whole  potential  we  must  have 
for  equilibrium 

F+  |c/a:i*+5y'+  A^  =  con8ta»t (1). 

But  by  hypothesie  the  sarface  is  an  ellipsoid  detenniued  by 
the  equation 


?.+i;+4-i 


.(2). 


Hence  by  comparing  (1)  and  (2)  we  arrive  at  the  conditions 
which  must  hold. 

To  obtain  these  conditions  we  may  substitute  in  (1)  the  ap- 
proximate value  for  r,  namely 

Then  (1)  reduces  to 

•f +  (a+|) /+ (o+|)^.conBt«.ti 

when,    B.  ^  |ai„  (,-p)  (^  (3--  I A-)  -  !  a,V,f/3,'} , 

"°''        °-'^\'^('-P)  (|i7'-lT,')-5<.,V.m"}. 
And  to  make  this  agree  with  (2)  we  must  have 

■°^2     2&;*'      ^^2     2^' 
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that  is, 

"^  i+s^.  [fo-^  c--)  ^-  {^^^  -^}'']  =f  • 

Suppose  that  the  stratum  of  fluid  is  veiy  thin;  tbeu  our 
equatiooe  may  be  writteD 

As  an  example  suppose  that  /=  0,  and  that  ^  <■  &  a  0* ;  then 
we  obtain 

These  results,  allowing  for  difference  of  notation,  agree  with 
those  in  Art.  383. 

1582.  La^^range  proceeds  to  the  case  in  which  the  mass  is 
entirely  composed  of  homogeneous  fluid  rotating  with  uniform 
ai^ular  velocity ;  and  here  some  points  require  to  be  noticed. 

Let  a,  &,  c  be  the  semiazes  of  an  ellipsoid ;  x,y,z  the  cor- 
responding coordinates  of  any  point  at  the  surface.  Then  it  is 
known  that  the  attractions  at  {x,  y,  t)  parallel  to  the  axes  are  of 
the  form  jtf  ?u;,  Jtf^y,  Mvz  respectively,  where  M  is  the  mass  of  the 
ellipsoid,  and  \  f^  v  are  cert^n  constants  in  the  form  of  definite 
int^rals.    Lt^range  says  that  hence 


This  is  however  inaccurate.  In  the  first  place  this  result 
could  not  be  obtained  from  the  fact  that  the  attractions  at  the 
mrfaxe  take  the  specified  form,  but  &om  the  fact  that  they  do  ao 

30—2 
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throughout  the  hody.  In  tbe  second  place  there  should  be  & 
coTutant  added  to  the  value  of  V;  although  for  the  object  in  view 
it  IB  not  necessary  to  determine  this  constant. 


Lagrange  then  considers  whether  the  rotating  ellipsoid  can  be  in 
relative  equilibrium.  If  so  the  equation  V+  ^^  (ar*  +  ^  =  constant 
must  agree   with   the   equation   -,  +  ^  +  -^  =  1.    This  leads  to 


Mp     "a"  Mv     ~P- 

Lagrange  eays  that  these  give  a^b,  because  \  and  /l  are  like 
functions  of  a,  b  and  b,  a.  We  now  know  that  this  inference  is 
inaccurate ;  it  is  not  necessary  that  a  =  b:  the  discovery  is  due 
to  Jacob!.  This  inaccuracy  is  corrected  by  Bertraud  in  the  third 
edition  of  the  M^canique  Analytique. 

1583.  We  come  nest  to  a  memoir  by  Professor  Flayfair  enti- 
tled 0/  the  Solids  of  Oreatest  Attraction,  or  thoee  which,  among 
all  the  Solids  thai  have  certain  Properties,  Attract  wiA  the  greatest 
Force  in  a  given  Direction.  This  is  published  in  the  Tixinsactions 
of  the  Royal  Society  of  Edinburgh,  Vol.  Vl.  1812;  it  occupies 
pages  187...2i3  of  the  volume :  it  was  read  on  January  6th,  1807. 

1584.  Flayfair  first  discusses  Silvabelle's  problem  :  see  Arts. 
531  and  682.  Flayfair  does  not  use  the  Calculus  of  Vaiiations, 
but  the  easier  method  which  amoubte  to  making  the  attraction, 
resolved  in  the  given  direction,  constant  at  all  points  of  the 
boimding  surface  of  the  body.  Flayfair  solves  various  simple 
exercises  connected  with  the  result  which  he  obttuus ;  tboa  for 
instance  he  finds  the  area  of  the  generating  curve,  and  the 
volume  of  the  solid  which  it  generates  by  revolution :  see  his 
pages  187.. .205. 

Flayfur  does  not  refer  to  Silvabellej  but  he  says  that  the 
problem  had  been  treated  of'  by  Boscovich.  But  Flayfair  bad 
never  been  able  to  procure  a  sight  of  the  memoir  by  Boscovich ; 
nor  have  I  been  more  fortunate. 
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1686.  Flayfair  solves  various  problems  respecting  attractions, 
which  are  examples  of  the  ordinary  methods  of  maxima  and 
minima  explained  in  the  Differential  Calculus. 

Thus  on  pages  206. ..209  he  determines  the  form  of  a  right 
circular  cone  of  given  volume,  so  that  the  attraction  at  the  vertex 
may  be  the  greatest  possible. 

On  pages  209.. .214  he  discusses  the  attraction  which  a  right 
circular  cylinder  exerts  at  the  centre  of  one  of  the  circular  ends ; 
and  he  determines  the  ratio  of  the  radius  of  the  base  to  the 
height,  so  that  when  the  volume  is  given  the  attraction  may  be 
the  greatest  possible.  Let  u  denote  the  ratio  of  the  radius  of  the 
base  lo  the  height ;  then  to  determine  the  value  of  u  Playfair 
obtains  the  equation 

(2-t.)V(l+«')  =  2-ti' (1). 

By  squaiii^  we  have 

(2-«)*{l  +  «')  =  (2-uV, 

this  reduces  to  4«*T-9tt  +  4-0 (2). 

From   (2)  we  obtain 

9±V17 
8       • 

Flay&ir  has  some  trouble  iu  convincing  himself  and  his  readers 
that  we  must  take  the  lower  sign  in  this  expression  for  u.  But 
the  fact  is  very  simple  :  although  both  expressions  satisfy  (2),  yet 
it  is  only  the  expression  with  the  lower  sign  which  satisfies  (1) ; 
and  (1)  is  the  equation  which  really  must  be  satisfied. 

1586.  On  his  pages  215  and  216  Playfair  determines  the  ' 
attraction  of  a  rod  of  infinitesimal  section  and  of  finite  length, 
on  an  external  point,  resolved  in  the  direction  perpendicular  to 
the  rod.  Then  op  his  pages  216.. .218  he  applies  this  to  demon- 
strate a  result  which  he  gives  elsewhere  without  demonstration : 
see  Art  731.  And  on  pages  218.. ^20  he  proposes  "to  find  the 
figure  of  a  semi-cylinder,  given  in  magnitude,  which  shall  attract 
a  particle  situated  in  the  centre  of  its  base,  with  the  greatest 
force  possible,  in  the  direction  of  a  line  bisecting  the  base : "  but 
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the  determination  of  the  maximum  leads  to  an  equation  of  con- 
siderable difficulty,  and  he  contents  himself  with  an  approzinutte 
solution  obtuned  by  trial. 

1587.  Onhia  pa^es  220.. .225,  Flayfair  considera  the  following 
problem:  to  determine  the  oblate  spheroid  of  a  given  solidity 
which  shall  attract  a  particle  at  its  pole  with  the  greatest  force. 
Here  he  makes  some  curious  mistakes. 

Let  a  be  the  major  semiaxis,  and  h  the  minor  semiaxis  of  the 
generating  ellipse.     Suppose  the  given  volume  to  be  denoted  1^ 

-s-  n',  so  that  a'i  ■=  n*.    Then  the  attraction  of  the  oblatum  at  the 

pole  is 

this  may  be  easily  deduced  from  Art.  261. 
Put  Bin'*  e  *  ^ ;  thus  we  obtain 

4Tm    tan0  — ^  ,  , 

(cos0)*     *«»'*    

When  ^  is  very  small  this  becomes  approximately 

that  is, 

Thus  when  e,  and  therefore  4>i  increases  from  zero,  the  attrac- 
tion begins  by  increcmng ;    but  from  the  expression  (1)  it  is 

obvious  that  the  attraction  vanishes  when  0  =  ^ :   hence  there 

must  be  a  maximum  for  some  value  of  0  between  0  and  ^ . 

But  Flayfair,  on  the  contrary,  implicitly  denies  the  existence 
of  this  maximum,  and  asserts  that  there  is  a  maximum  when 
^  =  0.     This  is  the  more  curiotis,  because  he  obtains  correctly  the 
equation  which  determines  when  (1)  is  a  maximum,  namely 
tan  .^  (9 +  2  tan*  ^) 
^  9  +  5tan'0        ^  '■ 


LJ,y,l,z=auy  Google 


UISCSLLANEOUS  INTEOTIGATIOHS  BETWIEN  1801  AND  1825.     4-71 

He  seema  to  have  believed  that  (2)  has  no  solution  except 
^  =  0 ;  but  it  is  clear  from  what  we  have  said  that  there  must 

be  a  solution  between  ^ « 0  aud  4>=  „;  and  it  is  easy  to  esta- 
blish Hub  statement  from  considering  the  equation  itself. 

Plajfeir  finishes  thia  section  of  his  memoir  with  the  following 
paragraph: 

If  the  oblatenesa  of  a  spheroid  dimuush,  while  its  qtiantity^  of  matter 
remains  the  same,  its  attraction  will  increase  till  the  oblatenees  Tamah, 
and  the  spheroid  becomes  a  sphete,  when  the  attraction  at  its  poles,  as 
we  have  seen,  becomes  a  maximum.  If  the  polar  axis  oontlnae  to  in- 
crease, the  spheroid  becomes  oblong,  and  the  attraction  at  the  poles 
again  dimiuishei.  This  we  maj  safely  conclude  from  the  law  of  oon- 
tiauitf,  though  the  oblong  spheroid  has  not  been  immediately  considered. 

But  the  statements  are  inaccurate ;  the  attraction  will  really 
decrease  till  the  oblateness  vanishes;  and  there  is  no  maximum 
when  the  spheroid  becomes  a  sphere :  while  the  axis  of  revolution 
ContinuaUy  increases,  as  here  supposed,  and  does  not  deviate  sen- 
sibly from  the  other  axis,  the  attraction  continually  decreases. 
This  is  in  fact  quite  as  consistent  mth  the  law  of  continuity  as 
Play  fair's  erroneous  result. 

1588.  Flayer  OD  bis  pt^es  225..  .228  finds  the  attraction  (|f  a 
rectangular  lamina  at  a  point  which  is  on  the  straight  line  drawn 
at  right  angles  to  the  plane  of  the  lamina  through  one  corner, 
resolved  along  the  direction  of  this  straight  line :  this  is  proba- 
bly the  first  appearance  of  the  result  in  finite  terms.  We  have 
seen  in  Art,  1017  that  Cavendish  fuled  to  obtain  it ;  and  Playfair 
on  his  page  237  adverts  to  this  circumstance. 

Play£air  makes  an  easy  application  of  his  result  to  determine 
the  attraction  which  a  right  pyramid  on  a  square  base  exerts  at 
the  vertex;  and  he  finds  the  form  of  the  pyramid  so  that  the 
attraction  may  be  the  greatest  possible  when  the  volume  is 
given:   see  his  pages  228. ..231. 

1589.  Flayfair  arrives  on  his  page  233  at  a  general  result, 
which  we  may  enunciate  thus :  suppose  a  lamina  of  any  shape  to 
attract  an  external  particle ;   then  the  resolved  attraction  in  the 
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direction  perpendicular  to  the  lamina  is  measured  by  the  product 
of  the  thickness  of  the  lamina  into  the  eohd  angle  subtended  by 
the  lamina  at  the  particle.  The  eolid  angle  is  to  be  measured  in 
the  usual  way,  by  the  portion  of  the  surface  of  a  sphere  of  radius 
unity  having  its  centre  at  the  particle,  which  is  determined  by  a 
straight  line  from  this  centre  which  describes  the  boundary  of  the 
lamina. 

*  Flayfair  demonstrates  this  by  employing  the  expression  which 
be  had  obtained  for  the  resolved  attraction  of  a  rectangular  lamina. 
But  it  may  be  obtained  more  simply  by  considering  the  action  of 
an  infinitesimal  element.  X^et  hS  denote  an  infinitesimal  element 
of  the  lamina,  r  its  distance  from  the  attracted  particle,  6  the 
angle  between  the  direction  of  r  and  the  perpendicular  from  the 
particle  on  the  lamina,  k  the  thickness  of  the  lamina.     Then  the 

resolved  attraction  of  the  element  is  —^  cos  6 ;  and  it  is  obvious 
that  - — -J —  is  equal  to  the  element  of  the  spherical  surface 
which  corresponds  to  SB. 

1590.  On  his  pages  235.. .237,  Flayfair  applies  the  general 
result  of  the  preceding  Article  to  establish  a  proposition  which  is 
now  given  in  our  elementary  books,  namely,  that  "  whatever  be 
the'figure  of  any  body,  its  attraction  will  decrease  in  a  ratio  that 
approaches  continually  nearer  to  the  inverse  ratio  of  the  squares 
of  the  distances,  as  the  distances  themselves  are  greater."  He 
considern  that  this  proposition  is  usually  taken  for  granted  without 
any  other  proof  than  "some  indistinct  perception  of  what  is  re- 
quired by  the  law  of  continuity," 

1591.  On  his  pages  239... 243  Flayfair  investigates  the  attrac- 
tion of  a  rectangular  parallelepiped  resolved  parallel  to  an  edge 
at  a  point  on  the  edge  produced.  This  is  an  easy  deduction 
from  the  result  he  had  obtained  as  to  a  rectangular  lamina :  see 
Art.  1588.  Flayfair's  formula  on  his  page  212  must  have  its  sign 
changed  if  the  attraction  is  to  be  a  positive  quantity. 

1592.  It  will  he  seen  from  our  account  that  the  main  contri- 
butions of  the  memoir  to  our  subject  are  the  resolved  attraction 
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of  a  rectangular  lamina  g^ven  in  Art.  1588,  and  the  general  result 
of  Art.  1589. 

1593.  The  next  memoir  wliich  we  hare  to  notice  is  entitled 
Oftfie  Attraction  of  sack  Solids  as  are  terminated  by  Planea;  and 
of  Solids  of  greatest  Attraction.    By  Thomas  Knight, 

This  memoir  is  contained  in  the  Philosophical  ThmsacHons  for 
1612,  publiehed  in  that  year;  it  occupies  pages  247.. .309  of  the 
volume.    The  memoir  was  read  on  March  19th,  1812. 

1594.  The  memoir  begins  thus : 

MathematiciaDB,  in  treatiog  of  the  attraction  of  bodies,  have  con- 
fined their  attention,  almoet  entirely,  to  those  solids  which  are  bounded 
by  oontinaons  ourre  snr&oes ;  and  Mr.  Playfiiir,  if  I  do  not  mistake,  is 
the  only  writer,  who  has  given  any  example  of  that  kind  of  iuquiry, 
which  is  the  chief  object  of  the  present  paper.  This  learned  mathe- 
maticiao  has  found  expresaioas  for  the  action  of  a  paiallelopiped ;  and 
of  an  isosceles  pyramid,  with  a  reotangnlu-  base,  on  a  point  aC  its 
vertex ;  and  observes,  on  ocoamon  of  the  first  mentioned  problem,  Uiat 
what  he  has  there  done,  "gives  some  hopes  of  being  able  to  determine 
generally  the  attractiim  of  solids  bounded  bj  any  planes  whatever." 

It  is  this  general  problem,  that  I  venture  to  attempt  the  aolntion  o^ 
In  what  follows;... 

1595.  Thus  it  appears  that  Knight's  memoir  was  suggested  by 
Playfair's ;   but,  as  we  shall  soon  see,  proceeded  somewhat  farther. 

Let  OPQ  be  a  right-angled  triangle,  having  the  right  angle 
at  P;  through  0  draw  a  straight  line  at  right  angles  to  the  plane 
ef  the  triangle ;  then  Ejiight  determines  the  components  of  the 
attraction  which  a  lamina  of  infinitesimal  thickness  in  the  shape 
of  the  triangle  exerts  at  any  point  of  the  straight  line.  Flayfair 
took  a  rectangle  instead  of  a  triangle,  and  confined  himself  to 
estimating  the  value  of  the  component  which  is  along  the  straight 
line  :  thus  his  investigations  are  more  restricted  than  Knight's. 

It  may  be  said  that  the  problem  thus  enunciated  is  the  basis 
of  nearly  the  whole  of  Knight's  memoir. 

1596.  Let  JV denote  the  point  in  the  strtught  line;  let  NO  =  a, 
OP~b,  PQ^c 
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Let  X  denote  the  compoaent  of  the  attntctioa  along  NO,  let  Y 
denote  the  compoaent  parallel  to  OP,  &nd  Z  the  component  par- 
allel to  PQ.  Take  0  aa  the  origin,  OP  as  the  axis  of  y,  and  a 
straight  line  through  0  parallel  to  PQ  as  the  axis  of  c.  Let  y 
and  i  be  the  coordinates  of  any  point  of  the  triangle. 

Then 

where  /i  representa  the  infinitesimal  thickness  of  the  lamina,  and  s 
stands  for  t/(a*  +  y'  +  «")•  The  integrations  must  extend  over  the 
whole  area  of  the  triangle. 

1597.     It  is  easy  to  effect  the  integrations;  we  will  not  follow 
Knight  extremely  closely. 

(de     « 

J  7"{o'  +  y')V(a"  +  y'  +  0' 
the  limits  of  s  are  0  and  tff,  where  t  denotes  the  tangent  of  POQ ; 


Assume  o"  +  J^  (1  +  ^  =  j^  ;  then  we  find  that 

X  s«  uat  I  J — 3-T=  M  tan"'  —  . 
'^  J  ir  +  f  o'     '^  at 

And  taking  this   between  the  appropriate  limits  we   obtain- 
finally 

Similarly  by  eflfecting  the  integration  with  respect  to  e  we 
obtain                 y^ftf ,,       >    y'fy    ^     ^^ 
__      /■ dy  ,  r  dy 
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The  first  term  is  immediately  iutegrable ;  and  to  int^rate  the 

second  assume  v=   „  , — =; ,  so  that 
VCa"-HyO 

[  a*dy  f        dv 

Hence  finally  by  taking  the  integrals  between  the  appropriate 
limits  we  get 
y.     Id  Ml+n+^la-i-Vll+f))       ,     61+v/fo'+i-(l+C)l 


Thus 


ft        1  1  I 


and  integrating  between  the  appropriate  limits  we  get 

^- ft  log  ...        *   log  -  . 


1598.  By  decomposing  any  rectilinear  lamina  into  trianglee, 
Knigbt  can  estimate  the  component  attractions  which  it  exerts  at 
any  point  Then  for  any  solid  which  can  be  decomposed  into  such 
laminae  the  component  attractions  may  always  be  reduced  to  the 
form  of  single  integrals ;  and  for  various  examples  he  actually 
works  out  the  integration. 

Four  out  of  the  five  sections  of  the  memoir  are  devoted  to 
these  subjects;  and  the  last  section  to  the  problem  of  Solids  of 
greatest  Attraction. 

The  mathematical  processes  are  sound  and  satisfactory,  though 
sometimes  the  results  might  be  obtained  with  greater  ease  and 
elegance  by  special  methods  instead  of  the  general  process  which 
Knight  uniformly  employs.  I  will  offer  a  few  remarks  on  some 
miscellaneous  points. 

1599.  The  fifth  section  commences  thus  : 

The  subject  of  this  section  Iub  oocnpied  the  attention  of  Mr.  Play  fair, 
in  the  same  paper  I  have  before  noticed  ;  tt  bad  previoosly  been  treated 
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of  hy  Silvabelle.  Friai  also,  in  the  third  volume  of  hia  woAb,  gives 
a  Bolution  of  the  game  problem  as  that  which  is  first  oonaiderod  by 
Mr.  Flajfiiir,  but  bis  result  is  an  erroneoos  ooe.  None  of  these  writers 
have  puisued  the  matter  anj  further  than  what  relates  to  the  figure 
of  &  houu^aeons  solid  of  revolution. 

It  does  Dot  appear  to  me  that  the  solution  given  by  Frisi  is 
wrong :  see  Art.  683. 

The  eztendon  which  Knight  nndertakea  to  supply  to  the 
problem  ia  twofold.  Instead  of  confining  himself  to  the  case  of  a 
body  which  can  be  cut  up  into  circular  slices,  he  considers  also 
various  bodies  which  can  be  cut  up  into  Tectilinear  slices.  And 
instead  of  confining  himself  to  a  homogeneous  body  he  considers 
eome  cases  of  varying  density. 

1600.  In  the  case  of  a  solid  of  revolution  Knight  shews  that 
the  result  obtiuoed  by  Silvabelle  and  Playfair  for  the  homogeneous 
body  is  also  true  when  the  density  is  any  function  of  two  assigned 
variables,  namely  the  distiuice  &om  the  axis  of  revolution,  and  the 
distance  of  the  plane  of  the  circular  slice  from  the  origin.  Knight 
uses  the  formal  Calculus  of  Variations,  and  not  the  simple  principle 
adopted  by  Playfair  after  Silvabelle,  that  the  bounding  surface 
must  be  one  of  equal  resolved  attraction.  The  extension  which 
Knight  obtains  can  be  immediately  deduced  also  by  Playfair's 
principle.  It  will  be  observed  that  under  such  a  law  of  density  as 
Knight  supposes  the  resultant  attraction  is  along  the  axis  of 
revolution. 

1601.  Suppose  however  that  we  modify  the  problem,  and 
allow  the  density  to  be  any  function  of  the  three  coordinates  of  a 
point ;  then  if  we  require,  not  the  maximum  resultant  attraction 
but,  the  maximum  value  of  the  component  along  the  axis  of  revo- 
lution, we  shall  still  abtain  the  form  assigned  by  Silvabelle  and 
Playfcur.  This  is  also  an  immediate  deduction  &Dm  the  principle 
adopted  by  Playfair;  but  is  lees  clearly  obvious  according  to 
Knight's  method.  Knight  may  have  seen  it  but  he  does  not 
make  any  mention  of  it.     Let  us  apply  his  method. 

1602.  Take  the  attracted  particle  as  the  origin  of  coordinates, 
and  the  axis  of  ai  as  that  of  revolution.      Let  «    stand  for 
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*/(3?  +  y*  +  s'),  and  ^(«)  for  the  law  of  attradioD ;  then  if  ^  be 
the  density  at  the  point  (x,  y,  z)  the  resolved  attraction  of  an 

element  is  ^— -— — ™^  ^ .    Transform  by  pnttiug  r cos fl  for  y, 

and  r  sin  d  for  x ;  then   the  resolved   attraction   of  an  element 

becomes xJU.    where  p  is  some  function  of  x,  r,  and  ft 

Suppose  we  int^irate  with  respect  to  6  troia  0  to  2ir ;  the  result 
will  be  some  function  of  r  and  x  which  we  may  denote  by  /(r), 
for  it  is  not  necessary  to  allude  explicitly  to  x.  Then  integrate 
fix)  with  respect  to  r  from  0  to  y,  where  y  now  denotes  the  ex- 
treme value  of  r,  that  is  the  ordinate  to  the  generating  curve  of  the 
solid ;  denote  the  result  by  ^  {y).  Thus  finally  the  resolved  attrac- 
tion is  {■^(y)dx. 

Then  this  is  to  be  a  maximum  while  the  mass  is  constant.    The 
mass  may  be  denoted  by  jxQ/)^  whdfe  x Cy)  stands  for 

J'j    prdrd6. 
By  the  osual  prindples  we  must  make  the  expression 

/{*■&)  + Ox  M)*» 

a  maximum,  where  O  is  some  constant. 
This  leads  in  the  usual  way  to 

that  is  to 
that  is  to 


that  is  to 
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HeBce  ■  '  +  G=  0,  In  this  equation  we  have  a  =  tj{a?  +  ^ ; 
and  thus  the  equation  expresses  the  £act  that  the  resolved  attrac- 
tion is  to  be  constant  over  the  surface  of  the  solid.  Thus  we  have 
the  same  form  as  we  should  obtain  when  the  body  is  homogeneous. 

1603.  A  formula  ia  the  Integral  Calculus  occurs  on  page  292, 
which  may  deserve  notice,  namely 

■x  ,  {n-2)7f  ^  («-2)(n-4)a^         \  1 

3.5o"  "^""f  — ' 


The  mode  of  demonstration  will  indicate  more  distinctly  the 
form  of  the  last  term,  which  must  be  supplied  when  n  is  not  an 
even  positive  integer. 

f      dx        _  f         1  d^         X         , 

— ^-"-i^f-^^^ «. 

o"(o'  +  aO  '  K«'  +  «0  ' 

t  ^dx     _  i^  r     1       ±     of     J 


Substitute  from  (2)  Id  (1),  thus 


t 


i)  ^    a;*  da; 
ed  by  puttinj 

f  x*dx         i_  r      1        _d       ^ 
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The  process  may  be  continued  by  putting  the  last  integral 
in  (3)  in  the  following  form : 


I 
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1604.  One  of  Knight's  examples  may  be  of  snfficient  interest 
to  be  reproduced  here ;  we  shall  however  adopt  a  method  which  is 
simpler  than  his. 

Suppose  that  the  law  of  attraction  is  that  of  the  inverse  n" 
power  of  the  distance :  find  an  expression  for  the  attraction  of  a 
prism  of  infiuitesimal  section,  but  of  infinite  length  both  ways,  at 
an  external  point. 

Let  X  denote  the  perpendicular  distance  of  the  point  &om  the 
prism ;  let  any  other  straight  line  drawn  from  the  point  to  the 
prism  make  an  angle  6  with  the  perpendicular  distance;  let  ft,  be 
the  area  of  a  section  of  the  prism.    Then  the  volume  of  an  element 

of  the   prism  will  he   ud.x tan 0,   that   is      -  , -■ .     Hence   the 
'^  '  cos's 

resultant  attraction  is  i; Tj^-^^Ta'  t^*t  is  -^i  \coB'~^6d0. 

J  (x  sec  ffy  cos'  o  as     J 

The  limits  of  ^  are  —  =  (md  ^  ;  so  that  the  attraction  becomes 

All, 

— ,-_i ,  where  A  is  b^  function  of  n  alone.     The  value  of  A  can  be 

determined  immediately  if  n  is  a  positive  integer ;  but  we  do  not 
require  this  value  for  the  application  we  have  in  view. 

.  Required  the  form  of  an  infinitely  long  cylinder  so  that  the 
attraction  ma;  be  a  maximum  at  an  external  point. 

It  will  follow  by  the  uae  of  the  principle  which  Playfair 
adopted  that  the  resolved  attraction  must  be  constant  through- 
out the  curve  formed  by  a  section  of  the  cylinder  by  a  plane  at 
right  angles  to  the  generating  lines  and  passing  through  the  ex- 
ternal point.  Let  r  be  the  distance  from  the  external  point  to  an 
element  of  the  curve  fonned  by  this  section  of  the  cylinder.  Let  $ 
be   the   angle  between   the    direction    of   r    and    that    of   the 

resultant  attraction.     Then  we  must  have  --^^ —  constant :  there- 

fore  — ==r  must  be  constant.     The  result  is  considered  remarkable 
by  Knight :  see  his  page  301. 

If  n  =  2  the  equation  is  that  of  a  circle,  which  passes  through 
the  attracted  point. 
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160G.  A  treatise  was  published  in  ISli  by  De  Zach  entitled 
L' Attraction  des  Montagnes  et  aea  effeta.  The  -work  is  in  octavo ;  it 
cantains  xix  +  715  pages,  and  three  plates.  Da  Zach  made 
observations  on  a  mountaio  a  few  miles  to  the  north-west  of 
Maiseilles,  and  also  on  an  island  a  few  miles  to  the  south-east. 
He  found  on  the  whole  that  the  mountain  produced  a  deviation  of 
very  nearly  two  seconds  in  the  direction  of  the  plumb-line.  But  it 
haa  been  doubted  by  the  most  competent  judges  whether  the  small 
repeating  circle  which  De  Zach  used  was  adequate  to  such  a 
delicate  operation.  See  Arago's  CEuwes  Completes,  Vol.  XI. 
pages  149. ..164,  and  the  article  Figure  of  the  Earth  in  the 
Encydopadia  Metropolitana,  page  173.  There  are  no  theoretical 
investigations  to  engage  our  attention :  I  have  alluded  to  the  work 
in  Art.  727,  and  will  merely  notice  a  few  points  here. 

1606.  A  preliminary  discourse  which  occupies  pages  1...28  of 
Be  Zach's  work  ^ves  a  history  of  the  attempts  made  to  ascertain 
the  attraction  of  mountains. 

De  Zach  observes  that  it  is  not  necessary  to  have  great  moun- 
tains in  order  to  cause  a  deviation  in  the  direction  of  the  plumb-line  ; 
for  a  defect  of  homogeneity  in  the  internal  strata  of  the  earth  near 
the  point  of  observation  would  produce  the  same  effect,  comme 
Newton  Va  prouv^  To  justify  these  words  a  reference  is  given  to 
Lib.  IIL  Prop.  20  of  the  Fiincipia.  Kewton  makes  indeed  such  a 
remark  in  this  place,  but  cannot  be  said  to  prove  anything. 

De  Zach  refers  to  the  Chimborazo  operations;  see  Art,  863. 
Here  it  was  not  possible  to  make  observations  both  on  the  north 
and  south  sides  of  the  mountain;  so  that  one  observation  was 
made  at  the  foot  of  the  mountain  at  the  south  side,  and  another 
at  a  second  station  about  a  league  and  a  half  to  the  east  of  the 
first.    Then  in  a  note  De  Zach  says : 

Un  Anteor  trte-illustre,  en  lapporlaiit  cette  experience,  a'eat  trompi ; 
il  a  cm  et  suppose  que  oea  Acad^midena  avoient  observf  an  Kord  et  au 
8ud  de  la  montagn^  oe  qni  n'^toit  pas  le  caa,  comme  on  voit. 

I  do  not  know  who  is  meant  by  this  passage;  it  might  have 
been  supposed  perhaps  that  De  Zach  was  alluding  to  some  recent 
or  contemporary  author,  but  the  note  had  really  been  published 
about  60  years  previously.    It  occurs  on  page  149  of  the  work 
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which  we  have  designated  ae  XVHL  in  Art  352;  wid  De  Zach 
ought  to  have  given  a  reference. 

1607.  MaskelyoB  makes  this  remark  in  the  PkihtophiccU 
Transactions  for  1775,  pt^ea  502  and  503: 

Forttmatelj,  however,  Peithshire  afforded  ns  a  lemarkable  hill, 
nearly  in  the  centre  of  Scotland,  ef  aofficient  height,  tolerably  detached 
&oin  other  hiils,  and  conaiderabl;  larger  from  East  to  West  than  from 
Korth  to  South,  called  by  the  people  of  the  low  country  Muden-pap, 
DQt  by  the  neighbouring  inhabitants  Schehallienj  which,  I  have  since 
been  informed,  signifies  in  the  Elrse  language,  Constant  Stonn ;  a  name 
well  adapted  to  the  appearance  which  it  so  frequently  exhibits  to  those 
who  live  near  it,  by  the  clouds  and  mists  which  usually  crown  its  summit. 

Tliis  must  I  presume  be  the .  place  from  which  Da  Zach 
obtained  the  philological  information  which  he  thiu  cnriottsly 
distorts  OQ  his  page  21 : 

...  il  troava  toutea  les  conditions  requiaes  r€uniesdans  le  Sckehia^Mn, 
montagne  i^pelSe  dans  le  pays,  en  langue  Ers^  Maiden-Pap,  qui  vent 
dire  orage  perpHud. 

A  similar  remark  occurs  on  pi^  304  of  the  memoir  which  we 
have  noticed  in  Art.  1579. 

1608.  A  work  entitled  Quotidiana  Terra  conversio  demo  cor- 
porum  casu  demonstixtta.  Auetore  A.  Tadino  was  published  at 
Milan;  the  date  given  is  Atmo  V  ab  exacto  Bonaparte,  which 
I  presume  is  about  1814. 

The  work  coasists  of  125  pages  in  octavo,  with  very  laige 
margins. 

The  author  refers  to  some  theoretical  investigation  of  tho 
deviation  of  falling  bodies,  which  he  had  published  in  1786, 
Ticinentibua  Ephejn^ridibuB.  He  gives  an  account  of  the  experi- 
ments he  made  from  a  tower  at  Bergomi,  about  100  feet  high. 
The  mean  result  of  143  trials  was  an  easterly  deviation,  agreeing 
closely  with  what  had  been  calculated  from  theory. 

The  work  seems  to  be  little  known ;  it  is  not  referred  to  by 
the  authorities  cited  in  Art  1563. 

T.M.A.      VOL.IL  31 
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1609.  On  pages  53.. .56  of  the  Bulletin  dea  Seiencea  par  la 
Soci4t4  Hiiltymatique  de  Paris,  1815,  we  have  an  article  by  Cauchy 
entitled  De  la  diff^ence  entre  lea  aitractioTta  exerc^  par  un« 
cowke  infiniment  mtnce  svr  deux  potnta  tria-rapproch^  Tun  de 
VaWtre,  aitu&  Vun  d  VinUriewr,  Ta/utre  cb  texterieu/r  de  cette  mirne 
couche;  par  A,  L.  Cauchy,  in^^ieur  deaponta  et  chaussies. 

The  object  of  the  article  is  to  deduce  &om  the  general  formulae 
of  attraction  the  theorem  given  in  PoisBon's  first  memoir  on  elec- 
tricity ;  see  Arts,  1357  and  1380.  There  is  nothing  in  Cauchy*8 
analysis  which  is  specially  interesting ;  it  does  not  even  seem  so 
convincing  as  the  synthetical  investigation  contained  in  Folsson's 
memoir  on  electricity,  which  we  know  is  due  to  Laplace. 

1610.  Ad  academical  diieertation  entitled  Disaertatio  Acade- 
mica  de  Figwa  Tdluris  ope  Psndulorum  det&miiianda  now  pre- 
sents itself  to  our  notice.  This  seems  to  have  consisted  of  various 
parte ;  but  I  have  seen  only  Fart  5  and  Fart  6.  Part  5  is  by 
Johannes  Magnus  a  Tengstrom,  and  is  dated  27tb  May,  1815. 
Part  6  is  by  Johannes  Gabriel  BonsdorflF,  and  is  dated  27th  June, 
1815.     Both  parts  were  published  at  Abo. 

I  prranme  the  entire  dissertation  contained  a  full  account  of 
the  observations  which  had  been  made  in  various  places  with 
pendulums. 

Parts  5  and  6  each  consist  of  10  pages. 

Part  5  b^ius  by  adverting  to  some  observations  made  by  a 
Spanish  navigator  named  Ciscar ;  a  reference  is  given  to  an  article 
by  Oltmanns  in  De  Zach's  Monatliche  Correapondem,  1812, 
page  468,  &c. 

Let  S  denote  the  length  of  the  seconds  pendulum  at  the 
equator,  p  the  length  at  the  latitude  I ;  then  we  learn  from  theory 
that  ^  =  £+iiT  sin*/,  where  x  is  some  quantity  which  does  not 
vaiy  with  the  latitude.  Hence  if  we  know  the  length  of  the 
seconds  pendulum  at  two  different  latitudes  we  can  determine  E 
and  X.  Let  J'=E  +  x,  so  that  P  is  the  length  of  the  seconds 
pendulum  at  the  pole.  The  values  of  P  obtained  from  a  large 
number  of  binary  combinations  of  observations  are  given ;  and  as 
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an  average  of  these  combination!  P  is  found  to  be  441'4933,  ex- 
pressed in  Paris  lines. 

In  Part  6  the  values  of  E  and  x  are  calculated  from  a  large 
number  of  observations  by  the  method  of  least  squares.  This 
gives  aj  =  2-29695  and  ^!=439-2S9a 

Then  by  Clairaut'a  theorem  the  ellipUcity  of  the  Eaxth  is 
5     1 


But  from  theoretical  grounds,  for  which  reference  is  made  to 
the  work  of  Svanberg  noticed  in  Art  1575,  it  is  considered  that 

^-p  is  the  correct  value  of  the  ellipticity,     Hien  it  is  stated  that 

by  omitting  some  of  the  pendulum  observations,  which  appear  to 
differ  too  much  from  the  rest,  a  result  can  be  obtained  from  the  rest 

which  does  not  deviate  much  from  the  fraction  ^^r .     Thus  if  the 

observations  at  Kola,  Mulgravt^  MeUta,  Megasaki,  Umatog,  Rio 
Janeiro,   and    St  Helena   are    omitted,   the    values    found   are 

X  -=  2-3294,l,  E=  439-20943,  and  the  eUiptidty  is  ^^ . 

Then  the  author  says: 

Hac  latioDe  plures  inBtitnimiu  comparationea,  aliia  aliisve  ominds 
observationibuB,  qaaram  fides  minor  visa  est,  et  pnebnit  nobis  hio  cal- 

colu  vlo™.  dliptidlati.  jjj,,  jjj^,  jjI^,  jjL_,  qui  o«mi>  .port. 

ostendunt,  vemm  valorem  ellipticitatiB  teme  ex  obBerratioDibos  penduli 
derivatum,  utpote  intra  all&toe  hoe  limitea  medium,  valori  nlionde  invento 
non  modo  non  repiignare,  sed  potins  optime  ita  convenire,  nt,  si  ex  diver- 
aiBsimis  similiter  aitis  locis  haberontor  observationee  penduli  nqne  certn, 
nuUnia  ease  videatur   dubium,  qoin  lua  etiam  elliptioitatem   iudicent 

=  ^-Ti  ati  maxims  probabilem. 

Finally  the  author  assumes  ^^  for  the  ellipticity;   and  he 

considers  the  length  of  the  pendulum  at  Paris  accurately  known ; 
thus  be  obtains  the  formula p  =  439-2221  -f  23596  sin'  I 

31—2 
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1611.  We  may  briefly  advert  to  the  Esaaya  on  Ote  Theory  of 
the  Tides,  the  F^wre  of  Vie  Earth,  the  Atomical  J^Hoaoph^,  and 
the  MooriB  Orbit.     By  Joseph  Luckcock. 

This  work  was  published  at  London  in  1817  *,  it  is  in  a  small 
quarto  size,  imd  coneifits  of  a  Title-page,  a  Preface  on  ir  pages, 
the  Text  on  96  pt^ee,  and  five  Plates.  The  Sssay  on  the  Figure 
of  the  Earth  occupies  pages  23. ..47  of  the  volume ;  it  is  a  foolish 
production  by  aa  ignorant  writer:  he  rejects  what  is  naually 
called  the  centrifi^al  force,  and  denies  that  ^e  Earth  is  elevated 
at  the  equator. 

We  may  give  a  specimen  of  the  work.  The  writer  finds  cot- 
rectly,  that  if  we  take  the  Earth  as  a  sphere  of  8000  miles 
diameter,  we  have  corresponding  to  a  distance  of  one  mile  on  the 
sur^ice,  a  deviation  of  about  8  inches  from  a  strught  line.  Then 
he  proceeds  thus  on  his  page  41 : 

...ButsnppoBeaoanaltobediiguponameri[lian,from  the  pole  to  the 
equator;  the  correction  between  the  telesoopic  and  tlie  trne  level  would 
be  grossly  erroneona :  the  engineer  who  should  have  the  temerity  to  work 
according  to  the  mle,  would  find  the  banks  of  his  canal  at  the  eqnatcv 
18^  miles  deep  I  Bat  the  engineer  happens  to  be  right;  and  the  role 
will  serve  t'T"  in  cnttjng  his  canal  easl,  weet,  north  or  south;  no  matter 
what  direction  it  may  take;  ooosequently  the  meridians  oie  ciroles 
eqnally  wiUi  the  parolleb  of  latitude,  and  here  is  a  demonstration  that 
the  eqnatra:ial  regions  are  not  elevated  above  the  natuml  level,  otherwise 
there  must  be  one  mle  for  working  east  and  west,  and  anoUier  mle  for 
working  north  and  aoath ;  but  which  mle  has  never  yet  been  a  deside- 
ratum, and  which  has  never  yet  been  heard  of. 

1612.  We  next  notice  a  memoir  entitled  InvesitigaHon  of  the 
Figure  of  the  Earth,  arid  of  the  Gravity  in  different  Latitudes.  By 
Bobert  Adrain.  This  is  published  in  the  Tranaactione  of  the 
American  Philosophical  Soinety... Yol.  L  New  Series.  Philadelphia, 
1818.  The  memoir  occupies  pi^es  119. ..LSS  of  the  volume:  it 
was  read  October  7th,  1817.' 

We  have  seen  in  Art.  1108  that  Laplace  deduced,  by  two 
methods,  a  general  expression  for  the  length  of  the  seconds 
pendulum  from  iifteen  observed  lengths.    Adraiu  takes  the  same 
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fifteen  obsenrations,  and  treats  them  hj  tlie  method  of  Least 
Squares  instead  of  by  either  of  Laplace's  methods. 

In  Laplace's  deduction  of  the  most  probable  ellipse  &om  the 
pendulum  observations  he  made  two  mistakes  of  calculation; 
Adrain  points  them  out  and  gives  the  correct  work ;  the  mia- 
takes  are  the  last  two  out  of  the  four  to  which  we  allude  in 
Art.  1110,  and  it  is  curious  that  Bowditch  makes  no  refo^nce  to 
Adrain.  But  the  brief  account  of  the  origin  of  Laplace's  fourtlr 
mistAke,  which  Adrain  gives  on  his  page  131,  is  not  intelligible. 

On  his  page  127  Adnun  proposes  an  expression  for  the  force 
of  gravity,  when  the  place  of  observation  is  above  the  level  of  the 
sea.  Thus  if  .fi  is  the  mean  radius  of  the  Earth,  h  the  height  of 
the  place  above  the  level  of  the  sea,  and  g  the  force  of  gravity 

at  the  level  of  the  sea,  he  takes  .  ^     , . ,  for  the  force  of  gravity 

at  the  place  of  observation.  But  this  makes  do  allowance  for  the 
attraction  of  the  matter  which  is  between  the  place  of  observation 
and  the  level  of  the  sea. 

It  may  be  observed  that  Adrain  claims  the  method  of  Least 
Squares  aa  bis  own  discoveiy ;  he  begins  Hius :  "  Having  in  the 
year  1808  discovered  a  general  method  of  resolving  several  useful 
problems,  by  ascertaining  the  highest  degree  of  probability  where 
certainty  cannot  be  found;..."  The  principles  on  which  be 
established  the  method  are  explained  by  him  elsewhere;  and 
they  have  been  examined  by  Mr  Qlaisher  in  the  Manoirt  of  the 
Soyal  Astronomieai  Society,  VoL  XXXTX.  p(^[e«  7fi...81. 

1613.  The  volume  which  oonttuns  the  preceding  memoir  by 
Adrain  contains  also  another  by  him,  entitled  Seaeareh  amceming 
the  Mean  Diameter  of  the  Earth.  This  occupies  pi^es  353.. .366; 
it  was  read  Nov.  7th,  1817. 

The  memoir  consists  of  simple  investigations  relating  to  an 
oUatum  which  is  nearly  spherical 

Let  a  uid  b  denote  the  major  and  minor  semlaxes  of  the 
generating  ellipse ;  and  suppose  it  required  to  find  the  radius 
of  the  sphere  which  has  the  same  volume  as  the  oblatum.  Let  r 
denote  the  radius  of  the  sphere :    then  we  must  have  t*  =  a*b. 
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If  the  difTerence  between  a  and  6  ia  Bmall  we  obtain  approm~ 

mate^  r  =  — = — . 

Now  AdraiD  shews  that  the  some  approximate  value  is  also 
obtained  from  the  solution  of  various  other  problems;  as  for 
instance  if  we  require  that  the  surface  of  the  sphere  shall  be 
equal  to  the  surface  of  the  oblatum ;  or  if  we  require  that  the 
curvature  of  the  sphere  shall  be  equal  to  the  mean  curvature 
of  the  oblatum,  with  a  suitable  definition  of  mean  curvature. 

1614.  On  pages  486. ..517  of  the  I^iloaopkical  I^artsactions 
for  1818,  published  in  that  year,  there  is  a  memoir  entitled,  An 
abstract  of  the  resvlts  deduced  from  the  measurement  of  an  arc  on 
the  meridiam.,  extending  from  hiitude  8*  9'  38"-4,  to  latitude 
18"  3"  23"-6,  N.  By  Lieut.  Colonel  William  Lambton....  The 
memoir  was  read  on  May  2Ist,  1818. 

The  memoir  gives  a  short  account  of  the  operations  on  the 
great  Indian  arc,  with  references  for  details  to  volumes  of  the 
Asiatic  Researches.  Lambton,  by  comparing  his  results  with  the 
lengths  of  arcs  in  France  and  Sweden,  arrives  at  an  ellipticity 


In  some  formulse  which  occur  on  pa^s  497  and  499,  Lambton 
gives  values  for  radii  of  curvature  which  are  halves  of  what  they 
should  be ;  but  as  he  only  uses  the  values  in  the  form  of  ratios, 
this  does  not  lead  to  any  final  error.  For  a  correction  as  to 
another  point,  see  the  article  on  the  Figwre  of  tite  Earth  in  the 
ETtcyclopcedia  ifetropolitana,  page  210. 

A  note  connected  with  the  memoir  will  be  found  on  pages 
27.. -33  of  the  Philosophical  IVansactiona  for  1823. 

For  the  later  history  of  the  progress  of  the  measurement  of 
the  Indian  arc  the  reader  must  consult  the  works  published  by 
the  late  Sir  Qeorge  Everest :  see  the  Proceedings  of  the  Boyal 
Sod*^,  Vol.  XVL  pages  xi....iiv. 

1615.  We  have  next  to  notice  a  publication  entitled  Sopra 
tidentitd  deW  attrationg  moleoolare  coW  astronomica  Opera  del  Co- 
vaiiere  Leopoldo  .yo&»^...Modena,  1818. 
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This  consists  of  84  quarto  ^pagea,  with  4  plates.  It  is  divided 
into  two  parts.  The  Jiist  part  is  a  raemoir  which  had  been  pub- 
lished in  the  Giomale  di  Fi8ica...B&viB,  1817;  and  the  second 
part  is  a  supplement  to  enforce  the  doctrine  of  the  memoir. 

The  author  holds  that  the  law  of  attraction  according  to  the 
inveise  square  of  the  distance  will  suffice  for  the  explanation  of 
the  phenomena  of  molecular  action,  as  well  aa  fco*  the  phenomena 
of  astronomy.  He  treats  of  adhesion,  cohesion,  and  capillary  at- 
traction ;  and  has  scarcely  anything  which  falls  within  our  subject. 

He  investigates  the  formula  for  the  attraction  of  an  indefinitely 
thin  spherical  shell  on  any  particle;  but  he  does  not  use  any 
symbol  to  represent  the  thickness  of  the  shell :  thus  for  example, 
if  the  particle  is  just  on  the  outside  of  the  shell  he  obtains  47r  for 
the  resultant  attraction.  Then,  as  in  Art.  993,  this  attraction 
may  be  divided  into  two  equal  parts,  one  arising  from  the  part  of 
the  shell  which  is  close  to  the  particle,  and  the  other  from  the 
rest  of  the  shell  Thus  he  gets  the  finite  value  Stt  for  the  attrac- 
tion of  a  particle  on  an  adjacent  particle.  If  he  had  explicitly 
introduced  the  thickness  of  the  shell  this  apparently  finite  result 
would  have  been  really  infinitesimal  This  omission  would  be  of 
no  consequence  for  many  purposes ;  but  with  regard  to  the  special 
object  which  Nobili  has  in  view  it  constitutes  a  fatal  objection  to 
almost  the  wliole  of  the  work. 

Some  illustration  of  the  result  obtained  by  considering  attrac- 
tion like  an  emanation  fi-om  a  centre  is  given  on  pt^es  27. ..SO: 
it  seems  to  me  alt<^ther  unsatisfactory. 

Two  results,  which  are  correct  when  we  supply  a  factor  to 
represent  the  thickness  of  the  shell,  are  obtained  which  may  be 
noticed. 

Let  r  denote  the  radius  of  the  shell,  Sr  the  thickness ;  supposo 
a  particle  inside  the  shell  at  the  distance  c  from  the  centre ;  then 
if  the  shell  be  divided  into  two  parts  by  a  plane  through  the 
piuticle  at  right  angles  to  the  radius  on  which  it  is  situated  the 
resultant  attraction  of  each  part  is 

c*  c" 
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Suppose  sucb  a  shell  ae  before,  but  let  the  law  of  attraction  be 
that  of  the  inverse  cube  of  the  distance ;  then  the  resaltuit  at- 
baction  cm  an  external  particle  at  the  distance  c  from  the  centre 
2wr'Sr    .  wrSr,      c+r 

See  pages  13  and  16  of  the  woilc 

1616.  A  memoir  by  Dr  Young  is  next  to  be  noticed,  whit^ 
occupies  pages  70. ..95  of  the  Philosophical  7\-ansaciimis  for  1819: 
it  is  entitled  SemarJes  on  the  Probabiliiiea  of  Error  in  Phyticai 
Observations,  and  on  the  Deaaity  of  the  Eaaih.  The  memoir  is 
reprinted  in  the  JUiaceUaneoua  Works  of  the  late  Thonuu  Yotmg. 
Vol.  n.  pages  8... 28. 

We  are  concerned  with  only  two  sections  of  the  memoir, 
namely  one  entitled  On  the  mmn  density  of  the  earth,  and  another 
entitled  On  the  irregularitiea  of  the  earth^s  swrface. 

1617.  The  section  On  the  mean  density  of  the  earth  is  im- 
portant.    Laplace  in  the  M4caniqve  Cdleste,  Lirre  XL  Chapitre  n. 

discussed  the  hypothesis  involved  in  the  relation  -i-  =  2Ay> ;  thia 

discussion  was  apparently  suggested  by  the  remarks  made  by 
Dr  Young  in  the  present  section :  see  Art.  1330.  «Yomig'8  hy- 
pothesis,  however,  is  not  the  same  es  that  which  Laplace  adopted, 
but  the  mwe  mmple  one  which  belongs  to  elastic  fluidi^  namely 

that  involved  in  the  relation  -r-  =*  k. 

If  X  denotes  the  distance  from  the  centre  of  the  Earth  supposed 
spherical  we  have  from  the  ordinary  principles  of  Hydrostatics 

Yoimg  in  fact  proposes  to  obtain  from  iixiB  equation  a  valae 
of  p  in  the  form  of  a  series  in  powers  of  x ;  and  he  pvea  some 
omnerical  calculations.  He  considers  the  hypothecs  adequate  to 
meet  the  iacts  of  the  subject. 
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I  do  not  know  what  be  meaue  by  "  the  experiment  on  the 
Bouud  of  ice":  the  langua^  is  strange  if  ho  is  referring  to  an 
experimental  determination  of  the  velocity  of  sound  transmitted 
through  ice. 

I61S.  The  section  On  the  irr^ular^ieB  of  the  earth's  surface 
treats  of  the  effect  produced  on  the  pendulum  by  "  the  attraction 
of  a  drctunscribed  mass,  situated  at  a  moderate  depth  below  the 
earth's  surfoce."  The  word  circumsertbed  seems  here  strani^  and 
unnecessary.  Some  correct  results  are  obtained,  but  the  process 
is  neither  clear  nor  interesting :  we  will  reproduce  one  of  these 
resulte. 

The  earth  is  supposed  fluid  and  nearly  spherical;  take  its 

radius  for  the  unit  of  length,  and  its  mass  for  the  unit  of  mass. 

Suppose  there  is  an  addiUonal  mass  a  at  the  depth  c  below  what 

would  be  the  spherical  surface  if  there  were  no  irregularity.    Let  R 

denote  the  distance  of  a  point  in  the  surface  of  the  fiuid  &om  the 

centre  of  the  sphere,  and  r  the  distance  of  the  point  firom  the 

centre  of  the  additional  mass,  then  the  surfEice  wiU  be  determined 

by  the  equation 

la 

-^  +  -  =  a  constant. 

Let  2  denote  the  elevation  produced  by  the  disturbing  mass ; 
then  by  applying  the  above  general  equation  to  the  top  of  the 
elevatioD,  and  also  to  the  point  diametrically  opposite,  we  obtain 

If  0  is  supposed  small  we  have  from  this  approximately 


This  result  is  the  same  as  Dr  Young's,  but  the  jwocess  seems 
to  me  much  more  natural  than  his,  which  begins  thus:  "the 
fluxion  of  the  elevation  is  as  the  fluxion  of  the  arc  and  as  the 
deviation. .  .conjointly ; . . ." 

We  have  at  the  end  of  the  section  some  remarks  as  to  the 
value  of  the  earth's  attraction  at  the  summit  of  a  mountfun ;  these 
embody  what  is  now  usuidly  called  2)r  Ywmg's  Bvle.    This  Rule 
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coincides  with  the  formula  originally  given  by  Boaguer,  and  re- 
produced by  D'Alembert;  see  Art  593:  Dr  Young  does  not 
refer  to  any  preceding  writer.     He  takes  the  densi^  of  the  moun- 

height  of  the  mountain,  r  the  radius  of  the  earth,  and  g  the  value 
of  the  attraction  at  the  surface  of  the  earth,  the  value  of  the 
attraction  at  the  summit  of  the  mountain  hy  Bouguer's  formula  is 

thatis  ^{l-S-^}' 

(,      29    2a;) 


1619.  A  paper  was  published  by  Dr  Young  in  Brande's 
Quarterly  Journal  for  1820,  and  reprinted  in  the  Miscellaneous 
Works  of  the  late  Thomas  Young,  Vol.  II.  pages  78.. .83,  entitled 

Remarks  on  Laplace's  latest  ComputaHon  of  the  Density  of  the 

Earth. 

The  paper  begins  with  a  very  just  remark: 

It  cannot  but  be  highly  flattering  to  any  native  of  this  country,  to 
have  his  suggestions  on  au  astronomical  subject  admitted  and  adopted 
by  the  Marquis  de  Ijaptace :... 

As  we  have  stated  in  Art.  1617,  Dr  Young  proposed  the  hypo- 
thesis -J-  =  k,  while  Laplace  adopted  the  hypothesis  -j—  =  ^3ep. 

In  the  present  paper  Dr  Young  states  his  objections  against 
Laplace's  hypothesis.  There  are  no  theoretical  investigations, 
but  Dr  Young  gives  a  table  which  assigns  the  value  of  the  eUip- 
ticity  corresponding  to  various  values  of  the  superficial  density  of 
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the  earth,  the  mean  density  being  taken  as  61.     I  am  at  a  loss  to 
understand  how  the  table  was  calculated ;  Dr  Young  says : 

In  these  catonlations,  it  haa  not  been  necessary  to  have  reconise  to 
any  foreign  authority  or  assistance  whatever. .  .The  geographical  elements 
of  the  problem  have  been  supplied  by  the  experiments  and  observations 
of  Masketyne  and  Cavendish,  compared  -trith  those  of  Qeueral  Mudge, 
Colonel  lAmbton,  and  Captain  Kater. 

As  Dr  Toung  disclaims  all  foreign  assistance  be  did  sot 
calculate  the  eliipticity  by  the  theory  of  Clairaut  and  Laplace ; 
and  I  cannot  conjecture  what  he  substituted.  Nor  do  I  know 
what  are  the  geographicaX  elements  which  be  obtained  from  bis 
five  countrymen. 

Dr  Young  finishes  thus ; 

It  is  mmecessaij  to  enter  into  any  inquiry  respecting  t^  precession 
and  nutation,  as  connected  with  the  earth's  density,  since  these  effects 
are  known  to  depend  on  the  eliipticity  of  the  spheroid  and  of  its  strata 
alone,  without  any  regard  to  the  manner  in  which  the  density  is  distri- 
buted among  them. 

I  do  not  understand  this ;  on  the  contrary  it  seems  to  me  that 
the  calculation  of  precession  and  nutation  cannot  be  completed 
until  the  law  of  density  is  assumed. 

1620.  Two  other  papers  by  Dr  Young  may  be  conveniently 
noticed,  although  they  fall  beyond  the  date  which  we  have  fixed 
as  the  limit  of  our  survey.     To  these  we  proceed. 

1621.  A  contribution  by  Dr  Young  to  our  subject  is  entitled 
Eatimate  of  (A«  Effect  of  the  Terms  involving  the  Square  of  the 
Disturbing  Force  on  the  Determination  of  the  Figure  of  the  Earth. 
In  a  Letter  to  O.  B.  Airy,  Esq.  This  was  published  in  Brandos 
Quarterly  Journal  for  1826,  and  is  reprinted  in  the  MisceUaneoua 
Works  of  the  late  Thomas  Your^,  Vol.  n,  pages  87  and  88. 

The  paper  discusses  only  a  very  simple  case  of  the  general 
problem  implied  in  the  title ;  namely  the  case  "o{  &  fluid  supposed 
to  bo  without  weight,  and  surrounding  a  spherical  nucleus."  By 
the  strange  phrase  "without  weight"  is  meant  I  believe  that  the 
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attraction  of  the  fluid  itaelf  is  to  be  neglected.  The  problem  ia 
thus  purely  epecutative,  and  is  treated  in  Young's  usual  obscure 
and  repulsive  manner  ^  the  result,  naturally  enough,  is  wrong.  It 
may  be  useful  to  give  a  correct  and  intelligible  solution^ 

Let  w  be  the  angular  velocity,  r  the  radiua  vectcor  of  any  point 
in  the  surface  of  the  fluid,  and  0  the  inclination  of  r  to  the  plane 
of  the  equator.    The  attraction  tends  accurately  to  the  centre  of 

tbe  spherical  nucleus,  and  may  be  denoted  by  ^ .    Then  resolving 

along  tbe  tangent  to  the  meridian,  we  must  have  for  relative 
equilibrium 

T  sin  ■^  =  ro>*  cos  d  sin  (d  +  ■^), 

where  tan  ■dr  = jr.. 

raff 

Let  a  be  the  equatorial  semiaxis ;  then  we  aesume 

r  =  a  (1  —  e  ain*  $  +  u), 

where  e  is  a  small  quantity,  and  u  is  small  compared  with  e. 

Put  j  for  cut*  -<-  -^ ;  then  our  fundamental  equation  becomes 

j'  cos  d  sin  d  +j  COB*  0  tan  -^  =  (1  —  e  sin*  0  +  «)"*  tan  ^, 
du 


2e  sin  6  cos  $ 
tanif-  = 


l-csin'C  +  tt    ■ 
Substitute  the  value  of  tan-f' :  thus 
jcos^Bin^+jcos'^^Sesin^cos^-^Vl-cMnV+M)-^ 

=  (2e  sin  fl  COB  5  -  ^)  (1  -  6  sin*  5  +  u)-*. 

By  comparing  tbe  terms  of  the  first  order  we  obtain    ' 

j.2,. 
Then  by  comparing  the  tenns  of  the  second  order  we  obtiun 


u  •-  Se*  sin*  0+^  coe*  0  +  constant 
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The  constaut  must  be  determined  bo  oa  to  leave  r=:  a  when 
0=0;  hence  finally 

u  =  2e*  sin'  B  +  e*  cos'  0  —  «*. 
Dr  Young  makes  «  =  e'  sin'  5  +  e*  cos*  $. 

We  ma;  also  obtain  the  correct  result  by  the  aid  of  eqnatiott 
(2)  of  Alt  57. 

Assume  r  =  a  (1  —  e  sin*  0  +  u);  thus  the  equation  becomes 

Cl-6sinV  +  t.)-  +  |cos*5(l-e8in'5  +  u)'=l+|. 
By  comparing  the  terms  of  the  fiiBt  order  we  obtain 
e8in'5=^(l-coa*^. 

so  that  i  ~  ^■ 

Then  by  comparing  the  terms  of  the  second  order  ve  obtain 
t'sin*0-u-  Se*  sin'  $  cos'  0  =  0, 
therefore  «  =  e'8in*fl  — Se^sin'Scos'^ 

=  2e' sin*  5  +  «•  cos*  ^  -  e'. 

It  follows  that  the  polar  semi-axis  is  equal  to  a  (1  —  e  +  e*}  to 
the  second  order.  Dr  Young  maintained  in  fact  the  erroneous 
opinion  that  the  difference  of  the  two  semiazes  would  not  involve 
a  term  in  e*.  Ivory,  as  we  have  said,  treated  the  problem  correctly 
at  about  the  same  date:  see  Art  1441. 

1622.  The  other  paper  by  Dr  Young  is  entitled  determination 
of  the  Mgure  of  the  Har^  from  a  single  tangeTtt :  this  was  first 
published  in  the  Life  of  Thomas  Young,  1855,  pages  511.  ..514. 

The  title  does  not  give  any  idea  of  the  contents  of  the  paper. 
The  problem  discussed  is  this :  given  the  difference  of  latitude  and 
the  difference  of  longitude  of  two  adjacent  places,  and  also  the 
azimuth  of  each  as  seen  &om  the  other,  to  determine  the  ellipticity 
of  the  earth. 

The  investigation  is  rather  obscure,  and  there  is  «  misprint  of 
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Also,   a  and   a'  deootiag  the   two  azimuths,   =  (a  —  a')   is   very 
strangely  called  the  mean  azimuth  on  page  513. 

It  is  stated  in  the  note  that,  "The  preliminary  proportions 
are  involved  in  the  method  proposed  by  Dalby  for  determining 
arcs  of  parallel"  I  do  not  know  what  this  means :  Dr  Young's 
preliminary  propositions  involve  only  Plane  Trigonometry. 

1623.  The  great  and  deserved  reputation  of  Dr  Young  renders 
it  necessary  to  state  that  his  mathematical  writings  are  dangerous 
for  students,  and  should  not  be  consulted  by  them  except  under 
sound  professional  advice.  Speaking  genei-ally  the  processes  will 
be  found  unintelligible  except  to  persons  well  acquainted  with  the 
subject  discussed,  and  then  they  are  superfluoiis. 

One  obscure  and  abstruse  work  bears  the  singularly  inappro- 
priate title  of  Elementary  lUustrcOiotu  of  the  Celestial  Mechanics 
of  Laplace;  if  this  fell  into  the  hands  of  a  beginner,  who  had  not 
been  warned  of  its  character,  be  might  be  alienated  permanently 
from  the  study  of  Physical  Aatronomy, 

The  absurd  opinions  which  Dr  Young  expresses  in  his  life  of 
Lagrange  prove  that  he  was  quite  incapable  even  of  appredating 
the  highest  mathematical  genius ;  they  have  drawn  forth  a  just 
protest  from  Dr  Peacock :  see  the  Miscellaneous  Works  of  the  late . 
Thomas  Tow^,  Vol  ii.  page  579. 

1624,  We  may  briefly  notice  a  strange  work  entitled  Address 
of  M.  Hoene  Wronaki,  to  the  British  Board  of  Longittide,  vpon  the 
a^uaX  state  of  the  Mathematios,  their  reform,  and  upon  the  new 
Celestial  Mechanics,  giving  the  definitive  Solution  of  the  Problem  of 
Longitude.  Translated  from  the  origiiiol  in  French  by  W.  Gardiner, 
London,  1820. 

This  is  a  duodecimo  volume  containing  xii  + 127  y&gesi. 

Wronski  came  to  England  with  the  hope  of  inducing  the 
Board  of  Longitude  to  reward  his  mathematical  labours,  on  the 
ground  of  their  scientific  value,  and  especially  of  their  use  with 
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respect  to  the  practical  problem  of  determiiuDg  the  longitude ;  but 
he  seems  to  have  received  no  encouragement.  From  page  xii  we 
learn  that  he  eubiuitted  to  the  Board  a  manuscript  consisting  on 
the  whole  of  930  quarto  p^es,  which  "contained  a  new  tlieoiy  of 
Celestial  Mechanics,  and  a  comparison  of  it  with  the  old  theory. 

The  work  is  almost  unintelligible,  and  it  is  obvious  that 
the  translator  was  an  incompetent  person,  but  the  original  French 
was  probably  very  obscure :  the  chief  peculiarity  which  strikes 
a  reader  is  the  perpetual  reference  to  the  Absolute,  without  any 
adequate  explanation  of  the  mysterious  term. 

The  pages  S5...66  have  some  relation  to  the  Figure  of  the 
Harth,  or  as  Wronski  styles  it,  "the  problem  of  the  formation 
of  the  celestial  globes."  We  have  a  sketch  of  the  histoiy  of  the 
subject,  and  then  a  statement  of  the  main  results  of  the  new 
theory  of  the  author,  which  are  five  in  number.  I  do  not  profess 
to  understand  them ;  but  as  the  fifth  is  the  shortest  I  will  quote 
that  as  a  specimen.     It  occurs  on  page  G3 : 

At  last,  the  fifth  result  of  this  theory  of  the  conatrttction  of  celestial 
^obee  is,  that  by  this  known  form  of  the  earth,  regular  or  uTegular, 
simple  or  comply,  we  can  discover  immediately  the  distribution  itself 
of  the  masseB  in  the  interior  of  our  globe,  that  is  to  say,  the  interior 
strncture  of  the  earth — Thus,  we  shall,  with  an  astonishing  facility, 
penetrate  into  these  mysterious  retreats,  where,  distant  from  light,  the 
plaistic  mother,  in  her  chambers  of  silence  and  obscurity,  prepares  in 
great  measure  the  generation  of  all  that  animates  this  our  globe;  and 
into  which  the  most  unbridled  imagination  has  not  dared  to  enter,  but 
with  fear  and  trembling  to  shadow  her  fanciful  chimeras. 

For  an  opinion  on  Wronski  see  the  MisceUaneoua  Works  of 
Dr  Thomas  Young,  Vol  il  page  65. 

1625.  In  the  second  volume  of  the  TranaactioTia  of  the  Gam- 
bridge  PkUosophtcal  Society,  which  is  dated  1827,  we  have  a 
memoir  entitled  On  the  Figure  assumed  by  a  Fluid  Homogeneous 
Mass,  whose  Articles  are  acted  on  by  their  mutual  Attraction, 
and  by  «ntaU  extraneous  Forces.    By  G.  B.  Airy . . , 

The  memoir  occupies  pages  203. ..216  of  the  volume;  it  was 
read  March  15,  1824. 
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The  memoir  commences  thus: 

The  principal  difficulty  in  the  Bolutton  of  this  problem,  consists  in. 
the  inrestigation  of  the  attraction  of  aay  spheroid  (differing  little  from 
a  sphere)  upon  a  point  in  its  rar&ce.  This  has  been  fonnd  hy  Laplace, 
in  a  manner  so  general,  and  bj  an  analysb  so  powerful,  that  anf  new 
investigations  might  seem  entirely  imnecesBaij.  But  the  abstruse  nature 
of  that  analysis,  it  must  be  acknowledged,  is  such  as  to  make  a  more 
simple  investigiition  desirable:  and  the  obscurities  which  have  led 
I^place  himself  into  error,  serve  to  shew  the  value  of  a  process  which 
involTes  nothing  more  difficult  than  the  common  applications  of  the 
difierential  calculus. 

I  am  not  certain  what  error  of  Laplace's  is  here  alluded  to ; 
but  perhaps  it  is  that  which  is  discussed  by  the  author  in  some 
subsequent  pages  of  the  volume :  see  Art.  1230.  It  does  not 
however  appear  to  me  that  Laplace  himself  was  really  wrong, 

1626.  The  memoir  then  makes  no  use  of  Laplace's  coeffici- 
ents, but  does  use  the  proposition  which  reduces  the  determina- 
tion of  the  attraction  in  any  direction  to  the  investigation  of  a 
single  function,  which  we  now  call  the  potentiat.  It  may  be  said 
to  occupy  a  position  intermediate  between  Laplace's  first  three 
memoirs  and  his  subsequent  researches.  General  formulte  are 
investigated  by  the  aid  of  expansions  according  to  Taylor's  theo- 
rem ;  and  they  are  applied  to  the  complete  discussion  of  a 
problem  which  we  may  enunciate  thus  :  Suppose  a  nearly  sphe- 
rical mass  of  fiuid  in  the  form  of  a  figure  of  revolution ;  let  £ 
denote  the  ordinate  of  any  point  measured  parallel  to  the  axis  of 
figure  from  the  centre  of  the  spheroid  as  origin :  then  the  form 
for  equilibrium  is  determined,  when  besides  the  attraction  of  the 
mass  there  is  a  small  force  represented  hy  A  +  B^+Dz*+Ei^+Fi^, 
where  J,  B,  ...  are  constants.  The  numerical  work  is  laborious, 
but  it  is  correct. 

1627.  An  application  is  made  to  the  case  of  Saturn  and  his 
ring.  Suppose  that  Saturn  consists  of  homogeneous  rotating 
fiuid;  then  consider  the  influence  which  the  ring  exerts  on  the 
figure  of  Saturn.  We  will  reproduce  some  of  the  investigation, 
though  not  with  the  original  notation. 


mzed  By  Google 


HISCELLAMEOUS  INVESTIQATIONB  BETWEEN   1801   iXD  1826.      497 

The  ring  is  treated  as  if  it  were  the  perimeter  of  a  circle.  Let 
S  denote  the  radius  of  this  circle,  and  /i  the  mass  of  the  rii^. 
Take  the  centre  of  the  ring  as  the  or^in,  and  the  plane  of  the 
ring  as  that  of  (x,  y).  Then  the  potential  of  the  ring  at  the 
point  (x,  y,  z)  being  denoted  by  F,  we  have 


^"2^i.  V 


,  Vl(fl  ooa  5  -  a:)"  +  {B  sin  5  -y)*  +  «•}  * 
Since  the  planet  ia  supposed  to  be  a  figure  of  revolution,  we 
may  without  loss  of  generality,  put  y  =  0,     We  shall  also  assume 
that  a!*  +  *"  =  r*,  bo  that  for  a  first  approximation  the  planet  is 
treated  aa  a  sphere  of  radius  r. 


Thus 


2irJo  '^{R'  +  r'-2RxcoBe}' 
The  expressioa  under  the  integral  sign  may  be  expanded  in  a 
convergent  series ;  thus  putting  \  for  VC-^*  +  »')*«  see  that  the 
general  tenn  of  Via 

If  *  is  an  odd  number  this  vanishes ;  if  s  is  an  even  number 
it  is  equal  to 

/*   f^RxV  1.3.5...(2«-1)     (a-l)(j-8)...l 
\'\1J~J-  2*[«^  •*(#-2)(s-4)...2" 

Let  p  denote  the  density  of  Saturn,  so  that  the  mass  is 
— 5 — ;  and  suppose  that  the  mass  of  the  ring  is  -  of  that  of 
Saturn:  then/*  =  -5—^.     Thus 

y_*7n*p  f        I'.^ia^S'     l'.3'.5.7  16a!*.ff  ) 

3nX   I    "^a".*     X*    "^2'.4V6.8       \'      "•"—;• 
Let  the  coefiScient  of  ^  in  this  expresdon  be  denoted  by 
4irp     e. 

Here  e^,  e,,  «,, ...  are  abstract  muabers  independent  of  the 
unit  of  length. 

T.  H.A.   TOL.n.  32 
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1628.  At  this  Bt»ge  a  etep  is  token  which  may  he  said  to  be 
one  of  the  special  characteristics  of  the  iavestigation ;  we  put 
T*  — «•  for  a?,  and  then  rearrange  in  powers  of  z.  Thus  if  we 
stop  at  the  term  in  o^  we  obtain 

where  V,  is  the  value  of  V  when  z  =  0,  which  is  not  required  for 
the  investigation,  * 

For  numerical  calculation  put  —  >=  2 ;   then  according  to  the 
memoir 
F-  F,  +  ^  {-  •09233Z'  +  -048*9  ^  -  -01708  ^  +  -00295  ^l . 

I  am  however  unable  to  verify  these  numericid  v^ues.  It 
seems  to  me  that  we  have  the  following  exact  results : 

e.  =  -b24V5, 


e,  =  j^^= -003696  V5, 

e^-|?e,-= -0018018  V5; 
and  thus  instead  of  the  preceding  expression  we  get 
V=V,  +  ~^  f-  •08809«*  +  -04517  ^  -  -01625  ^  +  -00269  ^l . 

1629.  But  be»des  this  difference  there  is  another  point  of 
importance,  namely,  that  in  order  to  have  the  coeflScient  of  any 
power  of  z*  correct  to  five  places  of  decimals  it  is  not  suffidept  to 
stop  at  e,  ]  we  must  take  in  some  of  the  following  terms  e^,  e^  ... 
We  shall  find  for  instance  that  • 

5168 
"•"  10000  "*' 
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Therefore  the  coeEScient  of --j  instead' of  being  only  e^  ooght  to 
be  e^+5e^+15e,+  ... ;  and  the  term  50,  alone  is  greater  than  ^e,. 

Thus  if  the  coefficients  are  calculated  accurately  to  five  places 
of  decimaltj,  the  values  will  differ  decidedly  from  those  which  are 
given  in  the  memoir.  I  have  in  consequence  not  carried  my  nu- 
merical verilication  of  the  memoir  beyond  this  point. 

I  may  remark  that  on  the  last  page  *I85  seems  to  be  given  as 
the  eliipticiiy  of  an  ellipse,  of  which  the  semiaxes  are  respectively 
1  and  V(1'41S)  =  I  tun  then  not  certain  aa  to  the  exact  meaning 
of  the  word  ^ipHeUy  here. 

1630.  The  conclusion  obtained  in  the  memoir  is  that  the 
action  of  the  ring  tends  to  give  such  a  form  to  Saturn,  that  the 
generating  curve  would  fall  vnihin  aa  ellipse  having  the  same 
axes.     Then  it  is  stated : 

...It  is  remarkable,  that  this  deviation  from  the  elliptto  form,  is 
exactly  tbe  oppoute  to  that  given  by  the  observatiooB  of  Dr  Herscbel. 
This  accurate  observer,  in  the  Philosophical  Transactions  for  1805  and 
1806,  has  given  a  great  number  of  his  observations,  which  shew  that 
Saturn  is  protuberant  between  the  poles  and  the  equator,  and  that  his 
longeat  diameter  makes  an  angle  of  43°  with  the  plane  of  his  ei^uator. 
Here  then  is  a  complete  discordance  between  theory  and  observation; 
nor  is  it  easy,  with  our  present  knowledge  of  the  planet,  to  suggest  any- 
thing by  which  they  can  be  reconciled. 

1631.  Some  extensive  trigonometrical  operations  were  carried 
on  in  Piedmont  and  Savoy,  which  are  detailed  in  a  work  pub- 
lished at  Milan  in  182S,  entitled  Operations  g^odesiques  et  (Mtro- 
nomiques pour  la  mesure  (fun  arc  dupamllUe  moyen, ... 

I  have  not  seen  this  work,  which  appears  to  consist  of  two 
quarto  volumes,  with  a  folio  rolume  of  plates.  The  operations 
involved  a  new  determination  of  Beccaria's  arc,  to  which  allusion 
was  made  in  Art.  717.  See  tbe  article  Figure  of  the  Earth  in  the 
EncgcIopiBdia  Metropolitana,  pt^es  208  and  212. 

1632.  I  may  notice  an  interesting  article  entitled  Modem 
Astronomy,  published  in  the  North  American  Review  for  April, 
1825 ;  this  was  written  by  Bowditch.     It  is  a  brief  sketch  of  the 

32—2 
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history  of  Astronomy  <juring  tbe  century  preceding  the  date; 
and  it  is  very  valuable  on  account  of  the  great  learning  and 
ability  of  the  author. 

A   sentence   which   relates  to  our  subject  may  be  quoted. 
After  saying  that  the  geodetical   measures  indicated  an  ellip- 

ticity  between  57777  and  ^r-—  it  is  added  : 

It  may  also  be  observed,  that  thia  oblateness  being  less  than  ^-^^, 

proves  by  Clairaut's  theorem,  beforementioned,  that  the  earth  increases 
in  density  from  the  surface  towards  the  centre,  confirming  the  proof 
deduced  before  from  other  sources. 

This  seems  to  me  to  ascribe  more  to  Clairaut's  theorem  than 
it  really  contains ;  from  the  fact  that  the  ellipticity  is  less  than 

^^ ,  it  follows  by  the  theorem  that  Clairaut's  fraction  is  greater 
than  T^ :   but    then   it  does   not   follow   necessarily    that    the 

density  increases  from  the  surface  to  the  centre.  Moreover  by 
the  "proof  deduced  before  from  other  sources,"  it  seems  we 
inust  understand  such  results  as  those  of  the  SchehalUen  experi- 
meDts,,.which  shew  that  the  mean  density  is  much  greater  than 
the  superficial  density :  hut  this  is  not  quite  the  same  as  we 
usually  understand  by  the  statement  that  the  density  increases 
from  the  surface  to  the  centre.     See  Arts.  485  and  1319. 
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